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DEFINITIONS 


adjustment range 

adjustment-ratio 

auxiliary (component) 
transmission 


basic bicoupled 
transmission 

basic efficiency 

basic transmission 


bicoupled transmission; 
bicoupled drive train (see 
also “higher bicoupled 
transmission ,, > 


central gears 


circulating power 


connected shaft 


difference between the highest and the low¬ 
est speeds or speed-ratios (at a given con¬ 
stant input speed) of a variable-speed drive 

quotient of speed-ratio limits of a variable- 
speed drive 

component transmission II of a constrained 
bicoupled drive train, or the variable com¬ 
ponent transmission of a variable bicoupled 
drive train 

bicoupled transmission with a locked cou¬ 
pling shaft S 

efficiency of the basic transmission 

revolving drive train with a locked carrier 
shaft s 

compound drive train which consists of two 
simple revolving drive trains internally cou¬ 
pled at two of their three shafts: the free- 
coupling shaft and the connected-coupling 
shaft 

gears whose axes coincide with the central 
axis of an epicyclic gear train 

futile power which contributes nothing to 
the external output power, but flows in a 
closed path through both the main and the 
auxiliary component transmissions of some 
constrained bicoupled drive trains 

input or output shaft which transmits an 
external power to or from the drive train 


xix 
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constrained bicoupled 
drive train 

constrained drive train 
conventional transmission 

coupling point 

coupling-power 


degree of mobility 
difference shaft 


epicycle 

epicyclic drive train 


epicycloid 


four-shaft bicoupled 
transmission 


free coupling shaft 


functionally-equivalent 
bicoupled transmission 


bicoupled drive train with a fixed monoshaft 
and, thereby, one degree of freedom 

drive train with only one degree of freedom 

drive train with spatially fixed axes such as 
simple reduction drives 

operating condition of a revolving drive 
train where all three connected shafts rotate 
with the same speed 

power transmitted by a simple or compound 
revolving drive train while all three connected 
shafts rotate with the same speed 

degree of freedom of a drive train (that is, 
the number of independent shaft speeds) 

shaft of a simple or compound revolving 
drive train whose absolute torque is equal to 
the difference of the absolute torques trans¬ 
mitted by the other two shafts 

circle generating an epicycloid or hypocycloid 

mechanical system of drive members, some 
of which move around the circumference(s) 
of one or more central drive members on an 
arm or carrier; thus epicyclic drives may 
have two or three connected shafts. Drive 
members moving on an epicycle have a mo¬ 
tion compounded of a rotation about their 
own axes and a circular orbit or revolution 
about the central axis. 

curve traced by a point of a circle rolling on 
the outside of a fixed circle (see “hypocy¬ 
cloid”) 

transmission type obtained when the free- 
coupling shaft of a bicoupled transmission 
becomes an additional connected shaft 

shaft which couples two or more different 
drive trains but has no external connection 

simple bicoupled transmission with same 
power-flow and theoretical efficiency as a 
given reduced bicoupled transmission 
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futile power real additional power comparable to the re¬ 

active power in electrical circuits; it contrib¬ 
utes nothing to the transmitted external 
power. The circulating power present in 
some constrained bicoupled drive trains and 
variable bicoupled drive trains is a futile 
power. 

bicoupled transmission which consists of 
more than two simple three-shaft transmis¬ 
sions, each of which has at least two of its 
three shafts coupled to one or more of the 
other component transmissions 

hypocycloid curve traced by a point of a circle rolling on 

the inside of a fixed circle (see “epicycloid”) 

loss-symmetrical drive drive train which maintains the same effi- 

train ciency when its input and output shafts are 

interchanged 

main (component) component transmission / of a constrained 

bicoupled transmission; two of its three ro¬ 
tating shafts are the connected shafts of the 
compound transmission 

revolving drive train with a negative basic 
speed-ratio 

shaft of a compound transmission which is 
not internally coupled to another component 
transmission; monoshafts which are either 
input or output shafts of the compound 
transmissions are called “connected mono¬ 
shafts”; if locked by a rigid connection with 
the housing, they are called “fixed mono¬ 
shafts” 

open planetary drive train simple epicyclic drive train with a single cen- 
(see also “epicyclic drive tral gear and a connected planet shaft 
trains”) 


transmission 

minus train 

monoshaft 


higher bicoupled 
transmission 


internal state of operation of a three-shaft 
positive-ratio drive train which is capable of 
self-locking but whose carrier shaft is not the 
sole output shaft 


partial-locking 



xxii / Definitions 
partial-power shaft 


planetary drive train 


plus train 


power division 


power summation 


reduced bicoupled 
transmission 


reverted epicyclic 
(planetary) transmission 

revolving-carrier 

speed-ratio 


revolving drive train 
(see also “epicyclic drive 
train ,, > 


connected shaft of a revolving drive train 
which carries only a fraction of the total 
external power 

because the planets rotate about their own 
axes while executing an orbit about a central 
axis, the terms “planetary drive train” and 
“epicyclic drive train” often are used as syn¬ 
onyms. There exist other, nonmechanical 
drive trains with rotating shafts and drive 
members which revolve about the central axis 
but which do not simultaneously rotate 
about their own axes (e.g., the pistons in fig. 
44). Where the discussion is extended to these 
lesser known drives, the term “revolving 
drive train” has been used. 

revolving drive train with a positive basic 
speed-ratio 

operating condition in which the drive train 
operates with two or more output shafts but 
only a single input shaft (not to be confused 
with power-branching, defined in section 2) 

operating condition in which the drive train 
operates with two or more input shafts but 
only a single output shaft 

bicoupled transmission simplified by com¬ 
bining the two carriers, the two identical cen¬ 
tral gears, and the identical planets of its 
components into single elements 

epicyclic (planetary) transmission whose con¬ 
nected shafts are coaxial 

two-shaft speed-ratio / of a simple revolving 
drive train which is obtained when the car¬ 
rier (housing) rotates but one of the other 
two (external) shafts is locked 

mechanical or hydrostatic drive train with 
the frame (housing, carrier) suspended on a 
stationary axis in such a way that it can re¬ 
volve around it, together with all members 
of the drive train (epicyclic or planetary 
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rolling-power 


self-locking 


simple planetary 
transmission 


summation shaft 


superposition drive 


total-power shaft 


variable bicoupled 
transmission 

variable transmission 


drives, hydrostatic revolving drives [52], or 
revolving mechanisms [55]) 

that part of the total power transmitted by 
the pure rolling of gears or traction wheels; 
rolling speed is measured relative to the car¬ 
rier only 

internal state of a mechanism locked by fric¬ 
tion so that the output speed is zero regard¬ 
less of the magnitude of the input torque; the 
efficiency is negative, which means that the 
mechanism can move only when additional 
external power is supplied to the output 
shaft; some two-shaft and three-shaft posi¬ 
tive-ratio transmissions become self-locking 
when a carrier shaft is the sole output shaft 

planetary transmission with one carrier, at 
least one planet, and one or two central gears 
or traction wheels; in operation, the shafts 
of any two or three of these component 
members may be connected shafts 

shaft of a simple or compound revolving 
drive train whose torque is equal and oppo¬ 
site to the sum of the torques of the other 
two connected shafts 

drive train with more than one degree of mo¬ 
bility (that is, more than two connected 
shafts) which can be operated with power di¬ 
vision or power summation, that is, with 
power superposition 

the connected shaft of a three-shaft trans¬ 
mission which transmits the total external 
power 

constrained bicoupled transmission with a 
variable auxiliary (component) transmission 

conventional (or revolving) drive train with 
an infinitely variable (basic) speed-ratio 









A. Differentiation from Conventional 
Drive Trains 


Section 1 . General Principles and Sign Conventions 

Revolving drive trains, and their laws of motion, stem from the conven¬ 
tional drive trains with fixed axes of rotation. Therefore, we shall begin 
with a brief discussion of the fundamental principles governing the opera¬ 
tion of conventional transmissions. 

These principles are valid for all types of conventional drive trains such as 
gear trains, traction drives, belt drives, or hydraulic transmissions, as long 
as the influence of the slip (in friction-coupled mechanical drives) or the 
leakage losses (in hydrostatic drives) can be neglected. 

A conventional transmission consists of a housing and two external shafts 
which are internally connected through gears. During operation the housing 
must be secured to a base. The most important characteristic of a transmis¬ 
sion is its speed-ratio, 


i = — = const. (1) 

n A 

which is determined by its internal construction. To conform with ISO 
Standard 701, i rather than m is used to denote the speed-ratio. The symbols 
« 3 and h 4 stand for the speeds of the external shafts which can be arbitrarily 
labeled 3 and 4 (fig. 1). 

The two external shafts may have the same or an opposite direction of 
rotation. To account for this possibility, the direction of rotation of each 
external shaft must be indicated by a plus or minus sign. This leads to R 1, 
which describes a sign convention that holds true for any revolving drive 
train: 


The speeds of all parallel shafts of a drive train which rotate R 1 
in the same direction are designated by the same sign . 

In this context it is immaterial which of the two possible directions of rota¬ 
tion is defined as positive. 


3 
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Fig. 1. Conventional transmission with fixed axes of rotation. 
According to this sign convention, the speed-ratio 

i > 0 (positive) when the two external shafts have the same directions of 
rotation 
and 

i < 0 (negative) when the two shafts have opposite directions of rotation. 


A sign convention for the direction of rotation of nonparallel shafts is pur¬ 
posely omitted, since such a definition is without practical significance for 
the analysis of revolving drives. 

A second characteristic of a transmission is the ratio of the external 
torques acting on its shafts. The directions of these torques also must be 
identified by appropriate signs. If a transmission shaft is driven by an exter¬ 
nal torque, it turns in the same direction in which the torque acts on it so 
that an input shaft is characterized by the fact that its torque and speed have 
the same sense of rotation. In mathematical terms this means that its torque 
and speed have the same sign. 

If the output shaft of a transmission drives a power consuming machine 
(which could be replaced by a friction brake) it must overcome the “brake 
torque.” However, this external torque acts against the direction of rota¬ 
tion, so that the external torque and speed of the output shaft have an oppo¬ 
site sense of rotation. In mathematical terms this means that its torque and 
speed have opposite signs. 

This leads to R 2, which gives a sign convention for the torques acting on 
the external shafts: 

Torque and speed have the same signs for an input shaft, but R 2 
opposite signs for an output shaft. 

If the shaft power of a transmission is calculated according to this rule, the 
input power becomes positive and the output power negative. This is in 
agreement with the principle of conservation of energy, which states that 
for a system in the state of equilibrium, the sum of all input powers must 
equal zero. In mathematical terms a power output can be considered as a 
negative power input. Thus we can formulate a further guide rule: 
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An input power is always positive; an output power always R 3 
negative . 


If two gear stages or two drive trains are connected through a common 
coupling shaft as shown in fig. 2, the speeds of the two coupled gears have 


free coupling shaft 


input shaft (-0- 


Fig. 2. Direction of the torques acting on the two component gear trains. The sign of 
the torque changes at the coupling shaft. 

equal magnitudes and signs, so that n b = n c . The torques which act on these 
gears have equal magnitudes but opposite directions and, therefore, have 
opposite signs, 

T b = -T c , (2) 


I LiWL I 
TVlWl 


-{ output shaft 


as follows from the equilibrium conditions for the reaction torques - T b 
and r c . However, eq. (2) is valid only for a “free coupling shaft,” that is, a 
shaft whose torque is not altered by, for example, a gear mounted on it. 
This condition is expressed in the following guide rule: 


The two equal torques which act on a free coupling shaft have R 4 

opposite signs . 

The sign conventions previously established are universally valid for all 
types of drive trains. Their consistent consideration will make it easier to 
understand and analyze even complicated revolving drives. 

The ratio of the external shaft torques of a transmission as shown in fig. 1 
can be determined without knowledge of its inner construction when only 
its transmission ratio i and its internal friction losses or its mechanical effi¬ 
ciency r) are known. Since such a drive train can neither generate nor con¬ 
sume energy, the sum of all energy supplied per unit time (the sum of all 
input powers) must equal zero: 


LP = P 3 + P 4 4- P L = 0 . (3) 

In this equation, the power P 3 or P 4 of the respective output shaft and the 
power loss P L , which is converted into heat, are removed from the system 
and, therefore, have a negative sign. 
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The power loss P h can be related to the input power P in through the “loss 
factor” f where: 

r =-jt < 4 > 

* in 

or through the ‘ ‘efficiency’ ’ rj where: 


V = — 


-Pm - Pi 


Pin 


in _ j Pl 


Pin 


Pin 


(5) 


The efficiency is usually defined as the ratio between the absolute values of 
the output and the input power and, therefore, has a positive value. How¬ 
ever, if the signs of the powers are chosen according to the previously given 
rules, then the ratio between the output and the input power becomes nega¬ 
tive. Consequently it becomes necessary to introduce a minus sign in eq. (5), 
so that the efficiency becomes positive as usual. The same correction must 
be applied to the loss factor in eq. (4). 

From eq. (5) it follows that: 


Pout ^Pin t 


or 


■^out^out ~ > 

so that the torque ratio becomes: 


1 out 


T 

* in 


= -v 


^in 


If shaft 4 is the input shaft, the torque ratio becomes: 


( 6 ) 



(7) 


where the sequence of the indices of rj indicates the direction of the power- 
flow for which this efficiency is valid. Thus, 7j 43 denotes the efficiency when 
shaft 4 is the input and shaft 3 the output. When shaft 3 is the input shaft, 
the torque ratio becomes: 


= _J_ # *4 = _ 

Tj «3 ’ 


(8) 
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This shows that in conventional transmissions the torque ratio depends not 
only on the efficiency and the speed-ratio i but also on the direction of the 
power-flow. 

In a transmission with several stages /, //etc., through which the power 
flows in series, power losses occur in every stage. These power losses add 
up to a total power loss P L where 


Pl — Pu + ^lii + Pliii +- 

The overall efficiency tj of such a multistage transmission can be calculated 
from the efficiencies r^, rj Ut ij ln , ... or from the loss factors ft, ftj, ft n , ... 
of the individual stages as follows: 

_ ~~ P out _ 

71 Pin ^inl ^inll AnIII 

where —P ou ti = ^mii> “^outn = ^min Thus, 

T 1 = ViVnVm - *• = (1 — fi) (1 — Tii) (1 — Tin) • • - * (9) 

or if f is much smaller than 1: 

» 1 — (ft + fti + ftn 4* ...). (10) 

Section 2. Conventional and Revolving Drive Trains 

To satisfy the equilibrium conditions of engineering mechanics, the sum 
of all torques which act on a drive mechanism must equal zero. Since, how¬ 
ever, in a drive train of the type shown in fig. 1 the sum of the shaft torques 
can equal zero only when / * 4- 1 , a reaction torque T R exerted by the base 
must normally act on the transmission housing, so that 

T 3 + T 4 +T r = 0. 

If the housing which thus constitutes an active support for the internal 
shafts is not secured on a base, but rather is allowed to rotate about a con¬ 
centric axis, the drive train acquires a third shaft which likewise can trans¬ 
mit power to or from the system (figs. 3 and 4). 

Consequently, a conventional drive train with fixed axes of rotation 
becomes a revolving drive train where all members which are actively sup¬ 
ported by the rotating housing, or “carrier,” revolve about the carrier axis 
when power is transmitted through the drive train. 
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b 


Fig. 3. Derivation of a reverted planetary gear train from a coaxial conventional 
transmission with a positive speed-ratio: a> conventional transmission with fixed axes 
of rotation; b , planetary transmission. 


If the conventional transmission was a gear train or traction drive, then it 
becomes a revolving gear train or traction drive, and all of its internal shafts 
and gears, whose axes do not coincide with the central axis of rotation of 
the carrier, revolve around this central axis while rotating about their own 
axes at the same time, much like planets revolve around the sun. Drive 
trains of this type are therefore called “planetary drive trains” or “plane¬ 
tary transmissions.” The revolving gears are called “planet gears” or 
“planets,” the non-revolving central gears are called “sun gears” when 
their planet mesh is inside the orbit of the planets, or “annular (ring) 
gears” when their planet mesh is outside the orbit of the planets. 

If the conventional drive train housing was a hydrostatic transmission, it 
becomes a revolving hydrostatic drive, as shown in fig. 44, whose originally 
stationary power-transmitting parts such as the pressure lines revolve in uni¬ 
son with the housing. 

The simplest and most widely used types of revolving drive trains are the 
planetary transmissions. Therefore we shall present the fundamental prin¬ 
ciples which govern the operation of the revolving drive trains by using plan- 



a b 

Fig. 4. Derivation of a planetary gear train from a coaxial conventional transmission 
with a negative speed-ratio: a, conventional transmission; b , planetary transmission; 
c-e y some possible arrangements of the planets. 
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etary transmissions as examples. As explained in section 33k, these basic 
principles which pertain to the speed-ratios, the torque ratios, the external 
and internal powers, as well as to the efficiencies and the capability to be 
self-locking, are also valid, without restriction, for hydrostatic or other 
revolving drives. The term “revolving drive train,’’ therefore, is used 
throughout this text in discussions which have general validity, even when 
planetary transmissions are used as examples. The term “planetary drive 
train” is reserved for discussions which relate only to this particular design. 

In actual planetary drive trains, the rotating housing structure is reduced 
to a “spider” or “carrier” which supports only the planet shafts. The total 
gear train is encased in a new housing which, unlike the housing of a con¬ 
ventional transmission, does not require a supporting torque from the base 
as long as the three external shafts can freely rotate (figs. 3, 4, and 6). 

Frequently, however, one of the central gears is attached rigidly to the 
housing, and is thus prevented from rotating (fig. 5). The torque of the 
locked gear must then be counteracted by the housing from which it is trans¬ 
ferred to the foundation. In the following text, transmissions of this type 
are denoted as “two-shaft transmissions.” Likewise, revolving transmis¬ 
sions with three rotating shafts are called “three-shaft revolving drive 
trains,” or simply “three-shaft transmissions.” 

If a conventional transmission with parallel shafts (fig. 6a) is converted 
into a planetary transmission, then only one of the two shafts can be ar¬ 
ranged coaxially with the carrier and supported in the housing. The other 
shaft moves in a circular path around the carrier axis while simultaneously 
rotating about its own axis. Transmissions of this type are called “open- 
train planetary transmissions.” To distinguish the open-train planetaries 
from the coaxial planetaries (figs. 3b and 4b) the latter are called “closed- 
train,” or “reverted planetary transmissions,” because the central gears 
and the planet(s), which are commonly supported at the carrier shaft, form 
a closed gear train l-p r p 2 -2, and the power-flow reverts back from the 
planet(s) to the central axis (figs. 19-28 and 32-42). In open planetary trans¬ 
missions, the gears form an “open” gear train where the first gear, which is 
keyed to a connected shaft, is a central gear and the last gear, which is again 
keyed to a connected shaft, is a revolving planet, or vice versa. In a reverted 
planetary transmission, the planets usually are free-wheeling, intermediate 
gears, or “idlers.” 

It is, of course, possible to convert an open-train planetary (of the type 
shown in fig. 6b) into a closed-train planetary (of the type shown in fig. 7) 
by inserting a universal joint shaft between the planet shaft and the output 
shaft. 

The revolving mass of a planet causes an imbalance which can be com¬ 
pensated by a counterweight (fig. 4c). In most cases, however, balancing is 
achieved through a symmetrical arrangement of several—usually three— 
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Fig. 5. Two-shaft planetary transmission with a locked central gear manufactured 
by Voith KG, Heidenheim. Series PH, for rated torques T s « 1.1 • 10 2 to 1.1 • 
10 6 Nm and i 0 = -1.3 to -9. 


planets (figs. 4d and 4e). Thus, if the gear train is manufactured with suffi¬ 
cient accuracy, the tangential forces which act on the central gears are dis¬ 
tributed over several gear meshes. The geometrical conditions for an even 
spacing of the planets around the circumference of the central gears are dis¬ 
cussed in section 43. 

In drive trains with several planets, the power-flow between the central 
gears and the planet carrier is branched between the planets. Therefore, this 
type of power-flow shall be called “power branching.” 



- open housing 
. revolving shaft 

- connected planet 

- central gear 
' carrier 


Fig. 6. Derivation of an open planetary gear train from a conventional gear train 
with parallel axes: a , conventional gear train with parallel axes; b , open planetary 
gear train. 
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Fig. 7. Reverted planetary gear train derived from the open planetary gear train of 
fig. 6. 

It is characteristic of power branching that the number of branches influ¬ 
ences neither the speed characteristics nor the torques and powers of the 
central gears or the carrier shaft. Thus, theoretically, it does not influence 
the efficiency of planetary transmissions and need not be considered when 
the operating characteristics of revolving drive trains are analyzed. How¬ 
ever, it is an important aspect of their design which influences the overall 
size of the drive train. 

Power branching is not limited to planetary transmissions. As illustrated 
by figs. 8 and 9, it is also used in conventional transmissions of the type 
shown in figs. 3a and 4a. These transmissions are often incorrectly called 



Fig. 8. Two-stage star transmission with positive speed-ratio according to Renk. 
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Fig. 9. Single-stage star transmission with negative speed-ratio manufactured by 
Voith KG, Heidenheim. Series RT, for rated torques T 2 * 10 2 to 10 6 Nm and / = 
-1.3 to -9. 


planetary transmissions, although they do not possess the kinematic charac¬ 
teristics of revolving drive trains such as revolving planets. More appropri¬ 
ate are terms such as “branching transmissions” or, because of the appear¬ 
ance of the gear train when viewed in the axial direction, “star transmis¬ 
sions.” However, both these terms are already in use. 

Section 3. Degrees of Freedom of Transmissions 

The degree of freedom of a physical system is defined as the number of 
independent variables which can and must be specified to describe clearly 
the state of the system. Although, in a drive mechanism, the forces and 
torques belong to these characteristic variables, the degree of freedom of a 
transmission is usually defined only by those variables which determine its 
mobility. Therefore, the number of degrees of freedom F of a transmission 
is usually understood to mean the number of independent speeds which can 
and must be specified to describe its state of motion unambiguously. Con¬ 
sequently, when dealing with drive trains, the degree of freedom F is also 
called the “degree of mobility F” [17, 20]. A drive train with only one 
degree of freedom or one degree of mobility is said to be “constrained.” 

Conventional transmissions whose shaft speeds have a permanently-fixed 
ratio (which depends on the design) have only one degree of freedom and, 
thus, only one speed can be freely chosen (figs. 3a, 4a, and 6a). However, 
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revolving drive trains with three rotating shafts which evolved from conven¬ 
tional transmissions by allowing the housing to rotate freely, have one addi¬ 
tional degree of freedom, or a total of two degrees of freedom (figs. 3b, 4b, 
6b, and 44). 

The degree of freedom of a transmission can be reduced in two ways: 

1. By constraint, that is, by locking some of the shafts to the fixed 
housing. 

2. By linkage, that is, by positively coupling some of the shafts. 

In the first case, the speed n of a fixed shaft becomes zero. In the second 
case only one common speed can be freely chosen for two or more coupled 
shafts. 

Thus, the constrained transmission with one degree of freedom (fig. 9) 
evolved from a revolving drive train with two degrees of freedom by con¬ 
straint, that is, by anchoring the carrier 5 to the fixed housing. The three- 
shaft transmission depicted in fig. 10 was reduced to one degree of freedom 



^777777777777^77777; 

Fig. 10. The degree of freedom of the planetary gear train 1, 2, s has been reduced to 
F = 1 by coupling 2 and s through the auxiliary gear train 3, 4 , 5, and 6. 


by linkage, by positively coupling two of its three shafts through an auxil¬ 
iary gear train consisting of the gears 3 , 4 , 5, and 6 . According to fig. 11, a 
constrained transmission with one degree of freedom can also originate 
from two epicyclic component transmissions, which together have four 
degrees of freedom as shown in fig. 11a. Two of their shafts, in this case 
shafts 2 and 2', and s and /', are coupled and, in addition, a monoshaft, s' 
(fig. lib), or a coupling shaft 22' (fig. 11c) is fixed. 

The degree of freedom Fof a compound transmission, therefore, is given 
by the sum DFj of the degrees of freedom of its component transmissions i 
minus the number of constraints h and linkages /, so that: 

F=ZF i -h-t. 
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Fig. 11. Formation of a constrained drive train with one degree of freedom from 
two component gear trains each of which has two degrees of freedom: a , the two 
component gear trains with F = 2 each; b , compound gear train with F - 1, which 
arose by coupling shaft 2 with 2' and s with V and fixing the monoshaft s' in the 
housing; input at 7, output at 5; c, compound gear train with F = 1, which has the 
same couplings as gear train b , but coupling shaft 22 ' is fixed, the input is at 7, the 
output at 4. 


Consequently, the degree of freedom of the bicoupled transmissions shown 
in figs, lib and 11c is found to be 


F = (2 + 2) — 1—2=1. 


We can thus formulate the generally valid R 5: 


The degree offreedom F of a compound transmission is given R 5 

by the sum of the degrees of freedom of its component trans¬ 
missions minus the number of its constraints and linkages . 


If more than two shafts of a compound transmission form a coupling, a fur¬ 
ther linkage is introduced with each additional shaft linked to it. Thus, a 
total of (TV— 1) linkages results when TV shafts are positively coupled. For 
examples see fig 111. 

By coupling simple revolving drive trains with fewer linkages or con¬ 
straints, compound revolving trains with more than two degrees of freedom 
can be constructed, as shown in figs. 12 and lllq. 



Fig. 12. Compound planetary transmission with 5 external shafts and 4 degrees of 
freedom: a, schematic, showing the construction; b, symbolic representation accord¬ 
ing to Wolf (see sec. 16). 
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These considerations lead to a simple distinction between simple revolving 
drive trains and conventional transmissions based on their respective 
degrees of mobility and concisely formulated in the following guide rule: 

Conventional transmissions are always constrained transmis - R 6 

sions with F = 1. However , simple revolving drive trains with 
three rotating shafts have two degrees of freedom, that is, 

F - 2. 

The general definition of the degree of freedom as introduced at the begin¬ 
ning of this section will be used in sections 24b and d, where the number of 
independent shaft torques also will be considered. 



Preface to the American Edition 


Since its publication in 1971, this book has found increasing acceptance at 
German universities and technical schools as well as in pertinent industries. 
I felt encouraged, therefore, to present its translation to English-speaking 
engineers. The publication of this edition is due to the painstaking and care¬ 
ful work of the translator, Mr. Werner G. Mannhardt, whose logical train 
of thought is of particular value to the student in the clarification of some¬ 
times complex problems. He has been decisively supported by the technical 
editor, Mr. John H. Glover, who contributed valuable advice based on his 
own practical experience with epicyclic drive trains, and who also reviewed 
the manuscript with great care. My special appreciation is due these two 
gentlemen for their painstaking efforts. 

I also want to thank the publishing house of Springer, for permitting this 
English translation, and the Wayne State University Press, for careful edit¬ 
ing and excellent cooperation. 

Herbert W. Muller 
Summer , 1980 


From the Preface to the German Edition 

In view of the numerous publications about epicyclic drive trains it may 
seem superfluous to write a book about this subject. However), a thorough 
study of the field revealed that previous authors mostly limited themselves 
to especially interesting subproblems, or to the analysis of particular, exe¬ 
cuted transmissions. A comprehensive treatment of revolving drive trains, 
which could serve as a reliable guide for the design engineer and at the same 
time as a textbook, was not available. The present book is an attempt to 
meet this need. 

It was my particular objective to arrive at a clear and concise description 
of the multitude of revolving drive trains in terms common to all, grouping 
transmissions of the same type. Unified methods of analysis, orderly 
arrangement of material, and definitions in part novel were introduced to 
represent in a generally valid form the characteristic parameters which aid 

in the selection and design of the best drive train. , „ 

Herbert W. Muller 

January, 1971 
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B. Simple Revolving Drive Trains, Terminology, 
Fundamental Principles, Types 


Section 4. Terminology of Drive Trains, Shafts, and 
Gears in Planetary Transmissions 

“Simple revolving drive trains” are simple planetary drive trains, or 
other revolving drive mechanisms which originated from simple conven¬ 
tional transmissions by allowing the latter’s housings to rotate about central 
axes (sec. 2). Consequently, revolving drive trains may have three rotating 
shafts and frequently are referred to as “three-shaft transmissions” (or, if a 
central gear shaft is locked, “two-shaft transmissions”). 

“Simple planetary gear trains” are transmissions which consist of one 
planet carrier, one or more planets, and one or two central gears. Simple 
closed trains, or reverted planetary transmissions of the type shown in fig. 
3b have one connected planet carrier, two connected central gears, and an 
arbitrary number of non-connected planets. Simple open-train planetary 
transmissions have one connected central gear, one connected planet carrier 
and one or more connected planets (figs. 6b, 104 and 105). 

A revolving drive train whose carrier is stopped, or is assumed to be to 
facilitate its analysis, becomes kinematically equivalent to the conventional 
transmission with fixed axes of rotation from which it arose. It is called the 
“basic train” of the revolving drive. The concept of the basic drive train is 
of fundamental importance for the analysis of revolving drives. 

A gear is called “connected” if it is rigidly coupled to an external shaft, 
and thus can transmit a torque into or out of the system. 

The individual gears, and their respective shafts, are designated by the 
following symbols, which are used also as subscripts to identify other gener¬ 
ally valid symbols: 

1 either central gear (sun or ring); in open-train planetary transmissions, 
the connected central gear, or the connected planet; generally either 
shaft of the basic drive train, 

2 the remaining central gear; in open-train planetary transmissions the 
connected planet, or the central gear; generally the other shaft of the 
basic drive train, 


16 
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s the planet carrier (also called the spider or arm) 
p a non-connected (idling) planet. 

If a further differentiation is required between stepped or meshing planets, 
then 

p x designates the planet which meshes with the central gear 1, 
p 2 designates the planet which meshes with the central gear 2. 

All equations, including subscripts, which will be derived for closed-train 
revolving drive mechanisms, are equally valid for open-train drives. 

Basic drive train members are the same as those of the simple planetary 
transmissions, that is, the two rotating central gear shafts are arbitrarily 
labeled l and 2 while the housing or carrier-shaft is always labeled s, as 
shown in fig. 44. 


Section 5- Basic Speed-Ratio and Basic Efficiency 

As explained earlier (sec. 4), a three-shaft transmission reverts to its basic 
transmission when its carrier is locked (e.g., by connecting the carrier shaft 
to the transmission housing). The same is true when a three-shaft transmis¬ 
sion operates in a state of motion where the carrier shaft is held immobile 
from the outside rather than by the housing. The simple conditions which 
exist in the fixed-carrier transmissions also exist in the three-shaft transmis¬ 
sions so that this mode of operation completely characterizes each revolving 
drive train and, therefore, provides a basis for its further analysis . It is de¬ 
fined by the speed-ratio and efficiency of the basic drive train which shall be 
called the “basic speed-ratio” and the “basic efficiency.” Both must be dis¬ 
tinguished from the speed-ratio and efficiency of the revolving drive train 
which shall be specified as “revolving carrier” speed-ratio and efficiency 
only when necessary to avoid confusion. 

The basic speed-ratio is defined by the expression: 


Consequently, 



( 11 ) 


(12) 


The basic efficiency is defined as 
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Since the efficiency is always smaller than 1, eq. (13) presumes that shaft 1 is 
the input shaft and shaft 2 the output shaft, a condition which is also 
expressed by the sequence of the subscripts of i). 

In publications it is often presumed that the basic efficiencies of planetary 
transmissions are identical for either direction of the power-flow since con¬ 
ventional transmissions are symmetrical with respect to their losses. A theo¬ 
retical investigation shows that this presumption indeed holds true with 
close approximation [27]. However, when the driver pushes the gear during 
the approach phase, the tooth-friction losses are somewhat larger than 
when the driver drags the gear during the recess phase. Therefore, loss- 
symmetry can theoretically exist only when the approach phase is equal to 
the recess phase, that is, when both sections of the line of action have equal 
lengths. The actual difference between the tooth-friction loss-factors of a 
spur gear set with addendum modifications of equal magnitude, but oppo¬ 
site signs, for a reversed power-flow direction, is shown in fig. 13. Af is 
plotted as a function of the number of teeth z P and the addendum modifica¬ 
tion factor of the pinion. If this addendum modification factor becomes x P 
= ± 1, then the pitch point lies approximately at the beginning or at the end 
of the path of contact and the asymmetry of the losses becomes a maxi¬ 
mum. Even in this case, however, the difference between the tooth-friction 



Fig. 13. Loss dissymmetry in a spur gear train expressed in terms of the loss factor 
f p = 1 - t? p ; x P + x G = 0; Zq/z? = 8; = 0.07, <£ = 20°; ij P = efficiency of the 

gear train when the pinion is the driver; r/ G = efficiency of the gear train when the 
gear is the driver, At; = t/ p - t; g = f G - f P = Af [27]. 





6. Basic Efficiency in Planetary Transmissions / 19 

loss-factors A f for a reversed power-flow is less than ten percent of the aver¬ 
age tooth-friction loss-factor f. Therefore, the theoretical error resulting 
from the assumption of a perfect symmetry between the friction losses is 
less than ±5% of f. Thus, it is of the same order of magnitude as the errors 
inherent in efficiency measurements, and is smaller than the efficiency fluc¬ 
tuations caused by changes in the operating conditions (temperature, oil vis¬ 
cosity, lubrication, speed and load variations) and the manufacturing accur¬ 
acy (tooth surface quality, hardness, material selection, size of the contact 
area). For all practical purposes it is, therefore, entirely justified to assume 
that the friction losses in basic transmissions are symmetrical, an assump¬ 
tion on which all further considerations of simple revolving drive trains can 
be based. Thus: 


Vo = ( 1712)^=0 * (t?2i)r, s =o (14) 

However, because of the very close approximation to complete equality of 
the middle and final terms of eq. (14), we may consider 

Vo = (Vn)r, s =o = (V2\) Vs =o 

in all subsequent calculations such as that of eq. (41), for example. 

Section 6. Determination of Basic Efficiency 
in Planetary Transmissions 

Measurements on actual basic drive trains show that the power losses are 
composed of a load-dependent part which consists primarily of the tooth- 
friction losses Pu, and a load-independent part which represents the no- 
load or idling losses Pu- These losses can be further separated into cate¬ 
gories: constant losses, and the ventilation and splash losses which increase 
with increasing speed. The basic efficiency of a three-shaft drive train, 
therefore, is not constant; it even decreases to zero with decreasing output 
torque because of the inevitable no-load losses (fig. 14). More detailed 
information about the power-loss components has been provided by 
Niemann [33]. 

As compared to the conventional transmissions, planetary transmissions 
have two additional sources of losses, namely, the speed-dependent ventila¬ 
tion and splash losses caused by the rotation of the planet carrier, and the 
additional friction losses in the planet bearings caused by the centrifugal 
forces which act on the planets. The large centrifugal forces, which accom¬ 
pany the orbiting motion of the planets, also act on the rolling elements and 
retaining rings of the bearings and, hence, increase their internal friction. 
Thus, when the planets are supported in rolling element bearings it can be 
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Fig. 14. The efficiency of a heavy-duty planetary transmission as a function of the 
output torque. 

expected that the no-load losses of planetary transmissions differ from 
those of conventional transmissions. Nevertheless, the losses in rolling ele¬ 
ment bearings are small and can usually be neglected. However, the hydro- 
dynamic friction losses in high speed revolving drive trains, in which journal 
bearings must be used, have a component which can no longer be neglected. 
Efficiency calculations for planetary transmissions, therefore, contain an 
even larger measure of uncertainty than those for conventional transmissions. 

In spite of these numerous influences, limiting conventions which form a 
usable basis for a sufficiently accurate computation or measurement of the 
efficiency of planetary transmissions must be accepted before a basic effi¬ 
ciency can be defined. As a basis for the theoretical computation of the effi¬ 
ciencies {sec. 15), only those losses are considered which are associated with 
the rolling of the gear teeth on each other, that is, the tooth-friction losses 
EP Lt , and the load-dependent components of the planet-bearing losses 
which are usually very small. 

The basic efficiency rj Q or the basic loss factor refers to an operating 
condition of the basic transmission where this “rolling power loss” 
accounts for almost all of the losses. 

Practically, this operating condition exists whenever the rated torques are 
transmitted at low speeds. Compared with the rolling power losses, the con¬ 
stant part of the idling losses then becomes so small that it can be neglected. 
The same is true for the speed-dependent parts, which increase with the 
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speed raised to a power of 1.5 to 3, but still do not attain substantial values 
at low speeds. 

Thus, to determine the basic efficiency rj oy which we want to introduce 
directly into the equations for the torque ratios and efficiencies of the plane¬ 
tary transmissions, we can start from the following recommendations: 

1. The basic efficiency rj 0 shall be defined as the efficiency which the basic 
transmission attains when the rated torque is transmitted at low pitch line 
velocities. 

2. For measurements of the basic efficiency on actual transmissions a 
pitch line velocity of 10 m/sec is considered as “low.” 

3. For the theoretical calculation of the basic efficiency only the tooth- 
friction losses £P U shall be considered, so that: 

rp 

Vo = 1 - fo where , (15) 

*in 

and P in is the input power of the basic transmission. 

Consequently, the efficiency of a planetary transmission, which has been 
calculated from the basic efficiency yj 0 of the transmission, is valid also with 
practical accuracy at the rated operating torque and low speed. To estimate 
the efficiency at rated speed an additional loss factor f sp * 0.005 to 0.05 
should be introduced to consider the ventilation and splash losses where the 
higher values apply to high speeds and splash lubrication with a partly 
immersed carrier. 

Investigation of the Basic Efficiencies 

The tooth-friction power loss Pu and consequently the tooth-friction loss 
factor f t can be calculated for each individual gear stage from the equation 

ft = ~ = tkfi , ( 16 ) 

which has been given by Duda [27], provided the purely geometrical factors 
combined in the loss coefficient 

/l= '( i + £) (z * +z) 

and the tooth-friction coefficient ju t are known. In eq. (16), P t represents the 
power input to each individual stage, which is transmitted by rolling 
between the gear teeth. 

Depending upon the magnitudes of the approach contact ratio m a and the 
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recess contact ratio m T the approach portion Z a and the recess portion Z r of 
the line of action assume the following values: 


for 0 ^ m a r ^ 1 

^a,r ^ ^a,r “h ^a,r 

for m a>r > 1 

II 

1 

s: 

for m a>r < 0 

ii 

i 

£ 


The components m a and m r of the contact ratio can be calculated for any 
involute spur gear, helical gear, or annular gear stage, with or without 
addendum modification from 

~ (tan $ atP - tan 4> t0 ) (17) 

and 

m t = -~ (tan $ atG - tan 4> to ) (18) 

27r 

where 

Zp is the number of pinion teeth 
Zq is the number of gear teeth, 

$ atP is the transverse pressure angle at the addendum circle of the pinion, 
$ atG is the transverse pressure angle at the addendum circle of the gear, and 
# t0 is the transverse pressure angle at the operating pitch circle. 

The total profile contact ratio then becomes: 

= m a 4- m T (19) 


tan <£ t 


tan $ n 
cos'F 


inv $ t =-(corresponds to tangent, from Involutometry and Trigo¬ 

nometry Tables) 


inv $ to 


+ * G )tan$ n 
Up + *g) 


+ inv<i> t 


tan$ to = 


(corresponds to involute function, from Involutometry 
and Trigonometry Tables) 
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tan<f> 


tan<f> 

$ t is the transverse pressure angle, ^ 

$ n is the normal pressure angle, > at the nominal pitch point 
\j/ is the helix angle, ) 

rf aP is the modified diameter at the addendum circle of the pinion, 
rf aG is the modified diameter at the addendum circle of the gear, 
d hP , d b o are the base circle diameters of pinion and gear, and 
x P , x G are the addendum modification coefficients for the pinion P and 
the gear G. 

For external gear stages these equations can be used directly. However, for 
internal gear stages the specific number of teeth of the annular gear must be 
prefixed with a negative sign (see sec. 9). The addendum modification fac¬ 
tors x for both external and internal gear stages are positive whenever the 
generating tool is shifted in such a way that the tooth thickness at the root 
increases, that is, away from the center for an external gear and towards the 
center for an annular gear. 

The loss coefficient / L can be determined directly from fig. 15 for gear 
stages which consist of standard involute gears without addendum modifi¬ 
cation, i.e., with addendum equal to the module (the reciprocal of the diam¬ 
etral pitch), and a pressure angle of 20°. For all other involute gears,/ L can 
be calculated from eqs. (16) to (19). For internal gear stages with involute 
gears and differences between the number of gear and pinion teeth down to 
Az = 1 the coefficient f L can be found directly from figs. 16 and 17. Fig. 17 
has been plotted for an addendum modification factor x G = —x P [26], 
which is the minimum required for trouble-free meshing, when the dif¬ 
ference between the number of gear and pinion teeth Az < 8. The values of 
/ L , for a range of gear and pinion sizes which are plotted in fig. 16, are 
based on this practical limiting curve. This graph shows that the geometrical 
loss coefficient / L increases with decreasing difference in the number of gear 
and pinion teeth in the range from 8 to L The path of contact shifts so far 
along the line of action, as a consequence of opposite addendum modifica¬ 
tions of gear and pinion teeth, that the pitch point finally falls outside the 
contact path. With increasing distance between contact point and pitch 
point, sliding velocities between the tooth flanks increase. Consequently, 
tooth-friction power losses increase. Therefore, the addendum modification 




24 / Properties of Epicyclic Drive Trains 



number of pinion teeth 


Fig. 15. Geometrical loss coefficient / L for standard spur gear pairs without profile 
correction: z P = number of teeth of the pinion; a negative speed-ratio / refers to 
external spur gear stages, a positive speed-ratio i to internal spur gear stages. 


mandated by the practical limit curve of fig. 17 should not be substantially 
exceeded when annular gear stages with a minimum difference between the 
number of gear and pinion teeth are designed. 

Since the addendum modification of the pinion is negative, undercutting 
of spur pinions can be avoided only when their minimum number of teeth 
Zpmin increases with a decreasing difference A z between the number of 
pinion and gear teeth. Therefore, fig. 17 also shows the minimum number 
of teeth z Pmin necessary to avoid undercutting the pinion teeth (dashed hori¬ 
zontal lines), and to satisfy the condition that the addendum circle of 
annular gears must have a larger diameter than the base circle (dashed diag¬ 
onal lines). Thus, the values of f L given in fig. 17 are valid for pinions with a 
minimum number of teeth. For pinions with a larger number of teeth, / L 
can be determined from fig. 16. 

To calculate the power-loss factor £ of a gear stage at rated load, the 
tooth-friction coefficient m can be estimated on the basis of fig. 18 which 
shows test results obtained by Ohlendorf [14], These tests were run with 
gear pairs which had a quality rating of 6 to 7 and carried a load of 250 
Newtons per millimeter of face width. For approximate calculations it is 
recommended to use an average value ^ = 0.05 ... 0.07 [19, 29, 30, 41], 
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d2*Z h -Z P ' 


Fig. 16. Geometrical loss coefficient f L for annular gear stages with involute spur 
gears with a minimum difference A z between the number of gear and pinion teeth 
and profile correction factors x A = -x P according to the practical limit curve given 
in fig. 17 or the inset table. The subscript A characterizes the annular gear, P the 
pinion. 

A comparison shows that at high torques and low speeds the calculated 
power-loss coefficients of revolving and fixed-carrier transmissions agree 
sufficiently well with published test data to satisfy most practical require¬ 
ments. 

If, therefore, no better information is available, the basic efficiency rj 0 of 
a planetary transmission which operates at rated torque and low speed, can 
be estimated as follows: 

1, Standard involute gear trains without addendum modification 

For any external, or annular gear stage, the tooth-friction loss factor can be 
calculated with eq. (16), where/ L can be determined from figs. 15, 16 or 17 
and fx t = 0.07. The power-loss factors and efficiencies of the component 
gear stages I, II, III', ... of the basic transmission, which transmit the power 
in series, thus become: 


fti — /lit* ti> 

^ti =1 


ftn — /uiMtii* ftm — /uiiMtiii* • * • 
^tn ~ 1 — ftn* *71111 = 1 ~ ftm *- 
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Fig. 17. Geometrical loss coefficient f L for annular gear stages with involute gears 
and a minimum difference AZ between the number of gear and pinion teeth as a 
function of the profile correction factors x A = -x P , according to Duda [27] and 
Schafer [26]. The dashed lines show the associated smallest possible numbers of teeth 
z P of the pinion; subscript A = annular gear. 

Therefore, with eqs. (9) and (10) the basic efficiency finally is obtained as 

Vo = ~ 1 “ (fti + ftii + fan + • • •) • (20) 

2. Involute gear trains with addendum modification 

The friction loss factor f t for each gear stage can be calculated from the 
transmission parameters, eq. (16), where ju t = 0.07 and the eqs. following 
(16) through (19) are used to calculate/ L . The basic efficiency rj 0 is then 
obtained from eq. (20) as shown in paragraph 1 above. 

Since the efficiencies at rated load as calculated by this method only 
account for the tooth-friction losses, they must be modified for transmis¬ 
sions which operate at high speeds by including the loss factor f sp which has 
been discussed earlier in this section. 
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Fig. 18. Tooth-friction loss factor /x t as a function of the pitch circle velocity v , for 
two different loads W per mm face width/, a lubricant viscosity of 1.3 • 10~ 4 m 2 /sec 
and a gear quality rating of 6 to 7; material 16 MnCr 5 F\ according to Ohlendorf 

[14]. 


Section 7. Positive- and Negative-Ratio Drives 


The simple revolving drives form two major groups which have distinctly 
different operating characteristics—either a positive or a negative basic 
speed-ratio. The former, whose central gear shafts have the same sense of 
rotation when the carrier is fixed are called “positive-ratio drives, ” the lat¬ 
ter, “negative-ratio drives . ” All positive-ratio drives are kinematically simi¬ 
lar. Furthermore, those with an equal basic speed-ratio i Q are “kinemati¬ 
cally equivalent” with respect to the motions of their three shafts, regard¬ 
less of their internal construction . The same is true for negative-ratio drives. 
Consequently, all possible configurations of the simple planetary drive 
trains are grouped in positive-ratio drives, depicted schematically by figs. 19 
to 31, and negative-ratio drives as shown in figs. 32 to 43. 


Figs. 19-31. Positive-ratio drive train types. 



Fig. 19. i c 


= 13.2 


Fig. 20. z omin = 0.076 
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a b 


Fig. 28 Fig. 29. ; omin = 0.55 

Figs. 19-28, 29 b. Reverted positive-ratio drive trains. Figs. 29#, 30, 31. Open posi¬ 
tive-ratio drive trains. The speed ratios / 0 given for some of the schematic representa¬ 
tions are based on the assumptions that z mm = 17, with 3 planets, and i max = ±10 per 
gear pair where applicable, which represent geometrical limiting conditions. For gear 
trains with stepped planets, equal root stresses and geometrical similarity of the 
pinions have been assumed. 
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Figs. 32-43. Negative-ratio drive train types. 



Fig. 32. /„ = -1.2 to -11.3 Fig. 33. » 0 = 

-0.09 to -0.83 


Fig. 34. i a = -0.22 to -11.3. 
Drawn to scale for j 0 = -1 



Fig. 37 


Fig. 38 



30 / Properties of Epicyclic Drive Trains 




H 


1 / 





Fig. 40 
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Fig. 41 



Fig. 43. / omax — 5.12 


Figs. 32-42. Reverted negative-ratio drive trains. Fig. 43a. Open negative-ratio drive 
train. The speed ratios i Q given for some of the schematic representations are based 
on the assumptions that z min = 17, with 3 planets, and 4m = =fcl0 per gear pair 
where applicable, which represent geometrical limiting conditions. For gear trains 
with stepped planets, equal root stresses and geometrical similarity of the pinions 
have been assumed. 


Section 8. Design Configurations of Simple 
Planetary Transmissions 

The various design configurations of the simple planetary transmissions 
differ in their practical basic speed-ratio ranges, in their basic efficiencies, 
and in their design complexity. Of course, the limits of the basic speed-ratio 
ranges change with the chosen number of pinion teeth. Thus, they can 
sometimes substantially exceed the values given in figs. 19 to 42 if their 
design is based on assumptions other than those indicated. This is especially 
true for transmissions with stepped planets, when equal bending stresses at 
the roots of the teeth and geometrical similarity between the pinion gears 
are not demanded. If a specific basic speed-ratio can be realized with several 
kinematically-equivalent design configurations, the choice between them 
must be based both on design considerations and on their basic efficiencies. 
For practical applications, therefore, the simplest gear trains shown in figs. 
19, 20, 32, 33, and 40 are used most frequently. Figs. 19 to 43 list the 
practical limits of the basic speed-ratios for the most common gear train 



8. Design of Simple Planetary Transmissions / 31 

configurations. Within these limits the basic speed-ratio ranges can, of 
course, be covered only in steps, since the gears must have integral numbers 
of teeth. 

The positive-ratio gear trains shown in figs. 19 and 20 are identical except 
for the reversed designations of their central gear shafts 1 and 2. Conse¬ 
quently, their basic speed-ratios are reciprocal with respect to each other. At 
/ 0 = 1, however, they are equal so that the two transmissions become kine¬ 
matically equivalent and act like a direct coupling between their respective 
central gear shafts. For other gear train pairs only the corresponding recip¬ 
rocal 4-ranges are given, while the gear train schematics themselves are not 
repeated with merely reversed order of subscripts. 

Gear trains as shown in fig. 21 have annular central gears and, because of 
the larger diameter of these annular gears, can transmit larger torques than 
gear trains of the type shown in fig. 19, although the planet sizes are identi¬ 
cal in both designs. However, their possible speed-ratio range is smaller. 
Transmissions according to figs. 22 and 23 have only one annular gear, and 
meshing planet pairs have been arranged in order to obtain a positive basic 
speed-ratio 4* If these planet pairs are stepped gears as shown in fig. 23, 
especially-high basic speed-ratios can be achieved. 

Gear trains of the type shown in fig. 22 have a substantially smaller range 
of possible basic speed-ratios; in return, however, their axial dimensions 
become very small. This configuration is the only positive-ratio drive train 
whose gears lie in a single plane like the gears of the negative-ratio drive 
train shown in fig. 32. Because of their design complexity, positive-ratio 
drive trains with bevel gears (figs. 26 to 28) have little practical use. 

Since a basic speed-ratio of 4 = -1 cannot be realized with the negative- 
ratio transmissions shown in figs. 32 and 33, they do not have a common 
speed-ratio range although they are identical except for the exchanged 
indices of their central gear shafts. These gear trains also have a smaller 
speed-ratio range than, for example, the simplest positive-ratio transmis¬ 
sions of fig. 19. Therefore, even rather complex configurations of negative- 
ratio transmissions have practical importance when they are able to cover 
the adjoining speed-ratio ranges. 

Drive trains with bevel gears as shown in fig. 40, or spur gears of equal 
size and meshing planet pairs as shown in fig. 38, realize the basic speed- 
ratio 4 = -1 and are used as automotive differentials. 

Transmissions with stepped planets as depicted in fig. 34 where d pX < d p2f 
can realize the speed-ratio range from -0.22 to -1.2 including the special 
basic speed-ratio 4 = “1, which cannot be covered by gear trains of the 
type shown in fig. 32. In the configuration of fig. 35, where d pl > d p2f they 
can extend the speed-ratio range of the basic design of fig. 32 beyond the 
range of approximately -11, to about -37 for d pX = d p2 and to about -60 
for d p2 = d m \ n . To realize the speed-ratio range around i ~ -1, suitable 



32 / Properties of Epicyclic Drive Trains 

transmissions generally have bevel gears as shown in figs. 41 and 42, or spur 
gear trains without annular gears, but with meshing planet pairs as shown in 
fig. 36. Without using annular gears, drive trains with meshing stepped 
planets as shown in fig. 37 can realize a substantially wider range of basic 
speed-ratios than gear trains of the type shown in fig. 36. 

Figs. 29a and 43a show open , positive-ratio and open , negative-ratio gear 
trains respectively which find practical applications (e.g., in mixers and in 
spinning frames). The planets then become the input or output gears, while 
in all previously mentioned drive trains the planets were merely intermediate 
gears. Their absolute speeds, or angular velocities, must always be related to 
the stationary parts of the transmission, as if they were measured at the 
non-revolving connected stub shafts 2 Z of figs. 29b and 43b. Both of these 
gear trains became reverted gear trains by arranging a universal joint shaft 
between the connected planet shafts 2 of figs. 29a and 43a and the central 
axis of the drive. They can well constitute economical solutions for drives 
whose carrier rotates or oscillates slowly. 

Figs. 24, 25, 31, and 39 show that, in general, annular gears also can be 
used as planets. However, designs of these types have little technical signifi¬ 
cance because they are expensive to build, do not allow power branching, 
and offer no other compensating advantages. 

As shown in fig. 30, an open positive-ratio drive train of belt, cable, or 
chain-drive type can become an open- or closed-train revolving drive when 
the arm is permitted to rotate. If gears are replaced by traction wheels, a 
wide variety of open- or closed-train revolving drives arise which sometimes 
have infinitely variable basic speed-ratios / Q , and are similar to the well- 
known traction drives. Finally, revolving hydrostatic drives may be men¬ 
tioned (e.g., fig. 44). Depending on the tilt direction and angle of the cam 
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Fig. 44. Revolving hydrostatic transmissions developed by Allgaier. 
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(swash) plate, they can operate as positive- or negative-ratio drives with a 
variable basic speed-ratio i 0 as will be described later in section 33k. 

It is emphasized that the rules and equations which shall be derived subse¬ 
quently are also valid for all previously mentioned revolving drive trains. 
These include open drive trains where the connected planet shaft, instead of 
the missing connected central gear shaft, is labeled with 7 or 2 to identify the 
input or output respectively. 

Simple planetary transmissions can be combined with other planetary 
transmissions, simple gear stages, or infinitely variable transmissions, in a 
variety of ways to suit special operating conditions or design requirements. 
Such compound planetary transmissions will be discussed in part III. 


Section 9. Determination of Basic Speed-Ratio / 0 

The basic speed-ratio i Q of a multi-stage basic gear train can be calculated 
from the speed-ratios of its component stages. For each component stage 
which consists of the gears or friction wheels a and b, the speed-ratio is 
determined by the ratio of either the number of teeth z, or the pitch circle 
diameters D of a and b, so that 


n* _ _5b = A) 


( 21 ) 


According to R 1, the speed-ratio of an external gear stage must become 
negative, and that of an annular gear stage, positive. Since the pitch circle 
diameters and the numbers of teeth are defined as 

positive (+) for external gears and 

negative (-) for annular gears, 

R 1 requires that their ratios in eq. (21) be preceeded by a negative sign. 

Thus if the multi-stage basic transmission consists of the stages I, II, III, 
etc., its basic speed-ratio i 0 simply equals its overall speed-ratio so that 


*i,n — 4> — hhikn • • • or 

/ = ( — Zbl \ ( _ Zbn — ZbUl \ ( ZbN \ 

\ £al/\ ^all/V Zalll/ \ ^aN/ 

The following basic speed-ratios are obtained for some of the gear trains 
shown in figs. 19-43. For positive-ratio gear trains of the type shown in fig. 
19, which operate as two-stage basic transmissions with /ip, = n^ 2 - 
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io= ”i = = ^L) = ^21 > o 

«2 «pl«2 \ Zl A Zp2/ ZiZ p2 

For negative-ratio gear trains of the type shown in fig. 32, which operate as 
basic transmissions with an idling planet p, 

«2 «p"2 \ Z| A Zp / Zl 

whereby the number of teeth substituted for £ 2 < 0* For negative-ratio gear 
trains of the type shown in fig. 37, which operate as three-stage basic trans¬ 
missions, 


j =01= ”l”p”p2 = /Zp V *pl V *2 \ = ZlZpl < 0 

0 « 2 n p n pl n 2 \ *i A z p A W Zi ^ P 2 

and, finally, for open or reverted positive-ratio gear trains as shown in figs. 
29a or 29b, 


/ o = ^=-^>0, 

«2 Zl 


whereby the number of teeth substituted for Z\ < 0. 

The final sign of i Q may be predetermined without reference to the for¬ 
mula, and prior to the selection of numbers of teeth. Simply scan the sche¬ 
matic diagram and count the number of external gear meshes; if odd, the 
sign is minus, otherwise plus. For chain drives, the sprockets may be treated 
like external gears, and the chain as an annular idler gear driven by one 
sprocket while simultaneously driving the other. 

Belt and traction drives can be handled analogously. However, their 
speed-ratios must be calculated from the ratios of the pulley or friction 
wheel diameters rather than from the ratios of the number of gear teeth. 
The slip is usually neglected in the application of this method, but could 
easily be considered as long as it remains reasonably constant. 

For planetary transmissions with bevel gears, the ratio between the 
number of teeth determines only the magnitude of the basic speed-ratio, its 
sign must be determined separately from the design configuration, since R 1 
is defined only for parallel shafts. However, this is simple enough if it is 
observed that the basic speed-ratio of a revolving bevel gear stage with a 
simple planet is always negative, as is evident from figs. 40 and 41. The 
basic speed-ratio of a revolving bevel gear stage with a stepped planet is 
positive whenever both the pitch cones of the central gears and the pitch 
cones of the idlers face in the same direction (figs. 26 and 27) or if both face 
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in opposite directions (fig. 28) where 



it becomes negative if one pair of pitch cones faces in the same direction and 
the other does not, as shown in fig. 42, where 








SYMBOLS 


Note: other , less frequently used symbols are defined where they are first 
introduced . 


F 


Degree of freedom or degree of mobility of a drive train 
(used when static degree of freedom is not considered) 


^kim Kinematic degree of freedom designating the number of 

independent shaft speeds which must be given, or can be 
freely chosen 


F ov Operating degree of freedom F op = F kim + F stat = N cs 

F sm Static degree of freedom designating the number of inde¬ 

pendent shaft torques which must be given or can be 
freely chosen 


'o = '12 


fh 

«2 


'o' = 'l' 2 ' = 


«1 


ny 

n v 


tar. 


hn 


,l c 

til 

till 


Speed-ratio (transmission-ratio) of a constrained drive 
train 


Basic speed-ratio (carrier shaft locked) 


First subscript of this speed-ratio represents numerator 
shaft, second subscript denominator shaft; third shaft (2 
or b) is locked 


Series speed-ratio of a bicoupled transmission with a 
locked connected coupling shaft S 


k Speed-ratio between any two shafts of a revolving drive 

train with more than one degree of mobility, such as a 
planetary transmission with three rotating connected 
shafts 


XV 



xvi / Symbols 


*cs 

n 

P 

Pl 

Pu 

Pr\ f Pr2 
PrI » P 1RII 
Psl > ^s2 

A 

ri = ±1 
rl = ±1 

T 

/, //, /// 


$ 

to 

e 


f = 1 - V 
V 


First subscript of this speed-ratio represents numerator 
shaft, second subscript denominator shaft 

Number of connected shafts in a drive train 
Shaft speed (rpm) 

Power 

Power-loss 

Tooth-friction power-loss 

Rolling power of shaft 7, or shaft 2 ; in revolving hydro¬ 
static drives, hydraulic power of shaft 7 or shaft 2 

Analogous to P Rl , P R2 , series power of shaft / or shaft II 
of a bicoupled drive train 

Coupling-power of shaft 1 or shaft 2 

Power transmitted in a gear mesh by pure rolling 

Exponent with the sign of the rolling-power ^R1 of shaft 1 

Exponent with the sign of the series power P IRI of shaft /, 
analogous to rl 

Torque 

Characterize the component transmissions of compound 
revolving drive trains; in constrained bicoupled drive 
trains, / represents main component transmission and II 
auxiliary component transmission 

Pressure angle 

Ratio of theoretical input power of auxiliary component 
transmission to external power of a constrained or vari¬ 
able bicoupled transmission (losses are neglected) 

Ratio of actual input power of auxiliary component 
transmission to input power of a constrained or variable 
bicoupled transmission (losses are considered) 

Tooth-friction loss factor 

Efficiency 
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Symbols / xvli 

rf 0 = rj n * 7721 Basic efficiency (that is, efficiency of a revolving drive 
train with a locked carrier shaft) 

T7sl 

rj2<l Subscripts closest to 77 represent input shafts; others out- 

^ s put shafts 

•2 >s 

fa Mean tooth-friction coefficient 

<p Angular position; adjustment ratio of a variable bi- 

coupled drive train 

<p' Adjustment ratio of auxiliary (or variable) component 

transmission of a variable bicoupled drive train 

a? Angular velocity 


MATHEMATICAL SYMBOLS 


* 

< 

> 





not equal to 

approximately equal to 

less than 

greater than 

less than or equal to 

greater than or equal to 

less than, equal to, or greater than 

much less than 

much greater than 

analogous to, or may be substituted for; example: 1 = /, 
2 = //, and s = S. Like the = sign, = operates in both 
directions, that is, 1 = / implies that / = 1, etc. 

proportional to 

factorial n - n{n — 1)_1 

combinations of n different things taken r at a time = 
n\/(r\)(n-r)\ Example: (^j = 3!/(2!)(l!) = 

(3-2»l)/(2*l-1) = 3 
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SYMBOLS WHICH MAY ALSO BE USED AS SUBSCRIPTS 


A, B,C,D, ... 

a, b,c, ... 

c, c' 

F 

/,/' 

in 

m, m' 

out 

P,PuP2 


s 


S, S', S" , . . , 


connected shafts of compound drive trains which consist 
of several component transmissions 

connected shafts of a simple revolving drive train whose 
internal structure is unknown or arbitrary 

symbol or subscript indicating a connected coupling shaft 

free coupling shaft of a bicoupled transmission 

symbol or subscript indicating a free coupling shaft 

subscript indicating an input 

symbol or subscript indicating a monoshaft 

subscript indicating an output 

planet, planet meshing with gear 1 , planet meshing with 
gear 2 

connected coupling shaft of a bicoupled transmission 
(analogous to the carrier shaft of a simple revolving drive 
train) 

carrier (spider) or carrier shaft of a revolving drive train 


tot subscript indicating a total quantity such as power, effi¬ 

ciency, etc. 

z number of teeth of a gear (see ISO 701-1976) 

/, II monoshafts of a bicoupled transmission (the connected 

shafts of a bicoupled transmission which are analogous 
to shafts l and 2 of a simple revolving drive train) 

l, 2 connected shafts of a revolving drive train; they may be 

1',2' the central gears (shafts) in reverted “planetary” trans- 

1",2" missions, corresponding to the connected shafts of the 

associated basic drive train or the central gear (shaft) and 
the planet gear (shaft) of open “planetary” transmissions 

3, 4, 5, ... gears or shafts of conventional drive trains (e.g., inter¬ 

mediate drive trains) 

', ", superscript designations for second, third, etc., compo¬ 

nent transmissions of compound revolving drive trains 
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A. Working Principles 


Section 10. General Remarks and Speed-Ratio Notation 

The basic laws of the simple revolving drive trains define fundamental 
relationships between the speeds, the torques and the power of their shafts, 
as well as their efficiencies. They shall be derived for the general case of the 
three-shaft transmission and, consequently, are valid also for two-shaft epi- 
cyclic transmissions, and basic transmissions which are merely special cases 
—characterized by the fact that one of their shafts is locked, that is, either 
ri\ = 0, or rt 2 = 0, or n s - 0. 

The laws of motion for revolving drive trains are independent of the 
transmitted torques. For this reason, all kinematic relationships—that is, 
the relationships between the speed-ratios of the shafts and gears—will be 
derived without consideration of the torques or powers and, therefore, 
remain valid for all operating conditions. Consequently, these relationships 
are independent also of the location of the input or output shafts. 

The shaft torques satisfy the static equilibrium conditions of the system 
and therefore are independent of the shaft speeds as long as no accelerating 
torques occur. Consequently, they can be investigated without any consid¬ 
eration of the speeds. However, because of the friction losses the location of 
the input and output shafts must now be considered. 

The analysis of compound revolving drive trains becomes clearer when 
the constant speed-ratios of those with only one degree of freedom are 
strictly distinguished from the variable speed-ratios of those drive trains 
which have more than one degree of freedom. Wolf, therefore, retained the 
symbol i only for constant, design-dependent speed-ratios which he speci¬ 
fied by two subscripts in the order, numerator, denominator, so that, for 
example, 


For the speed-ratios of drive trains with more than one degree of freedom, 
which are independent of the design and the torque ratio of the considered 
shafts, he introduced the symbol k, so that, for example, 


39 



40 / Simple Revolving Drive Trains 


This distinction is very useful in more detailed studies of revolving drive 
trains and shall be used henceforth. 

Section 11. Speeds and Speed-Ratios 

a) Speed Characteristics of Three-Shaft Revolving Drive Trains 

The somewhat confusing relationship between the speeds in three-shaft 
drive trains was greatly clarified in 1841 when Willis showed that the com¬ 
plex general state of motion can be explained as the superposition of two 
very simple partial motions. Starting from this concept he derived eq. (22), 
which allows the determination of all of the speed-ratios of the revolving 
drive trains. 

The first partial motion is the rotation of the central gears—turning in 
mesh with the planets —relative to the carrier. Consequently, it is equivalent 
to the motion of the basic gear train whose carrier is stationary and 



where n[ and are the speeds of the central gear shafts relative to the car¬ 
rier. The first partial speed of the carrier, relative to itself, is /r s ' = 0, while 
the total speed of the carrier n s is not necessarily equal to zero. 

The second partial motion is an equal rotation of the central gear shafts 
and the carrier, n* = n 2 = fl s ". No relative motions arise and the gear train 
rotates as a rigid coupling. 

If the two partial motions are superimposed, the total speed of each shaft 
is obtained as the algebraic sum of its two partial speeds, that is, 

* s = < + n s = 0 + n", 

/?! = n{ + n{'= n{ 4 - n s , 
n 2 = n{ 4 - n 2 = n{ 4 - n s . 

Thus the basic speed-ratio i Q becomes: 


; _ w i _ n i ~ n s 

i . * 

n{ n 2 - n s 

~ 4^2 - n s (\ - i Q ) = 0 . 


so that, 


( 22 ) 
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The speed components n{ = n x - n s and n 2 = n 2 - n s are also called the 
“rolling speeds” of the central gears 1 and 2, since they characterize their 
rolling velocities, that is, the velocities of their pitch circles relative to the 
pitch point. Referring to the second partial motion, the speed components 
n[\ n 2 and n s are also called the “coupling speeds” of the shafts. Since, 
according to eq. (22), i Q determines relationships between all three shaft 
speeds of a revolving drive train and at the same time constitutes the speed- 
ratio of the basic train, it is appropriate to call it the “basic speed-ratio.” 

From eq. (22) the shaft speeds of a three-shaft transmission are obtained 
as follows: 


m = i 0 n 2 + (1 - i Q )n % , 


(23) 


and 


"2 


flj - n s ( 1 - i Q ) 

k 




n i ~ 4”2 
1 - k 


(24) 

(25) 


If each of these equations is then divided successively by each of the two n's 
of its right side, the speed-ratios assume the following form: 


In explicit notation 

^-<,+ <1-0^. 
n 2 n 2 


W. /7c 


«2 

«1 


fh 

«2 _n»_ 

n< 


0-4) 


l - /, 


n 2 


«1 


n x 


1 - 4 


fh 

« s n 2 


In reduced notation according to Wolf 
*12 = 4 + (1 - 4)*s2 • (26) 


*is = (1 ~ 4) + 4*2 s • 


<o V *o/«l •o V 'o / 


1-4 


*2s = 


Ar s , = 


*S2 = 


*is (i 4) 


1 “ 4*21 


1 - 4 


*12 - 4 
1 - 4 


(27) 

(28) 

(29) 

(30) 

(31) 
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b) Speed-Ratios of Two-Shaft Transmissions 

The speed-ratios of the three possible two-shaft transmission designs can 
be obtained from eqs. (23) to (25) by setting the appropriate speed on the 
right side of each equation equal to zero. Consequently, with n s = 0 eqs. 
(26) and (28) yield: 


*h 

«2 


= *12 = *o 


«2 . 1 
— = *21 = — 

«1 *o 

With n 2 = 0 in (27) and (30): 

«i . i . 

— hs f *o 


1 


„ — hi ~ 1 . 

With n x = 0 in (29) and (31): 

n 2 




io ~ 1 


--^s2 7-r 

w 2 *o “ 1 


Fixed-carrier 

speed-ratios of two- (32) 
shaft transmissions 


(33) 


(34) 

Rotating-carrier 
speed-ratios of two- 
shaft transmissions 

(35) 


(36) 


According to eqs. (32) to (36), the speed-ratios of the two-shaft transmis¬ 
sion depend solely on i Q and, thus, are constants which are determined by 
the design of each revolving drive train. For this reason, they shall be sym¬ 
bolized by i rather than k . Two-shaft revolving drives can be used as step-up 
or step-down drives like simple conventional transmissions. A graphical 
representation of eqs. (32) to (36) is given in fig. 45 where the speed-ratios 
of the two-shaft transmissions are plotted as functions of the basic speed- 
ratio i Q . Consequently, this diagram allows either the direct determination 
of the basic speed-ratio associated with a desired revolving-carrier speed- 
ratio and thus the determination of the transmission configuration, or vice 
versa. 

If eqs. (33) to (36) are solved for / 0 , the basic speed-ratio can be elimi¬ 
nated from any two of the equations so that each speed-ratio can be 
expressed in terms of any of the others. This procedure leads to worksheet 1 
where each possible speed-ratio / is given in terms of each of the others. 
Worksheet 1 is provided as a practical aid for the layout of planetary trans¬ 
missions. 
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Fig. 45. Speed-ratios of simple revolving drives which operate in the two-shaft mode 
as a function of the basic speed-ratio i Q (see worksheet 1). The range in which self¬ 
locking can occur is shown larger than actual size. The ranges of the revolving carrier 

efficiencies are indicated by the type of line: - rj > rj Q ,- tj < rj ot and 

- rj - r) 0 ' With the analogous subscripts 1 =1,2 = 11,5 = 5, and i 0 = / HI , 

this diagram is valid also for constrained bicoupled transmissions. 


For transmissions with three rotating connected shafts, each speed-ratio k 
can likewise be expressed in terms of all other speed-ratios k when eqs. (26) 
to (31) are evaluated in a similar manner. The resulting relationships are 
clearly tabulated in worksheet 2. 

If any one of the speed-ratios has a value of k - 1, then all other speed- 
ratios become equal to 7. This can be easily verified from eqs. (26) to (31). 
Consequently, whenever two of the three connected shafts have the same 
speed, then all shafts rotate in unison, that is, the transmission operates at 
the “coupling point.” 
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c) Relative Speeds of Planets 

The speed n p = (n p - n s ) of the planets relative to the carrier which 
determines, for example, the design of the planet bearings can readily be 
obtained from the first partial speeds n{ = (n x - n s ) or n{ = (n 2 - n s ) of 
the central gears which have been introduced in section 11a. Since the first 
partial motion is equivalent to the motion of the basic transmission, the 
speed-ratios between the planets and the central gears can be calculated 
from eq. (21) like the speed-ratios of the basic transmission. For a gear train 
of the type shown in fig. 32 we thus obtain: 


or 


(« p - n s ) = (n, - n s )i pI = (/?, - n s ) > 

(zip - n s ) = (n 2 - « s )/ p2 = (« 2 ~ « s ) (—• 

According to section 9 the numerical value substituted for z 2 must be pre¬ 
ceded by a negative sign since gear 2 is an annular gear. 

If the planets are stepped gears as shown in figs. 19, 27, 35, 42, etc., the 
speed-ratio can again be determined from the planet mesh with either gear 1 
or gear 2 , so that 


or 


(«pl - «s) = («1 - «s)'pl = («1 - n s) (~7y) ’ 
("p2 “ «s) = («2 “ «s)'p2 = («2 ~ «s) (~7 y) * 


According to section 9 Zi must be preceded by a negative sign if gear 2 is an 
annular gear as in fig. 35. These equations are valid also when bevel gears 
are used as planets as shown in fig. 40. However, no special sign convention 
is needed for bevel planets since the speeds of their nonparallel shafts must 
be known only for the layout of their bearings, which in general is not influ¬ 
enced by direction of rotation. 


d) Generalization of the Willis Equation 

The two independent partial motions defined by Willis, and described in 
section 1 la, can be imparted to the external shafts of any coaxial three-shaft 
transmission with two degrees of freedom, even if their relationship to the 
gear train is unknown. If, as in fig. 46, we arbitrarily assign the symbols a , b 
and c to these shafts, we can lock shaft a, rotate shaft b by a known number 
of turns n b , and count the resulting number of turns of shaft c, n c . From 
this first partial motion we obtain a fixed-member speed-ratio, 
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Q 




Fig. 46. Revolving drive train with an unknown position of the carrier shaft for the 
derivation of the generalized Willis equation. 



which, like the basic speed-ratio / 0 , depends solely on the design of the 
unknown gear train. As a second partial motion we can then superimpose 
an equal speed /i a , that is, a coupling speed « a = n b = = n£ on the 

external shafts, so that, analogous to the derivation of the Willis equation 

( 22 ), 

M b = «b + K = K + M a * 
n c = /i c ' -f n" = ?Iq 4* , 


and, consequently, 


or 



n c - n a ’ 


Mb - 4 cM c - (1 ~ 4c)M a = 0 . 


(37) 


This generalized form of the Willis equation can then be solved for the three 
shaft speeds so that, analogous to eqs. (23) to (25), 


Mb = 4 C M c + (1 - 4c)M a , 


(38) 


M c 


M b M a (1 4 C ) 

4c 


Mb 4c M c 


Subsequently, a series of generalized equations can be derived which are 
completely analogous to eqs. (26) to (36). These equations can then be used 
to generate generalized worksheets 1 and 2. Thus, worksheet 1, as obtained 
from the generalized eqs. (32) to (36), assumes the form: 
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i 

/(4c) 

4c 

4c 

4b 

l/'bc 

4a 

i ~ 4c 


l 

4b 

^ ~ 4c 


l 

*ca 

l — —— 


*bc 

4c 

4c 

4c — ^ 


This single column represents the complete worksheet 1 since the general 
subscripts b, c, a can be consecutively replaced by the six permutations of 
the subscripts l, 2, s, and thus yield the six columns of the familiar work¬ 
sheet 1, although arranged in a somewhat different sequence. 

If we had an opportunity to inspect the given drive train, and found that 
the carrier shaft had been assigned the subscript b, and the two central gear 
shafts the subscripts a and c, so that 

a = 1, b = s, and c = 2 , 

we could rewrite column 1 of the generalized worksheet 1 in terms of the 
familiar subscripts 7, 2 and s. We would then obtain the following table 
which we will recognize as column 6 of worksheet 1, read from the bottom 
to the top: 




*s2 

hi 

4s 

>/'s2 

4i 

• - hi 

4 S 

1 

1 “ hi 

4i 

j[ _J_ 



hi 

42 

1 

hi ~ 1 


Thus the completed generalized worksheet 1 could be converted term by 
term into the familiar worksheet 1, although arranged somewhat differently. 
If we recall that the choice of the subscripts for the shafts of the unknown 
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transmission was entirely arbitrary, we must realize that the association 
between the ordered sets {a, c, b} and (1, 2, s] is likewise arbitrary, and we 
could have converted the generalized worksheet 1 into a form of worksheet 
1 by using any conversion key. As a matter of fact we would have obtained 
worksheet 1 in the correct order and the Willis equation in the form of eq. 
(22) if we had chosen the conversion key 

b = 1, c = 2, a = s . 

It should become clear that, by means of the reverse procedure, general¬ 
ized forms of worksheets 1 and 2 can be obtained simply by direct substitu¬ 
tion of general for specific subscripts in the published tables. 

The speed-ratios are unaffected by the choice of the conversion key 
(which affects only the order of the entries of the worksheets). Thus, we can 
use immediately, and without restriction, any appropriate general form of 
the Willis equation, or of worksheets 1 and 2, when the position of the car¬ 
rier shaft is unknown. 

If the transmission losses can be neglected, that is, if we can assume that 
the basic efficiency 7) 0 = 1, we can also apply a general subscript code to the 
torque equations so that i Q in eqs. (42), (44) and (45) could be replaced by a 
general expression such as / bc . Cases in which the tooth-friction losses must 
be considered will be treated later in section 15g. 

e) Kinematically-Equivalent Epicyclic Transmissions 

Revolving drives are said to be kinematically equivalent when, as two- 
shaft transmissions, they coincide in all their /-ratios, and, as three-shaft 
transmissions, coincide in all their interrelationships between ^-ratios. 
These conditions, prevail when the drives have the same basic speed-ratio, 
since worksheets 1 and 2 show that all /-ratios and the relationships between 
^-ratios depend only on / 0 . 

We also learn from the generalized Willis equation, or worksheet 1, that 
two revolving drives are kinematically equivalent if a random basic or 
revolving speed-ratio of one coincides with a random basic or revolving 
speed-ratio of the other. Thus, for example, a negative-ratio transmission is 
kinematically equivalent to a positive-ratio transmission when its basic 
speed-ratio i 0 >, is equal to the latter’s revolving speed-ratio / ls . 

As a proof we shall distinguish the speed-ratios of the negative-ratio 
transmission from those of the positive-ratio transmissions by a prime ('). 
Thus, we find from worksheet 1 that with / 0 ' = i vv = / ls : 


and 


/iv — 1 — 4' — 1 ~ hs — 4 ~ hi > 
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h's’ = l — 7— = i — 4i = / s2 . 

‘o' 

It follows, of course, that the corresponding reciprocal speed-ratios are also 
equal. The two equations confirm what was already evident from the iden¬ 
tity: i vv = / ls , namely, that the shafts 1' and 1, 2 ' and s, and, conse¬ 
quently, s' and 2 of the two transmissions, correspond to each other as kin¬ 
ematically equivalent. Thus, 

Two revolving drive trains are kinematically equivalent if the R 7 
numerical values of any random pair of two-shaft speed- 
ratios , drawn from each train’s complete set of six i-ratios, 
coincide. 


Section 12 . Torques 

The equilibrium conditions require that during a stationary operating 
condition the sum of all external torques which act on a revolving drive 
equals zero, that is, 


T x + T 2 4- T s = 0 . (39) 

Obviously, this equation is satisfied only when the sum consists of positive 
and negative terms. Since, however, two of the three torques always have 
the same sign, the magnitude of their partial sum equals the magnitude of 
the third torque. Accordingly, that shaft which carries the sum of the 
torques is called the “summation shaft.” The other two shafts are called the 
“difference shafts.” Consequently, the absolute value of the torque carried 
by a difference shaft equals the difference between the absolute values of 
the torques carried by the summation shaft and the second difference shaft. 

These relationships are summarized in two guide rules, which facilitate a 
quick analysis of even complicated revolving drive trains. 

The torque of the summation shaft and the torques of the R 8 
difference shafts have opposite signs. 

The torques of the two difference shafts have equal signs. R 9 

When the carrier is locked and the basic speed-ratio i 0 and the basic effi¬ 
ciency r) Q are known, the torques of the two central gear shafts can be deter¬ 
mined like the torques of a conventional transmission from eqs. (7) and (8), 
which are derived directly from the energy principle, and (14). Thus, if shaft 
1 is the input shaft: 
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■pj = ~ioVn= -Wo • (40) 

TJ ^> o 

If shaft 2 is the input shaft: 

= ~‘oV2i l = -i 0 Vo l • (41) 

Pr ,<0 

The subscript P R1 refers to the “rolling-power” of shaft 1, that is, the 
power which it transmits at the rolling speed (n x - n s ) as defined in section 
1 la. When the carrier is locked the rolling-power is identical to the external 
power carried by shaft 1, that is, 

P R i = T x n[ = T x (n x — n s ) = T x n x . 



If the carrier is freed and an additional coupling speed n s is superimposed on 
the three connected shafts, the rolling speeds and, consequently, the rolling- 
powers, remain unchanged as long as the external torques remain constant. 
Eqs. (40) and (41), therefore, are generally valid for all operating condi¬ 
tions. 

Eqs. (40) and (41) are equal except for the sign of the exponent of yj 0 , 
which is positive for a positive rolling-power ^R1 and negative for a negative 
rolling-power ^Rl- Therefore, Brandenberger [5] suggested that eqs. (40) 
and (41) be combined into a single equation and that a general exponent K 
be assigned to the basic efficiency tj 0 . Instead, we shall subsequently use the 
exponent r\ to avoid a possible confusion with the speed-ratio k and to 
emphasize the fact that its sign is identical to the sign of the rolling-power of 
shaft L The introduction of this exponent makes it possible to derive the 
torque and efficiency equations before the locations of the input and output 
shafts are specified. This is especially important for the analysis of com¬ 
pound and simple revolving drive trains when the location of the input and 
output shafts is not known beforehand, or if it changes during operation. 
Thus we obtain: 


where 




T x (n x - n s ) 

Ti(n i - /is)| 


(42) 

(43) 


The preceding discussion can be summarized in the following guide rule: 


The sign of the exponent r 1 is always equal to the sign of the R 10 
rolling-power ^R1 of shaft 1 and its magnitude is L 
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For practical applications the exponent r\ can be taken directly from work¬ 
sheets 4 and 5 where it is tabulated as a function of the power-flow and the 
transmission type. 

Since eq. (42) can be solved for either T { or T 2 , it combines with eq. (39) 
either in the form of eq. (44) or eq. (45), that is, with 


or with 


T\ + T s = i 0 i) r 0 x T x , 

£ = W - 1 


(44) 


h 

Tz 


1 

‘olo 


- 1 . 


(45) 


Eq. (42), (44), and (45) show that the torque ratios depend only on the basic 
speed-ratio / 0 , the basic efficiency rf 0 and, because of r 1, on the direction of 
the rolling power-flow but not on the shaft speeds. Thus we obtain the 
fundamental relationship, 


Ti: T 2 : T s «/(/ 0 ) = constant (46) 

which is valid for all revolving drives as long as tf 0 ~ 1. If the losses can no 
longer be neglected so that rj 0 ^ 1, we obtain two slightly different, though 
constant, torque ratios which depend on whether the rolling-power flu 
flows from shaft 1 to shaft 2 or vice versa. The torque ratios then depend on 
the sign of r\. This can be expressed as a further guide rule; 


As long as friction losses can be neglected, torque-ratios of R 11 
revolving drive trains are determined solely by their basic 
speed-ratios. They are independent of shaft speeds. 

Probably more than any other rule, R 11 facilitates an intuitive under¬ 
standing of the operating characteristics of simple and compound three- 
shaft transmissions. It says that these drive trains cannot transmit power if 
one of their shafts remains unconnected and thus carries zero torque. In this 
case, eq. (46) requires that the torques of the other two shafts are likewise 
zero and the transmission can merely idle. (The operating characteristics of 
epicyclic transmissions under self-locking conditions [sec. 15] have been 
purposely disregarded since this case constitutes the only, and, in practice, 
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rarely encountered exception.) Eq. (46) also shows that during a stationary 
operating condition the torques of any three connected machines must bear 
the constant ratios, T \: T 2 : T 3 . Therefore, they can only operate at those 
speeds where their operating characteristics satisfy the required torque 
ratios. If the torque characteristics of the three machines do not have a com¬ 
mon operating point at which the required equilibrium torque ratios exist, 
then at least two of the machines will attain excessive speeds, or else one or 
all of them will stall. Conditions of this type will be treated in more detail in 
section 24. For now, the following guide rule can be formulated: 

The external torques always must be matched to those of the R 12 
revolving drive train. The reverse is impossible because the 
torques of the three connected shafts of the transmission bear 
an invariable ratio to each other. 


Section 13. Determination of the Summation 
Shaft from Basic Speed-Ratio / 0 

From the torque relationships derived in section 12, the summation shaft 
can be found immediately when i 0 and rj Q are known. Thus, for example, eq. 
(42) shows that in negative-ratio drives, where 


T 

Vo‘o < 0 so that =r > 0 , 

1 1 

the carrier shaft s is the summation shaft because the torque ratio T 2 /T } 
becomes positive only when both torques have the same sign. R 9 states that 
in this case shafts 1 and 2 are difference shafts. Consequently, the carrier 
shaft s must be the summation shaft. 

Analogously, we find for positive-ratio drives where 

rjo i Q > 1 and therefore 

T 

that is, |r 2 |>|r,|. 

l \ 

that shaft 2 is the summation shaft and shafts 1 and 5 consequently are the 
difference shafts. If 


-1 



and |r 2 |<|r,|. 


o < Voio < 1, 


so that 
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shaft 1 is the summation shaft and, consequently, shafts 2 and s are the dif¬ 
ference shafts. If T 2 /T x < 0, either one of the two shafts can be the summa¬ 
tion shaft; the other shaft and the carrier shaft are the difference shafts. 
Since the absolute value of the torque which is transmitted by the summa¬ 
tion shaft must always be larger than the absolute value of the torque which 
is transmitted by either difference shaft, shaft 2 is the summation shaft 
whenever |r 2 /7i| > 1 and a difference shaft whenever \T 2 /T 2 \ < 1. 

This can be expressed in a further guide rule which states: 

In negative-ratio drives , the carrier shaft always is the sum - R 13 
mation shaft; but in positive-ratio drives the central gear shaft 
carrying the larger absolute torque is the summation shaft. 

In most publications which analyze the operating characteristics of re¬ 
volving drives, matters are simplified by neglecting the friction losses so that 
rj 0 = 1. For most practical revolving drives this is entirely permissible. How¬ 
ever, some positive-ratio drives with basic speed-ratios of approximately 1, 
or more precisely, 

1 

Vo < / < — , 

Vo 

can become self-locking so that the summation shaft either cannot be iden¬ 
tified or changes its position. This case will be discussed in more detail in 
section 15 where the problem of self-locking is analyzed. Disregarding this 
special case, however, we can write v 0 ~ 1 and derive the simple relation¬ 
ships between the basic speed-ratio i Q and the positions of the summation 
shaft which are tabulated in worksheet 3. Worksheet 3 also lists the ranges 
of the speed-ratios z Is and i 2s which exist with the three possible positions of 
the summation shaft. 

Section 14. Powers and Power-Flow 


a) Signs 

A revolving drive train, whose three shafts are free to rotate, can operate 
in two general modes, that is, with either one input shaft and two output 
shafts or two input shafts and one output shaft. Whether a particular shaft 
is an input shaft or an output shaft depends on the sign of its power as 
explained in section 1 and summarized in R 2 and R 3. 

An input shaft always introduces a positive power into the drive train 
and, consequently, the torque T and the speed n carry the same signs: 


^in = T ln n-m > 0 ; 
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while an output shaft always introduces a negative power into the drive 
train so that T and n carry opposite signs and 

^out :=: -^out^out ^ 0 . 

(Whenever the power equations [P = T • 2ir • n] is written without the 
constant factor 2n to simplify the notation, the power P has the dimension 
[TVm/sec • 1/2 tt].) Any shaft of a revolving drive train, whether it is the 
carrier shaft, a central-gear shaft, the summation shaft, or a difference 
shaft, can be the sole input shaft or the sole output shaft. The sole input 
shaft as well as the sole output shaft carries the total power and, therefore, 
shall be called the total-power shaft. Analogously, the other two shafts, 
each of which consequently carries only a fraction of the total power, shall 
be called the partial-power shafts. 

The energy principle can then be restated in the form of the following 
guide rule: 

If tfte total-power shaft is an input shaft, then both partial- R 14 
power shafts are output shafts and vice versa. 

If a revolving drive has two input shafts, they may turn in opposite direc¬ 
tions. If one of these is arbitrarily defined as positive, the other must, of 
course, be negative. Since the accepted sign conventions define input 
powers as positive, the drive torque of the former shaft must be positive and 
that of the latter negative. Consequently, we cannot generally define the 
direction of rotation of an input shaft as positive. 

b) Power Division 

In a revolving drive with only one input shaft, the transmitted power is 
divided between the two output shafts. The ratio of the two partial powers 
is then uniquely determined by the torques and speeds of the output shafts 
and thus is dependent on the transmission type and its momentary state of 
motion. The mode which characterizes this particular operating condition 
shall subsequently be called “power division.” However, power branching, 
as defined in section 2, does not affect the operating characteristics of epi- 
cyclic transmissions. This fundamental difference must be emphasized at 
this point, especially since most publications do not clearly distinguish 
between the concepts of power division and power branching, but rather use 
them interchangeably. 

Any epicyclic transmission can be operated in the power division mode 
and may then be called a (power) division drive. In the literature it is some¬ 
times called a “differential,” although this term should be reserved for 
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simple epicyclic transmissions with two degrees of mobility, which also 
includes transmissions operating in the power summation mode that will be 
discussed in the following section 14c. 

c) Power Summation 

If a revolving drive has two input shafts, their powers are added in the 
drive train and then transmitted to the output shaft. Transmissions which 
operate in this mode are called summation drives. This term also character¬ 
izes an application or an operating condition for which basically any revolv¬ 
ing drive is well suited. 

d) Rolling-Power and Coupling-Power 

The two partial motions of the revolving drive trains which have been 
defined by Willis and are described in section 11a transmit their associated 
partial powers by two different principles as will be subsequently shown. 
Thus, in the first partial motion, the power is transmitted from the input 
shaft to the output shaft solely through action between the gear teeth as in a 
basic transmission and, therefore, this partial power shall be called the 
“rolling” power P R of the connected shafts. In a basic transmission, the 
rolling-power is equal to the total power transmitted by the connected 
shafts. 

If an equal speed is now superimposed on all three connected shafts of the 
revolving drive, then the partial speeds ( n x - n s ) and (n 2 - n s ) of the 
central gear shafts relative to the carrier remain unaffected and an observer 
located on the carrier could detect no change in the speed of the gears. He 
would further observe that the relative speeds between the gears, and thus 
the velocities with which the central gears and the planets roll with each 
other, remain unchanged. This leads to the other important observation 
that the sliding velocities between the tooth profiles, which cause friction 
losses, likewise remain constant. 

If, during the described superposition of an equal speed on all three con¬ 
nected shafts, the shaft torques remain unchanged, then the tangential 
forces which act at the pitch circles of the gears also remain constant. Thus 
we can conclude that the rolling-powers, that is, the products between the 
tangential forces and the pitch circle velocities, are not affected by the 
second partial motion; neither are the tooth-friction losses. 

This consideration is equally valid for reverted and open revolving gear 
trains. 

Thus, the rolling-power represents a partial power which is transmitted 
by the central gear shafts 1 and 2 of the revolving gear train and can be 
obtained for each of these shafts by calculating the product of their speeds 
relative to the carrier and their torques. That is, 
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Pr\ = T x (n x - n s ) 
and 

Pr 2 = T 2 (n 2 - n s ) . (47) 

Within the gear train the rolling-power ‘‘flows’* from the central gear shaft 
which transmits the positive rolling-power to the central gear shaft trans¬ 
mitting the negative rolling-power. These shafts correspond to the input and 
output shafts respectively, of the basic gear train. In this process, the tooth- 
friction power loss P Lt is converted into heat by friction. Like the housing of 
a conventional gear train, the carrier does not participate in the transmis¬ 
sion of the rolling-power. 

When the revolving gear train operates solely in the second partial 
motion, that is, without a relative motion between the carrier and the cen¬ 
tral gears, it behaves like a rigid coupling. The three connected shafts rotate 
with the same speed n s and power is transmitted between the members of the 
gear train without losses. Therefore, this power shall be called the 
“coupling-power” P s . 

Because the coupling powers of the three shafts are transmitted at the 
same speeds, they must always bear the same constant ratio, with respect to 
each other, as the associated torques, that is: 

Psi ■ Ps2 ■ Pss = T \ n , • Tin ,: T s n s = T { : T 2 :T S . (48) 

Thus the coupling-powers of the two difference shafts have the same sign, 
and the sum of their absolute values equals the absolute value of the 
coupling-power of the summation shaft. According to the sign conventions 
for the powers, this means that within the gear train a positive coupling- 
power always “flows” from the summation shaft to the two difference 
shafts, or vice versa. In contrast to the rolling power-flow, the coupling 
power-flow is without losses, and its direction need not be considered when 
the efficiency of the gear train is analyzed. 

The superposition of the two relative powers must be executed separately 
for each of the connected shafts, and with eqs. (47) and (48) we obtain: 

P x = P sl 4- P R1 = T x n s + T x (n x - n s ) = T x n x (49) 

*2 = Ps 2 + ^R 2 = T 2 n s + T 2 (n 2 - n s ) = T 2 n 2 (49a) 

P s = P ss + 0 = T s n s (49b) 

Thus, the power transmitted by each of the connected shafts of a revolving 
gear train constitutes the sum of its coupling-power and its rolling-power. 

If, therefore, the principle of conservation of energy is applied to these 
partial motions, it follows that the sum of the rolling powers, including 
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their associated friction losses, and the sum of the coupling-powers must 
equal zero, that is: 

the coupling-powers P sl + P s2 4* P s = 0 and 

the rolling-powers P R1 4- P R2 + P^ = 0 so that 

the shaft powers P x + P 2 + P s + P Lt = 0 . (50) 

For convenience, the total and partial powers of the three connected shafts 
of a revolving drive are compiled in table 1 as functions of their torques and 
speeds. 


TABLE 1. Summary of Equations for External and Partial Shaft Powers 
of a Revolving Drive Train 


SHAFT 

EXTERNAL POWER 

COUPLING-POWER 

ROLLING-POWER 

o 

P\ = T\ n \ 

Psl = T|rt s 

P R 1 = T x (/?! - n s ) 

2 

P 2 ~ T 2 n 2 

p a - Ti n s 

Pr2 = Tz( w 2 ~ n s ) 


Ps = Ps n s 

P s = r s«s 

11 

o 


external power - 

= coupling-power 

+ rolling-power 


As can be seen from eqs. (49) and (49a), the rolling and coupling-powers 
of each of the connected shafts 1 and 2 can be positive or negative and flow 
in the same or opposite directions depending on the magnitude and the sign 
of their speeds. This important property of each revolving drive shall be 
investigated in the following mental experiment on the negative-ratio drive 
shown in fig. 47. 

In this experiment we want to determine the two partial powers of shaft 1 
at a constant positive input torque T x , and a constant positive input speed 
n u but at different carrier speeds. Figs. 47a to 47d illustrate the steps of the 






Fig. 47. Rolling-power and coupling-power in a revolving gear train at different 
states of motion: a, n s = 0; b. k sl = / s , so that n 2 = 0 ; c , operation at the coupling 
point where n x = /t 2 = n % \ d , n s > n x causes the rolling-power at the input shaft 1 to 
become negative. 
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experiment, and the lengths of the arrows symbolize the tangential velocities 
of the connected shafts. 

a) We assume that the carrier is initially locked so that the total input 
power is transmitted as rolling power by the gears, that is, P x = P R1 . Since 
the basic speed-ratio i Q of the gear train is negative, eq. (32) implies that the 
speed-ratio i X2 is likewise negative and, thus, shafts 1 and 2 rotate in oppo¬ 
site directions, or, if we define n x as positive, the output speed n 2 is negative. 
The coupling-power P sl = T x n s = 0 because the carrier is at rest. 

b) The carrier is now rotated in the same direction as the input shaft L 
This decreases the latter’s partial speed (n x - n s ) relative to the carrier, and 
thus its rolling-power. The reduction of the rolling-power, however, is com¬ 
pensated by the arising coupling-power so that 


P\ = Pr\ + P s i where 


^R1 — Tl( n l — n s) > 0 

A\ = T \ n s > o 


Since the torques of shaft / and the carrier have opposite signs, but both 
shafts move in the same direction, the carrier transmits a negative power 
and is an output shaft. If eq. (24) is rewritten with the appropriate negative 
i Q and n 2i it assumes the form: 



it can readily be seen that the absolute speed n 2 of the output shaft 2 de¬ 
creases as n s increases. It reaches a value of zero when 

n { = (1 - i Q )n s , or 

~ = ^ls = (1 + I4D = 'is 
"s 

and then reverses its direction of rotation. When shaft 2 reverses the sign of 
its speed, the sign of its power also changes which means that shaft 2 now 
becomes an input shaft. Consequently, the carrier shaft is the sole output 
shaft. It is obvious that the relative speed (n 2 — n s ) decreases as n s in¬ 
creases. It can be verified on the basis of section 1 lc that the same holds true 
for (w p - n s ). 

c) If the carrier speed n s is still further increased until it becomes equal to 
the input speed n x , the relative speed (n x — n s ), as well as the other relative 
speeds, becomes zero so that n 2 = n s = n x . Thus, the partial powers become: 


^ri = T\(n x - n s ) = 0 , 


Psi ” 7j n s — P\ ; 
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that is, the transmission operates at the “coupling point” and the total 
external power is transmitted as coupling-power. 

d) If the carrier speed is finally increased beyond the value of the input 
speed n Xi the rolling speed (n x — n s ) and, consequently, the rolling power 
P R1 of shaft 1 must also change their signs. Thus all relative speeds and their 
associated rolling-powers have assumed signs opposite to those they had in 
steps a) and b). The fact that the rolling-power of shaft 1 is negative implies 
that its coupling power exceeds its external input power P x , that is: 


P\ = P R{ + /> 


C 

H 


Pri 

Psl 


T\ (n x - n s ) < 0 , 
T x n s > Pi > 0 . 


Thus, the coupling-power P sl of shaft 1 represents an input power, while the 
rolling-power P R1 is an output power. Therefore, we may imagine that the 
two partial power-flows in the transmission are opposed to each other. This 
may be easier to understand if we view all relative speeds from the stand¬ 
point of an observer located on the carrier. Since the carrier now rotates 
faster than gear 1 , we observe that the latter rotates backwards, that is, 
against the still positive external input torque. Based on this observation we 
must define shaft 1 as an output shaft and we must conclude that its rolling- 
power is negative. 


e) Illustration of Power Transmission within a 
Simple Revolving Drive Mechanism 

At this point we may interject a discussion which should further facilitate 
an understanding of the function of the revolving drives. 

The external power of a single input shaft can be divided between two 
output shafts, or the external power of two input shafts can be transferred 
to a single output shaft. Such power-flows can occur only with coupling- 
power, since it alone can be transmitted between all three shafts. However, 
according to eqs. (48), (42), (44), and (45), these coupling-powers must bear 
an invariable ratio relative to each other, which is determined by the basic 
speed-ratio i 0 and the basic efficiency i 7 0 , that is, by the design of the trans¬ 
mission. As pointed out in eq. (48) and the text immediately following it, a 
positive coupling-power always flows from the summation shaft to the two 
difference shafts, or vice versa. If the external torques of a given transmis¬ 
sion are presumed to be constant, then the coupling-powers are propor¬ 
tional to the absolute value of the carrier speed and independent of the 
speeds of the gears. The rolling-power, however, which can flow only 
between the shafts 1 and 2, is proportional to the partial speed ( n x — n s ) or 
(n 2 — n s ) of each gear relative to the carrier. At any constant carrier speed 
its magnitude and direction can be arbitrarily changed by changing the 
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speed of shaft 1 or shaft 2. Thus, by superposition of the constant flow of 
coupling-power and the variable flow of rolling-power, any arbitrary exter¬ 
nal power-flow can be generated solely by an appropriate choice of the 
speed-ratio between any two connected shafts. 

If we review these power-flows for all practical transmission designs, we 
observe two fundamentally different possibilities for the superposition of 
the power components. One of these possibilities applies to all positive, the 
other to all negative-ratio drives. 

In negative-ratio drives the carrier shaft s always constitutes the summa¬ 
tion shaft. If it is also an input shaft, its coupling-power flows to the central 
gear shafts 1 and 2, if an output shaft, it sums the coupling-powers of shafts 
1 and 2. In each of these modes the rolling-power which can only be trans¬ 
ferred between the central gear shafts, can either flow from shaft 1 to shaft 
2, or vice versa. Consequently, there exist four distinct internal power-flow 
modes which are illustrated by the schematics a to d in fig. 48. If the car¬ 
rier shaft is also the sole input shaft, or one of the two input shafts, the 
transmission operates with power division as shown in fig. 48, I. As an 
alternative the carrier shaft can be the sole output shaft or one of the two 
input shafts. The transmission then operates with power summation as 
shown in fig. 48, II. In either case, the partial power which flows between 
any connected shafts cannot exceed the external power at any terminus. 
Consequently, the rolling-power which is associated with the internal fric¬ 
tion losses must always be smaller than the transmitted external power. 
Based on the transmission of an equal external power, therefore, the revolv- 



Fig. 48. Possible external and internal power-flows of negative-ratio transmissions: 
I a-d, for power division; II a-d, for power summation. 

external power f-► total-power shaft 

1-> partial-power shaft 

internal power j- > -coupling-power 

l —>- - rolling-power 
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Fig. 49. Possible external and internal power-flows for a positive-ratio transmission 
whose shaft 1 is the summation shaft: I a-d, for power division; II a-d t for power 
summation. 


external power j 
internal power 


total-power shaft 
partial-power shaft 
coupling-power 


-►— rolling-power 


ing carrier efficiency of a negative-ratio transmission is always higher than 
its basic efficiency %. 

In positive-ratio drives, one of the two central gear shafts always consti¬ 
tutes the summation shaft. Thus a coupling-power plus a rolling-power can 
flow between the summation shaft and the second central gear shaft. Since, 
however, rolling-power cannot be transmitted between a central gear shaft 
and the carrier shaft, no direct power-flow exists between the second central 
gear shaft and the carrier shaft. The resulting possible power-flow modes 
for positive-ratio gear trains with power division and power summation are 
shown in fig. 49. These schematics are drawn for the case that shaft 1 is the 
summation shaft. If shaft 2 becomes the summation shaft, the correct 
power-flows can be obtained by simply exchanging the symbols I and 2. 

Fig. 49 shows that in the power-flow modes la and Ila, where the gear 
train operates with power division and power summation respectively, all 
partial power-flows including the flow of rolling-power, are smaller than 
the total external power. 

In both of these cases, the rolling and the coupling-power between shafts 
I and 2 flow in the same direction and thus have the same signs. 

In the power-flow modes which are described by the schematics b, c, and 
d of figs. 49 I and 49 II the flow of rolling-power and the flow of coupling- 
power between shafts I and 2 oppose each other. Thus, the rolling-power is 
smaller than the total external power only when the summation shaft 
becomes either the sole input shaft or the sole output shaft, as shown in the 
schematics lb and lib. However, if the second central gear shaft, which acts 
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as a difference shaft, is the sole input shaft, or the sole output shaft as 
shown in figs. 49 Id and lid, then the rolling-power must be larger than the 
total external power. Therefore, in these modes, the positive-ratio gear 
trains operate with larger losses, that is, with a lower efficiency than in their 
basic mode. In the power-flow modes Ic and lie of fig. 49, where the carrier 
shaft is the sole input shaft or the sole output shaft, the rolling-power may 
be larger or smaller than the external power, depending on whether it is 
larger or smaller than the power at the carrier shaft. 

f) Inner Futile Power in Positive-Ratio Drives 

If, as shown in figs. 49a to 49d, the flow of rolling- and coupling-power 
between the two central gear shafts is opposed, then only the difference 
between absolute values constitutes an effective shaft power. This means, 
that in these modes of operation, the smaller of the two partial powers 
always is opposed to the effective power-flow. Consequently, it does not 
contribute to the effective power and, therefore, may be called a futile 
power. This futile power must be compensated by an equal amount of the 
opposing larger partial power which is also lost as an effective power and 
thus represents another futile power. However, the two opposing futile 
power-flows, that is, the flow of futile coupling- and rolling-power, remain 
active in full magnitude. The friction losses which are associated with the 
flow of futile rolling-power lower the overall efficiency of the gear train and 
contribute to the generation of heat. 

g) Power Characteristics of Positive- and Negative-Ratio Drives 

The previous considerations reveal the following principles which charac¬ 
terize the power transmission in revolving gear trains and which we shall 
express in the form of two further guide rules: 

In negative-ratio gear trains, the rolling-power always is R 15 
smaller than the external power . 

Consequently, their efficiencies are always higher than their basic efficien¬ 
cies. No futile power arises in negative-ratio drives. 

In positive-ratio gear trains, the rolling-power can be larger, R 16 
smaller, or equal to the external power, depending on the 
existing power-flow mode . 

Depending on the momentary state of motion, their efficiencies, therefore, 
can be smaller than, equal to, or larger than their basic efficiencies. In six of 
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the eight possible power-flow modes which are illustrated in fig. 49, a futile 
power-flow exists. 

The occurrence of a futile power in some modes of operation has some¬ 
times unjustifiably discredited the positive-ratio gear trains since the pos¬ 
sible drop of the efficiency below the basic efficiency erroneously has 
been considered as a necessary consequence of the futile power. However, 
whether the overall efficiency becomes larger or smaller than the basic effi¬ 
ciency depends exclusively on whether the absolute value of the rolling 
power is smaller or larger than the external power. This should be obvious if 
it is recalled that the basic efficiency is the efficiency with which a pure 
rolling-power is transmitted. In any case, it is immaterial whether the 
rolling-power is a futile power or not. A review of fig. 49 shows that in a 
majority of the possible power-flow modes the efficiency of a positive-ratio 
gear train is rather higher than its basic efficiency, depending on which of 
the external shafts is the total-power shaft. 

If, as in figs. 49a and 49b, one of the two central gear shafts is the sum¬ 
mation shaft and at the same time the total-power shaft, then the rolling- 
power is always smaller than the total power. 

If, as in fig. 49d, the other gear shaft, which is a difference shaft, is the 
total-power shaft, then the rolling-power is always larger than the total 
power. 

If, as in fig. 49c, the carrier shaft is the total-power shaft, then the 
rolling-power may be larger or smaller than the total power which acts on 
the carrier shaft. Which of these possibilities occurs depends only on the 
shaft speeds. 

The mode of the power-flow of a revolving gear train, whose basic speed- 
ratio i Q and basic efficiency rj Q are given, depends only on the speeds of its 
shafts. Since, by definition, even a partial power within the gear train flows 
from a shaft with a positive coupling- or rolling-power to a shaft with a neg¬ 
ative coupling- or rolling-power, the internal power-flow at any known 
speed can be determined easily from the equations which are summarized in 
table 1. 

If, in two-shaft transmissions, one of the two speeds n x or n 2 becomes 
zero, then the number of possible power-flow modes is substantially 
reduced, since those modes in which the locked central gear shaft serves as 
the total power shaft are no longer feasible. Since a pure coupling-power 
can be transmitted only when all three shafts have the same speed, two-shaft 
positive-ratio gear trains can only operate in those modes which are charac¬ 
terized by the occurrence of futile power-flows. However, depending on 
their speed-ratios, the rolling-powers can be larger or smaller than the exter¬ 
nal powers. 

According to the equations which are summarized in table 1, even the 
locked central gear shaft of any two-shaft transmission must transmit the 
full rolling-power and an equal and opposite coupling-power. 
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h) Role of Internal Power-Flows in 
Analysis of Revolving Gear Trains 

The purpose of these discussions was to facilitate a clear understanding of 
the operation of revolving gear trains. However, in a practical analysis it is 
not necessary to consider the flow of internal power which does not even 
enter into purely kinematical investigations. It is true that in an analysis of 
the efficiencies the direction of the flow of rolling-power, as well as the 
basic efficiency, must be considered. However, this is done automatically 
when the sign of the rolling-power of shaft 1 is determined and then the sign 
of the exponent r\ is calculated from eq. (43). 


Section 15. Efficiency and Self-Locking Capability 

a) General Remarks Concerning Efficiency 

We assume that the losses in a planetary gear train are like those in a con¬ 
ventional gear train (secs. 5 and 6). We exclude losses due to centrifugal 
forces and include only tooth-friction losses and load-dependent friction 
losses of the planet bearings. The power-loss in such a gear train is directly 
proportional to its rolling-power. If we denote the positive (input) rolling- 
power with P R in and the negative (output) rolling-power with P R>out , then 
the power-loss of a planetary gear train according to eqs. (3) and (5) 
becomes: 

== ^R,out ^°R,in =: ^\,in := ”^R,in(^ Vo) • 

If this power-loss is related to the total input power of the three-shaft trans¬ 
mission, then it follows that 

- J jr = -?jr L v-vo) = i-v. 

r in ■‘in 

Thus 

n= i _ -, o) , (51) 

-‘in 

and, according to eq. (5), 

r = ■%=- • fo (52) 

*\n 

where 

fo = 1 “ *7o • 

Thus, the efficiency of a planetary transmission can be calculated when r/ 0 
and the input power and and positive rolling-power are known. To simplify 
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we shall subsequently develop and tabulate equations which can be immedi¬ 
ately applied, and depend only on the basic speed ratio i Q and one of the 
speed-ratios k of the gear train. 

b) Efficiencies of Three-Shaft Transmissions 

According to eq. (5), the efficiency of a transmission in general is defined 
as 

output power _ ^out 
^ input power P in 

Since, in revolving drives with three rotating shafts, the input or output 
power is always composed of two partial powers, the efficiency equation 
assumes the form: 

. ^out ^-^o U tco out LT oui n OVii /c'j\ 

V q V T’ V rp * 

Mn " * in w in " * in ^in 

Since each shaft can be the sole input or output shaft, each three-shaft 
transmission can operate with six different external power-flows which 
must be described by six different efficiency equations. Therefore, we must 
know the operating conditions of a revolving drive before we can write 
down the proper efficiency equation. 

The six possible external power-flows and their efficiencies are summar¬ 
ized in fig. 50 where each 17 is characterized by a sequence of subscripts indi¬ 
cating the associated external power-flow. Equations, with shafts denoted 
by the letters a , b, or c, are valid for operating conditions where the same 
shaft is either the sole input or the sole output shaft and, therefore, are 
reciprocal to each other. Thus, it is sufficient to derive the efficiency equa¬ 
tions for the three cases of power division. The equations for the three cases 
of power summation are then obtained as their reciprocals. 

If we assume that the basic speed-ratio / G and the basic efficiency r / 0 of a 
revolving drive are known, we can expand its efficiency equation for the 
power-flow of fig. 50, la by substituting eqs. (42) and (44) for T 2 and T s , so 
that: 


m< 


2 — 


Pi + p ; 


T 2 n 2 + T s n s 


Pi T\n\ 

+ TiUqVI 1 ~ IK 

r,«i 


After T { is eliminated, this equation can be written in the notation which 
has been introduced in section 10 and then becomes: 
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/. power division 

lo . 

lb , 

/c . 




; -~0 

s O 


Ms 


/ 

V\\ -- -{P 7 *P % )/P { 

~~^P\ *^2^% 

V21 = -(PS'P^P1 


2. power summation 



Fig. 50. Six possible efficiency equations for three-shaft revolving drive trains. Eqs. 
(la), (2a); (lb), (2b): and (lc), (2c) are reciprocal to each other. 


v\< 2 s = 4n£‘*2i - ioVoksi + *si • 

According to eq. (28), the speed-ratio k lx can be expressed in terms of k sX . 
Therefore, since: 

k 2 \ = y + (l - "7"Vsi * 

l o \ l o / 

the efficiency equation simplifies to: 

Vl<l = Vo + UoVo - Vo 1 )*sl - ioVo'^sl + Kl . 

Vi< 2 = v'o l + W -I,' 1 ). (54) 

As observed earlier, the efficiency for the power-flow depicted in fig. 50, 2a 
can be obtained merely by taking the reciprocal of eq. (54), so that: 


Vo + £ s i(l ~ Vo) 


Analogously, the power-flow described by fig. 50, lc can be obtained by 
expanding ry 2 <i with eqs. (44) and (42). Thus 

_ Tj H\ “b T & n s k\ 2 4“ ioVo ^ s2 ^s2 

,!<1 Vh VS ' 
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Since according to eq. (26) k X2 = i Q + (1 — / 0 )£ S 2 > this efficiency becomes: 



For a power-flow as illustrated by fig. 50, 2c, the efficiency is again 
obtained by taking the reciprocal of eq. (56) which leads to: 


V\>2 = 


\ Vo / 


(57) 


Vo 


s2 


The efficiency for the power-flow of fig. 50, lb is found as previously 
described by expanding the given equation with eqs. (42) and (44). Thus, 


Vs<\ 


T x n x + T 2 n 2 i 0 vZ l k 2s - k h 




ioV'o ~ 1 


and since according to eq. (29) 


*2s 


k\s t + / 0 


we find that: 


^o 1 (ftis - i + 4>) - K is 
ioVo - 1 

^(/ 0 - 1 ) + kutvl - 1 ) 
‘oVo - 1 


(58) 


Finally, the reciprocal of eq. (58), that is, 

i __ i 0 Vo ~ 1 _ 

v ' 2>s VoUo - 1 ) + k is (Vo - 1 ) ’ 


(59) 


gives the efficiency for the power-flow which is indicated by fig. 50, 2b. 

Since with eqs. (26) through (31) (or worksheet 2) each of the speed-ratios 
k can be expressed in terms of each of the other speed-ratios, each of the six 
efficiency equations can be written in six different forms which, of course, 
must all yield identical results. If, for instance eq. (30) is used to express & sl 
in terms of k 2 \, then eq. (54) assumes the form: 
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Vi<l = Vo + io f 2 ‘_ - i --(l - Vo) • 

*0 1 

Analogously, its reciprocal 

io ~ 1 

V2s> ' WTfp - 1) + (4^2. - DO ~ O 

is one of the six alternate forms of eq. (55). By continuing this process we 
can finally obtain 36 or 18 reciprocal pairs of efficiency equations which 
describe the six possible power-flows. 

Worksheet 4 summarizes these six efficiency equations in terms of the 
speed-ratio k X2 between the input shaft 1 and the output shaft 2 for the three 
basic speed-ratio ranges / Q < 0, 0 < / 0 < 1 and / 0 > 1. The appropriate 
exponent r\ is already considered in these equations. However, for other 
purposes such as torque calculations, it has been explicitly included in work¬ 
sheet 4. For those power-flows whose speed-ratio range includes the 
coupling point k X2 = 1, two efficiency equations are given. There is one for 
each of the ranges above and below the coupling point k x2 = 1, since 
according to R 17 the exponent rl changes its sign whenever the speed-ratio 
passes through the coupling point. 

If, instead of k X2 another speed-ratio of the transmission, for example, 
k Xs9 is known or given, then k X2 must first be expressed in terms of k Xs (by 
using worksheet 2) before it can be inserted into the appropriate efficiency 
equation (to avoid confusion, and since worksheet 2 greatly facilitates this 
task, only the twenty-four equations in terms of k xl9 rather than all of the 6 
X 24 = 144 efficiency equations in terms of all of the six possible speed- 
ratios, have been listed in worksheet 4). 

For practical use, worksheet 4 is organized in such a way that the appro¬ 
priate group of rows can be chosen by first matching the known basic speed- 
ratio of the transmission with the basic speed-ratio range in column 1. By 
matching the known speed-ratio k X2 with column 2, the correct row and the 
associated total-power shaft can then be identified. Finally, the power-flow 
and thus the appropriate efficiency equation can be determined if any one 
of the three shafts is known to be an input or output shaft. 

If, for instance, the efficiency of an arbitrary three-shaft transmission 
with a basic speed-ratio i Q = 0.4 and a speed-ratio k s2 - 1.6 is to be deter¬ 
mined, then the second group of rows, where 0 < / G < 1 is applicable. From 
worksheet 2, box 6, we find that 


k X2 = k s2 (\ “ 4 ) + 4 = 1-6 (1 ~ 0.4) + 0.4 = 1.36 . 

In worksheet 4, this value falls into the range of k X2 > 1, where shaft 1 is the 
total-power shaft. Thus the power-flow is either 1 <, or f >1. If now the 
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design of the transmission indicates that shaft 2 must be an input shaft, then 
the power flow is f > 1, and the efficiency becomes 

At 12 (1 — 4 ) _ 1.36.0.6 

T,2s>l “ iJotd - * 12 ) + *12 - io~ Vo- 0.4( —0.36) + 1.36 - 0.4 

0.816 

“ 0.96 - 0.144% 

If we are interested further) (e.g., in the torques of this transmission), we 
find in worksheet 4 that the correct exponent is rl = +1, which allows us to 
evaluate eqs. (42), (44), and (45). 

In the rare case when none of the three shafts can be safely identified as 
an input or output shaft, the signs of the speed and torque and thus the sign 
of the power must be determined for at least one of the shafts from the state 
of operation. The appropriate efficiency equation can then be identified 
with the help of R 2. 

These equations show that the efficiency of a three-shaft transmission 
depends as much on a speed-ratio k, that is, on its momentary state of 
motion, as on i 0 and tj 0 . This distinguishes the revolving drives with three 
rotating shafts from the simple speed-reducing drives, whose efficiencies, 
under the assumption of section 5, can be considered as constant and, thus, 
as independent of the speeds. The efficiency of a three-shaft transmission, 
therefore, must be calculated individually for each of its states of motion. 

In all these equations the efficiency becomes 1 when the speed-ratio k 
assumes a value of 1, that is, at the coupling point where all three speeds are 
equal and the rolling power and its associated losses become equal to zero in 
eq. (51). If, during a change of the transmission speed, the shaft speeds pass 
through the coupling point, then all the speed-ratios k momentarily assume 
a value of 1, which means that all speed differences, including the rolling 
speed (n { — « s ) and the exponent r 1, eq. (43), change their signs. This fact 
is expressed in the following guide rule: 

If, during a speed change, the shaft speeds pass through the R 17 
coupling point, then the rolling power-flow changes its direc¬ 
tion and the exponent r\ changes its sign . 

Unlike r 1 and, thus, the efficiency, the external power-flow established by 
the position of the total-power shaft, and the signs of the three shaft powers 
do not change at the coupling point. 

c) Determination of External Power-Flow 

The external power-flow of a simple three-shaft transmission which 
determines the appropriate efficiency equation can usually be identified 
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from the positions of the prime mover and the driven machinery. If the 
power-flow mode is not obvious (e.g., when the transmission is connected 
to two motors, one of which could operate as a generator), the power-flow 
can be determined from any speed-ratio k, if i 0 and at least one input or out¬ 
put shaft are known. 

According to R 2, the speeds and torques have the same signs for input 
shafts, and opposite signs for output shafts. Therefore, the signs of all 
torques of a transmission are determined when the sign of one of the 
torques and the position of the summation shaft are given. The power-flow 
can then be influenced only by a suitable choice of the shaft speeds. Conse¬ 
quently, we can specify the operating range of each power-flow by the 
upper and lower limits of the speed-ratios k . 

As an example, we shall determine the range of the power-flow 1 <* for 
the three transmission types whose basic speed-ratios are / Q < 0, 0 < i Q < 1 
and 4 > 1. The input power P x > 0 so that we know: 

T x > 0, and n x > 0 . 

The resulting signs of the torques and speed-ratios for all three transmission 
types are summarized in table 2. 


TABLE 2. Signs of Speeds, Torques, and Speed-Ratios 
of Three-Shaft Transmissions with Power-Flow 1 <* 


TRANSMISSION 

NEGATIVE-RATIO 

POSITIVE-RATIO 

POSITIVE-RATIO 


TYPE 

DRIVE 

DRIVE 

DRIVE 

SOURCE 

4* 

<0 

0 ... 1 

>1 


SUMMATION SHAFT 

S 

1 

2 

WORKSHEET 3 

7-. 

*1 

>0 

>0 

>0 

>0 

>0 1 
>o I 

Definition 

T 2 

>0 

<0 

<0 

R8, R9 

«2 

<0 

>0 

>0 

R2 

T s 

<0 

<0 

>0 

R8, R9 

«s 

>0 

>0 

<0 

R2 

k si = n s /«, 

>0 

>0 

<0 


k s2 = V"2 

<0 

>0 

<0 


k |2 == fl\/ 

<0 

>0 

>0 


Column 

1 

2 

3 

4 


Since the sign of T x is given, we can obtain the signs of the output torques 
T 2 and T s , when the location of the summation shaft is known, by using R 8 
and R 9. According to R 2, the signs of the output speeds n 2 and n s are then 
simply opposite to the signs of the torques so that the signs of the speed- 
ratios Ar s j, k s2 , and k x2 also can be determined. 

According to worksheet 2, the two speed-ratios k sX and k x2 are related by 
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the equation, 


^12 ~ 


1 - Ml - 4) 


( 60 ) 


When 4 is negative, k x2 is likewise negative as can be verified from table 2, 
column 1. Therefore, the denominator on the right-hand side of eq. (60) 
must be positive, that is 


1 — A: sl (1 — 4) > 0 , and, consequently, 


k sl < - -- , or, according to eq. (34), 

1 “ 4 

^si ^ 4i * 


Since, according to column 1 of table 2, 

k $ i >0 at the same time, 

the speed-ratio /: sl for the given power-flow, can only lie between the limits 


0 < k sl < 4, . (61) 

If these limits are substituted back into eq. (60) we find the range of k l2 , 
which is 


— o° < k l2 < 4 > that is, k n < 4 • (62) 

Since k s2 = (k x2 - i 0 )/(l - 4 ) [worksheet 2, box 31, or eq. (31)] we can 
obtain the range of the third speed-ratio from the range of the speed-ratio 
k n as given by eq. (62). 

Thus: 

— °°<k s2 <0 f that is, k s2 < 0 . 

If these considerations are repeated for the positive-ratio transmission 
whose basic speed-ratio 0 < i 0 < 1 and whose speed-ratios k are given in 
column 2 of table 2, then eq. (60) must have a positive denominator, that is: 

0 < Ml - 4) < 1 * 

With 4 j = -—-—~ , eq. (34), this becomes 0 < Ar sl < 4i • 

I — / 0 

When these limits are substituted into eq. (60) we obtain first 
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“>(*«- i _ u )>'«■ lhM “• *■>><• 

k — / 

and then with /r s2 = p-A , eq. (31), k s2 > 0 . 

Finally, for the positive-ratio transmission of column 3 in table 2 the basic 
speed-ratio i Q > 1 and the denominator of eq. (60) is positive, while & sl is 
negative, that is 0 > & sl . 

Thus 

1 - Ar s , (1 - 4) = 1 + k sl (i 0 - 1) > 0 , 



so that: 

0 > Ar s i > / sl and 

” > h c i-u ] >4, thatis - ka>i °■ 

and 

0 > (k s2 = > - oo , that is, k s2 < 0 . (63) 

The identical speed-ratio limits are found when these considerations are re¬ 
peated for the reciprocal power-flow s 2 > 1, whose torques or speeds have 
opposite signs but are otherwise equal to those of the just-investigated 
power-flow 1 < 2 . This correspondence is due to the fact that although the 
signs of all the torques or speeds are reversed, the signs of the speed-ratios 
in columns 1 through 3 of table 2 remain the same. 

Thus, if we know the basic speed-ratio i Q and an arbitrary speed-ratio k of 
a three-shaft transmission, then, following the above considerations, we can 
identify its total-power shaft. If we further know an input or output shaft of 
the transmission, then its complete external power-flow is determined by 
R 14. 

The above example shows that for a given external power-flow the limits 
of each operating range are characterized by the fact that one of the partial- 
power shafts stops so that the revolving drive becomes a two-shaft transmis¬ 
sion. At this point, therefore, the speed-ratio between the two rotating 
shafts is either the basic speed ratio i 0 or one of the other two-shaft speed- 
ratios /. The momentarily stopped shaft changes its direction of rotation 
and thus changes either from an input shaft to an output shaft, or vice 
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versa, when the transmission subsequently goes to another mode of 
operation with a different power-flow. 

Fig. 51 summarizes the three-shaft transmission power-flow modes, their 
associated borderline two-shaft speed-ratios, and the shafts which are 
stopped at these limits. It is valid for both positive- and negative-ratio drives 
so that the values and the signs of the tabulated speed-ratios / can be 
calculated from eqs. (32) to (36) only when the transmission type has been 
specified by its basic speed-ratio / Q . In the two three-shaft power-flow 
modes adjacent to an /-ratio, signs of corresponding k -ratios are the same 
as the sign of the /-ratio. In the third operating range k assumes the opposite 
sign. Thus, after crossing a boundary line the sign of k remains the same 
only if the limit ratio at the line is an /-ratio. 

Fig. 52 shows the ranges of the speed-ratios k for each power-flow. It is 
subdivided for the three transmission types, so that the signs of k can be 
included. This figure also contains the speed-ratio limits of the previous 
examples as calculated from eqs. (61) to (63). However, fig. 52 could have 
been derived immediately, and without these calculations from fig. 51, if 



Fig. 51. Speed-ratios at the limits between the £-ratio operating ranges with different 
external power-flows. According to eqs. (32)—(36) the signs of the speed-ratios / 
depend on the basic speed-ratios / 0 of the considered transmission types. The speed- 
ratios k in the two operating ranges which are adjacent to a limit ratio = / have the 
same sign as this /. In the third operating range k assumes the opposite sign. 
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Fig. 52. Coordination between the k speed-ratios and the power-flows in simple 
revolving drives. With the analogous indices 1 = I, 2 = II, s = S, and i 0 = / ni , this 
figure also applies to bicoupled transmissions with two degrees of mobility. 


the signs of the listed two-shaft speed-ratios i had been determined from 
eqs. (32) to (36) for all three transmission types. 

Fig. 52 is especially useful for the analysis and the layout of compound 
transmissions. Its organization has been retained in worksheet 4 which can 
be used to calculate the efficiencies of simple revolving drives. Furthermore, 
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the following two guide rules which greatly facilitate the examination of 
compound transmissions, can be derived from fig. 52: 

The position of the total-power shaft and thus the external R 18 
power-flow of a revolving drive train changes if the direction 
of rotation of one or two of its three shafts reverses . 


and: 


At the limit between two different power-flow modes, a three- R 19 
shaft transmission operates as a two-shaft transmission . 

The location of the total-power shaft as a function of the speed-ratios k and 
the basic speed-ratio i 0 can also be found directly from the diagrams of figs. 
63 to 65. 

d) Efficiencies of Two-Shaft Transmissions 

The efficiencies of two-shaft transmissions can be obtained as special cases 
from the efficiencies of the three-shaft transmissions when one of the three 
shaft speeds is set to zero. 

For n s = 0 (or stopped shaft s), k sl = 0 in eq. (54), yielding the basic effi¬ 
ciency as defined in section 5. Thus: 

* 7 i 2 = Vo where rl = +1 / 

{ | *712 = *721 = *?o • 

*721 = “ft where r 1 = -1 j 


For n r = 0 (or stopped shaft 1), & ls = 0 in eq. (58), yielding the revolving 
carrier efficiencies: 


*?s2 = 


L - 1 


Vo 


*72s = 


1 



4 - 1 ’ 


For n 2 = 0 (or stopped shaft 2), k is = / ls =1 - / 0 in eq. (58), so that 



15. Efficiency and Self-Locking Capability / 75 

ioVo ~ 1 

= 7 - i " • 

As defined earlier, the first subscript of rj identifies the input shaft, while 
the second subscript identifies the output shaft. The exponents r 1, which 
can be determined from eq. (43), always assures that r? < 1. Its sign depends 
only on the direction of the power-flow and the location of the summation 
shaft and, thus, on i Q . Thus, for the three possible transmission types whose 
summation shafts, of course, have different locations, the four general 
revolving carrier efficiencies yield a total of twelve efficiency equations for 
which the appropriate exponents r 1 are now determined. These twelve equa¬ 
tions are tabulated in worksheet 5. The exponents r\ are already included in 
those equations but are, nevertheless, also listed. These equations show that 
the efficiencies of the two-shaft transmissions no longer depend on the 
speeds. However, they still depend on the respective locations of the input 
and the output shafts. Revolving drives, therefore, are not loss-symmetrical 
(see sec. 5) even when they operate as two-shaft transmissions. The effi¬ 
ciency equations of worksheet 5 do not include the splash and ventilation 
losses, the planet-bearing friction losses due to centrifugal force, etc. (see 
sec. 6) which are always present, however, in actual transmissions. 

As in the three-shaft transmissions, the efficiencies of the two-shaft trans¬ 
missions with negative basic speed-ratios are always higher than their basic 
efficiencies. 

The efficiency of the two-shaft positive-ratio drives, however, can be 
higher, equal, or lower than the basic efficiency. While it is obviously equal 
when the carrier shaft is stopped, it depends only on i Q and the direction of 
the external power-flow as to whether it becomes higher or lower when 
another shaft is stopped. In fig. 45, therefore, the speed-ratio ranges of the 
two-shaft transmissions over which y > y Q or rj < y 0 can be identified by 
using different line types. Thus, this diagram contains all the information 
needed for the preliminary selection of a revolving two-shaft gear train with 
a given speed-ratio. 

e) Self-Locking 

The term “self-locking” characterizes an internal state of a mechanism 
where the external driving forces or torques cause internal friction forces of 
such magnitude that the mechanism cannot be moved. It is especially char¬ 
acteristic for self-locking that these friction forces grow in the same propor¬ 
tion as the driving foces, so that even theoretically infinite input torques 
cannot operate the mechanism. Consequently, its output forces or torques 
are equal to zero. 

Thus, a mechanism becomes self-locking when its power loss due to 
internal friction exceeds the input power and, consequently, its power 



76 / Simple Revolving Drive Trains 

demand cannot be satisifed by the smaller input power. Therefore, eq. (4) 
assumes the form 




> 1 , 


or 


P, 


< -1 , 


so that eq. (5) yields a negative efficiency 


V = — 


out 


Pin + Pi 


' ' L =l+4r^<0. 


Pin 


Pin 


If the friction power-loss is just equal to the input power, the efficiency»; = 
0. Even if the mechanism does not lock under these conditions, its output 
power A>ut ~ 0 and its output torque Aut ~ 0 so that it operates at its “self¬ 
locking limit.” 

Thus, a revolving drive can become self-locking whenever its efficiency 
becomes zero, or negative, and an analysis of the self-locking conditions 
reduces to an analysis of the efficiencies. 

A review of the equations (54) to (59), however, shows that the efficiency 
can become zero only when the carrier shaft is the sole output shaft as 
assumed in eq. (59), and when 


ioVo =+l. 

that is, in positive- ratio drives with a basic speed-ratio of approximately 1. 
Under these conditions two cases are possible: 

1) If i Q is slightly larger than 1, then £ ls < 0 as can be verified with fig. 
52. Thus, if we further define the torque and speed of the input shaft 1 as 
positive, that is, if 7^ >0 and n x > 0, then n s < 0. Consequently, 

T x (n x — n s ) > 0 and according to eq. (43) r 1 = +1 

Since k h < 0, the denominator of eq. (59) is always positive, but the numer¬ 
ator becomes negative, when 

Lrj o < 1 , that is, 1 < / 0 < — . 

*lo 

In this case, rj\ 2>s becomes negative and the transmission locks. 

2) If i Q is slightly smaller than 1 , than 0 < k u < / ls < 1. With i u < 1, n s 
> n x if we define again T { > 0 and n x > 0. Thus, 


Ti(n x — n s ) <0 which implies that rl = —1 . 
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Consequently, the efficiency tji> s = 0 when 

= — = 1 , that is, when L = v 0 • 

Vo 

Eq. (33) then yields 

hs = 1 - Vo • 

If this value of the upper limit is substituted for k H , in eq. (59), we find that 
the denominator of eq. (59) remains negative in the entire speed range 0 < 
Atj s <1 — rj Q which is indicated in fig. 52. Thus, the efficiency > s becomes 
negative whenever the numerator becomes positive, that is, when 

*oVo = — > 1 , or Vo< i 0 < 1 • 

This analysis shows that positive-ratio gear trains can become self-locking if 
the carrier shaft is the sole output shaft and at the same time 

1 

Vo ^ *0 ^ • 

Vo 

This result does not depend on the magnitude of k H and, thus, is valid also 
for two-shaft transmissions whose shaft 1 or shaft 2 is locked. However, 
eqs. (55) and (57) show that a negative efficiency cannot occur when shaft 1 
or shaft 2 is the sole output shaft. For two-shaft transmissions, the range of 
self-locking is indicated in fig. 45. 

Birkle [25] has shown that three-shaft transmissions with two output 
shafts never become self-locking since, as long as a finite input torque acts 
on the transmission, the equilibrium conditions LT = 0 can be satisfied 
only when at least one of the output torques is not equal to zero. If s is the 
sole input shaft, then the efficiency remains positive even if the basic speed- 
ratio is approximately equal to 1, and the drive, thus, is capable of self¬ 
locking. This can be verified by an analysis with eq. (58). In conclusion, we 
can formulate the following guide rule: 

Only those positive-ratio, two-shaft or three-shaft transmis- R 20 
sions with a basic speed-ratio *? 0 < 4 < 1 1 Vo are capable of 
self-locking . However, these transmissions do not actually 
lock unless the carrier shaft is the sole output shaft, 

A locked transmission drive can be set in motion if the carrier shaft is 
driven in the direction of its blocked output speed, making the sign of its 



78 / Simple Revolving Drive Trains 

“output power’ * positive. The required drive torque can be calculated from 
eqs. (42) and (44) or from worksheet 6 with r\ from worksheet 4. Thus for a 
self-locking transmission with a basic speed-ratio lA/ 0 > 4 > 1, T x > Oand 
r 1 = +1 (case 1), we obtain: 


T s = T x (i 0 rj 0 - !) < 0 and T 2 = - T x i 0 r) 0 < 0 

so that the required drive torque T s can be determined when the numerical 
values of / G , rj 0 and T x are known. As compared to a non-self-locking 
positive-ratio transmission with a basic speed-ratio i 0 > 1A; 0 , where accord¬ 
ing to worksheet 3, shaft 2 is the summation shaft, this torque T s has the 
opposite sign and, consequently, shaft 1 becomes the summation shaft, and 
shafts 2 and s the difference shafts. If, however, such a potentially self¬ 
locking transmission is driven through the carrier shaft and, thus, according 
to R 20 cannot lock, then shaft 2 remains the summation shaft. 

In the above mentioned case 1, the input powers P x and P 2 must be posi¬ 
tive. Thus, the speeds are n x > 0 and n 2 < 0, that is k X2 < 0. From this we 
find, with worksheet 2, that k sX < 0. Thus n s < 0 and indeed P s > 0. We see 
that a self-locking three-shaft transmission, which is moved by driving its 
blocked carrier shaft, has three input shafts and, according to eq. (50), the 
sum of the three input powers equals the friction power-loss. Analogously, 
this is true for a self-locking two-shaft transmission. 

f) Partial-Locking 

If a transmission capable of self-locking is driven at only one of the two 
central gear shafts, so that the carrier and the other central gear shaft form 
the output, then a complete locking of all three shafts is not possible. 
However, since the transmission is otherwise capable of self-locking it 
assumes a special state of operation which we shall describe as partial- 
locking. 

To analyze partial-locking we may assume that the transmission is 
jammed by self-locking which means that shaft s is the sole output shaft. 
Then, n x = n 2 = n s = 0, T x = — T 2y and T s = 0. Now a coupling speed 
(e.g., n s > 0) can still be “superimposed” on all three shafts so that 


P x = T x n x = T x n s > 0 , 

P 2 = T 2 n 2 = - Tin s > -Pi < 0 , 
= T s n s = 0n s = 0 . 


Therefore, such a three-shaft transmission whose carrier shaft is not con¬ 
nected can still operate with a power-flow 1 < 2 si or 2<* and with P s = 0, 
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and transmit power as a coupling while it is internally jammed by self¬ 
locking. Since, under these conditions k sX = 1, eq. (54) shows that the 
efficiency becomes v = 1 which means that shaft 2 transmits the total power 
without losses. 

If from now on the carrier shaft is assumed to be connected to a power¬ 
consuming machine, three different states of operation may arise: 

1. If the connected machine requires a higher input torque than T s pro¬ 
vided by the carrier shaft, then it stalls and n s = 0. The transmission oper¬ 
ates in its basic mode and its efficiency v - Vo while the carrier torque T s 
can be calculated from eq. (44) or worksheet 6. 

2. If the connected machine requires a smaller torque than J s provided 
by the carrier shaft, then the transmission remains internally locked and 
rotates as a coupling with its three shafts having the same speeds n x = n 2 = 
n s > 0. Then k X2 - 1, and according to worksheet 4, v = 1. 

Proof: As pointed out in the previous section e), a positive-ratio trans¬ 
mission is capable of self-locking when: 

a) / 0 is slightly larger than 1, or, referring to R 20, 1 < i 0 < 1/t/ 0 . Assume 
that initially aj s < n u so that 0 < k sX < 1, and eq. (43) yields an exponent rl 
= +1. Then T s = T x (i 0 v 0 - 1) from worksheet 6, and since i Q < 1/t? 0 , T s 
< 0. Consequently, P s < 0, that is, shaft s is an output shaft and the con¬ 
nected machine is accelerated to n s - n x . This speed cannot be exceeded 
because for n s > n ]9 according to eq. (43), rl - -1 and T s = T x (i 0 /v 0 ~ 1 ) 
> 0. This would make P s > 0, but this is impossible because no input power 
is available from the power-consuming machine. 

b) / 0 is slightly smaller than 1, that is, v 0 < i 0 < 1- Assume again that ini¬ 
tially 0 < k &x < 1, then rl = +1 and T s = T x (i 0 v 0 - !)• With i 0 < 1, 7" s < 
0, and P s < 0 so that shaft s is an output shaft which accelerates its con¬ 
nected machine to n s = n x . It cannot exceed n x because then k sX > 1 and eq. 
(43) would yield rl = -1, for which worksheet 6 would show T s > 0 and 
hence P s > 0. Again this is impossible because no input power is available 
from the connected power-consuming machine. 

3. If the output shaft s assumes any speed between zero and n x when the 
connected machine, for instance, a centrifugal pump, absorbs all of the 
available torque T s - T x (i 0 Vo ~ 1)» then it rotates in the input direction 
n x . The efficiency for this state of operation lies between the efficiencies of 
the two extreme states of operation previously described. That is, v 0 < V < 
1, as can be verified with worksheet 4. From this we can conclude: if in a 
transmission capable of self-locking, shaft 1 or 2 is an input shaft and the 
other together with the carrier shaft s are output shafts, and the connected 
machine can absorb all the torque provided by the carrier shaft, then the 
carrier shaft can reach only a speed between zero and the input speed and in 
the same sense of rotation as the given input speed n x or n 2 . 

Worksheet 4 can be used to calculate efficiencies for transmissions cap- 
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able of self-locking, in spite of the fact that in some cases the tabulated 
power-flow may be incorrect for the ranges of i 0 and k X2 and the values of 
the exponent rl which apply to these cases. 

In a partially locked gear train, therefore, the carrier shaft can transmit 
an output power only at speeds which lie between zero and a speed inclusive 
of the coupling speed. As soon as the carrier shaft must rotate faster than, 
or opposite to the direction of the input shaft, it must be driven. Such an 
operating condition, which is very instructive, can be obtained as follows: 

With the aid of an infinitely variable transmission, which is assumed to be 
free of losses, a part of the output power of shaft 2 could be used to drive 
the carrier in the constrained direction, that is, in the direction in which it 
would turn in the absence of friction. We thus obtain the state of motion 
which, in the loss-free gear train, corresponds to the power-flow 1 (fig. 
52). It is characteristic for partially-locked gear trains that the driving car¬ 
rier shaft, which is normally an output member, must be driven and, thus, 
transmits a “negative output power” as soon as it is required to rotate 
faster than the input shaft, or in the opposite direction. 

In this hypothetical arrangement, only the remaining output power of 
shaft 2 is an effective power. The overall efficiency of the gear train 
can be calculated from eq. (54) when the speed-ratio A: sl is known. Con¬ 
versely, if we let the efficiency equal zero, then we can find the maximum 
speed-ratio & sl for which the total output power of shaft 2 just equals the 
negative output power of the carrier shaft s. Such a mode of operation is 
conceivable only for self-locking transmissions, and only when the carrier 
shaft is one of the two output shafts. For a transmission not capable of self¬ 
locking, the assumption t?i<| = 0 leads to a speed-ratio k sl which lies out¬ 
side the limits which characterize this power-flow in fig. 52. 

The described operation in the range of partial-locking, where the carrier 
must be driven in the constrained direction, seems to lead to contradictions. 
Based on the existing speed-ratios, fig. 52 indicates that the carrier shaft 
must be considered as an output shaft, as in a loss-free gear train. There¬ 
fore, we could be tempted to consider the carrier shaft as an input shaft, but 
this would be incorrect since fig. 52 demands that for a pow£r-flow \ >2, the 
carrier shaft must be driven against its existing “output” direction, or that 
both central gear shafts must change their sense of rotation. Indeed, the 
power of the carrier shaft, which previously has been described as “negative 
output power,” is not an effective power since it is not transmitted through 
the drive mechanism to the other two shafts. Its torque does not effect a 
change in the direction of the load on the tooth flanks, but merely restores 
the sliding motion between previously jammed gears. 

The same considerations apply when shafts 1 and 2 are exchanged so that 
the power-flow becomes 2<\ whose efficiency can be calculated from eq. 
(56). Therefore, we shall summarize what is important for the determina- 
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tion of the efficiencies in the following guide rule: 

The total-power shaft and, thus, the external power-flow of a R 21 
revolving drive train can be determined from its basic speed- 
ratio / 0 and an arbitrary speed-ratio k. Its self-locking capa¬ 
bility need not be considered . 

If we obtain the previously considered, partially-locked state of operation 
by transmitting a part of the output power through an infinitely variable 
auxiliary transmission (which, however, is no longer loss-free) to the con¬ 
strained carrier shaft, then we obtain a compound transmission. According 
to what has been said before, this compound transmission becomes self¬ 
locking when the speed-ratio of the auxiliary transmission reaches a value 
k s2 . At this point, the power in its output shaft just equals the “negative 
output power” of the carrier shaft. Transmissions of this type will be dis¬ 
cussed later in part III. 

g) Generalization of Efficiency Equations 

By extending the considerations of section 1 Id to the powers, we find that 
the efficiency equations likewise can be freed from their previously chosen 
dependence on the carrier and the central gear shafts. Thus, we can lock the 
shaft a of the transmission introduced in fig. 46, whose carrier shaft posi¬ 
tion may be unknown, and then measure the loss factor f 5c = 1 - rj bc so 
that its power-loss P L = -P b £ bc f° r this operating condition becomes 
known. If we assume that f bc is independent of the speeds and torques, as 
we assumed earlier in section 6 for f 0 , then the power-loss P L does not 
change if we impart an additional equal speed on all three shafts, that is, if 
we superimpose a loss-free coupling power on our first state of motion 
where n a = 0. We can then find the efficiencies for all other states of motion 
by following the procedures which we have used in the earlier part of this 
section 15. The only difference is that we can no longer assume loss- 
symmetry when the position of the carrier shaft is unknown, so that 


*?bc 5* Vcb • 


Finally, we can rewrite all previously derived efficiency equations with the 
aid of an arbitrary index key so that, for example, i Q = / bc > Vo = Vn — Vbc 
when a = s, b = 1 and c = 2. However when rl = -1, then = 1/t? 2 i 
= l/rj cb . For the chosen subscript system, eq. (43) takes the form: 


rl = T b (n b - n a ) 
r \T b (n b - n a )| ‘ 
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When worksheets 4 and 5 (see sec. 33) are used the dissymmetry of the fric¬ 
tion losses has already been considered by the unequivocal indexing of the 
basic efficiencies rjj n = r\ n and rj n j = rj 2 \. However, in order to determine 
rj cb , we must exchange the input and the output shaft and then perform a 
second efficiency measurement. 

We shall use this generalization later in part III to analyze the simple 
bicoupied transmissions. However, for the analysis of simple revolving 
drive trains we shall normally assume a known position of the carrier shaft, 
since this makes it particularly easy to determine the basic speed-ratio and 
the basic efficiency. 
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B. Graphical Analysis 


Section 16. Symbolic Representations of Epicyclic 
Transmissions According to Wolf 

In the previous chapter it has been shown that the function of a revolving 
drive can be analyzed without consideration of each detail of its design. 
Rather, a kinematic analysis can be performed when only the basic speed- 
ratio i Q is known, which, according to worksheet 3, also determines the posi¬ 
tion of the summation shaft. 

Wolf [13], therefore, proposed a symbolic representation of the revolving 
drives which contains only the previously mentioned kinematical character¬ 
istics, as shown in fig. 53. A circle represents the transmission and three 
radial lines the three shafts. Because of their special importance, the sum¬ 
mation shaft is symbolized by a double line, and the carrier shaft by an 
extension of the single or double line into the interior of the circle. Accord¬ 
ing to worksheet 3, the location of the summation shaft also distinguishes 
negative-ratio drives from positive-ratio drives with / 0 < 1 or / 0 > 1. Cross- 



a b c 


Fig. 53. Symbols for revolving drive trains according to Wolf [13]: a , negative-ratio 
transmission i Q < 0; b , positive-ratio transmission 0 < i 0 < 1; c, positive-ratio trans¬ 
mission i Q > 1. 



Fig. 54. Symbolic representation of the operating conditions of revolving drive 
trains: a , basic transmission with a positive speed-ratio; b-c , two-shaft transmis¬ 
sions; d y basic transmission with an infinitely variable speed-ratio; e> three-shaft 
transmission with an infinitely variable basic speed-ratio / 0 , e.g., as shown in fig. 44; 
/, three-shaft transmission with unknown or freely selectable position of carrier and 
summation shaft. 


83 
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Fig. 55. Symbolic representation of a conventional transmission: a , with a constant 
speed-ratio / 34 ; b , with an infinitely variable speed-ratio / 34 . 


hatching at a shaft flange, as shown in figs. 54a, b, and c, indicates that this 
shaft is fixed to the housing and, therefore, cannot rotate. If the carrier 
shaft is locked as shown in fig. 54a, then the Wolf symbol depicts a basic 
transmission. A locked central gear shaft as shown in figs. 54b and c repre¬ 
sents a two-shaft revolving drive. When either the speed-ratio of a basic 
transmission or the basic speed-ratio of a three-shaft transmission is infi¬ 
nitely variable, an arrow is drawn across the transmission symbol as shown 
in figs. 54d and 54e respectively. A revolving drive train whose carrier and 
summation shafts have an unknown location, or can be freely chosen, is 
depicted with three equal shafts as shown in fig. 54f. In contrast to the prac¬ 
tice for well-defined transmissions, these shafts are denoted by lower case 
letters (e.g., a, b, c ) rather than by 1, 2, and s. 

A simple reduction drive with fixed axes may be symbolized by a circle 
with only two shafts as shown in fig. 55, although basically it should be rep¬ 
resented by the symbols shown in figs. 54a or 54d. However, in practical 
applications of these transmission symbols it seems preferable that conven¬ 
tional transmissions with fixed axes, which are sometimes separately con¬ 
nected to the input or output shafts of revolving drive trains, be immedi¬ 
ately identified as such. 

Simple reduction drives which are components of a compound revolving 
drive train should always by symbolized by fig. 54a, where the carrier shaft 


4 

b 

Fig. 56. Symbolic representation of the possible coupling conditions for three-shaft 
transmissions: a, transmission whose shaft 1 can be changed from freely rotating to 
locked, whose shaft 2 can be freely rotating or connected, and whose shaft 5 can be 
freely rotating, connected, or locked; b , change-gear, which consists of the two gear 
trains / and II and shows the following coupling conditions: A is rigidly connected 
(input or output); at D, s and 2 ' are rigidly coupled but not externally connected 
(free coupling shaft); C can be freely rotating (idle condition), connected (input or 
output), or locked; at £, if 2 and V are coupled, the coupling shaft can be free, con¬ 
nected, or locked; if 2 and V are not coupled, shaft 2 may be either freely rotating or 
connected and shaft 1' may be either freely rotating or locked. 
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corresponds to the housing (see sec. 2). 

The coupling conditions of the shafts can be symbolized as shown in fig. 
56a. Especially for compound transmissions, the analysis of power-flow, 
shaft torques, and speeds is greatly simplified when the Wolf-symbols are 
inspected, rather than the actual layouts of the gear trains. 

As an illustration, fig. 56b shows a change gear whose shafts can be con¬ 
nected in several different ways. 


Section 17. The Kutzbach Speed Diagram 
for Planetary Transmissions 


a) General Remarks 

Kutzbach, who gave very modern impulses to mechanical engineering by 
combining kinematic and design concepts, also developed a graphical 
method for the determination of the speeds in planetary transmissions [3, 7]. 
This method is especially suitable to illustrate the motions in compound 
planetary transmissions. In connection with the representation of the com¬ 
pound transmissions, and the internal coupling points of compound plane¬ 
tary transmissions as suggested by Heifer [31], the Kutzbach diagram has 
gained renewed importance for the synthesis of compound planetary trans¬ 
missions as will be explained in more detail in section 40. However, an 
analysis of the motions of simple or compound planetary transmissions can 
be accomplished faster by the previously described analytical methods and 
the graphs which will be introduced in the next sections. 

b) Speed Diagram for a Simple Negative-Ratio Transmission 

The Kutzbach speed diagram of a revolving drive train is based on a sche¬ 
matic representation of the transmission. The pitch circles are drawn to 
scale and the number of the known or assumed speeds equals the number of 
degrees of freedom. As an example, figs. 57a to 57d show a negative-ratio 
drive and the design of its speed diagram. In the schematic representation of 
fig. 57b the pitch circles are drawn to scale and then projected onto the 
ordinate of diagram fig. 57c, while the tangential velocities u of the gears 
and the carrier at section AB are plotted along the abscissa. It is expedient 
but not necessary to consider the carrier as stationary, so that n s = 0 and 
also u s = 0. 

If the central gear 1 is assumed to have an arbitrary tangential velocity u x , 
then a radial velocity line / '0 can be drawn from the origin 0 of the coordi¬ 
nate system through the point 1 which determines the angle Sj. Since the 
planet p meshes with gear 1 at the radius r x , its tangential velocity at r x is 
also u x . However, the center of the planet p at the radius r s has the same tan- 
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gential velocity as the planet carrier, which by assumption is n s = 0. Thus, a 
velocity line for the planet can be drawn through the points V and s f and 
extended until it intersects the radius line r 2 in point 2 '. At the radius r 2 , the 
planet p meshes with the ring gear 2 and therefore its velocity at this point is 
equal to the tangential velocity u 2 of the ring gear 2. Starting from the point 
of intersection 2 ', the radial velocity line of gear 2 can now be drawn to the 
origin 0 which determines the angle b 2 . Finally, the radial velocity line and 
the angle 5 P of the planet are obtained by drawing a parallel to the velocity 
line 1 f 2 r through the origin. 

From the speed diagram, the angular velocities a; and the speeds n of the 
gears can now be found as follows: 


— — — tan <5j —— , 
r \ K 

U 2 . n 2 

<o 2 = — = tan <$ 2 = , 

r 2 k 

u s f . n s 

o) s == — = tan <5 S = — , 
r s k 


0) 


p 


Up = 

r p r x 


— = tan <5. 
r s 


1 p 
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where R is a scale factor for the speed vectors. R can be arbitrarily chosen 
since it cancels out when the speed-ratios are taken, so that: 


n x : n 2 : n s : n p = tan b x : tan b 2 : tan b s : tan 5 P . 


Because of the assumption u s = n s = 0, it follows that tan 5 S = 0. 

The radial velocity lines project the speeds of all gears in the same scale 
onto a line g which is parallel to the abscissa so that the ratio of the speeds 
n x :n 2 : n v equals the ratio of the distances between the points 1 , 2, and p , 
and the point 0 on line g. Since by assumption n s = 0, the point s of the 
carrier coincides with the point 0. The speeds on the right and left hand side 
of the point 0 have opposite signs. As can be readily understood, the dis¬ 
tances between two arbitrary speed points thus represent their relative 
speeds, so that all distances measured from point 2 represent speeds relative 
to gear 2, or if gear 2 is locked while all relative speeds remain the same, the 
operating condition of the two-shaft transmission. 

The determination of the speeds can be substantially simplified when a 
nomogram is constructed above line g as shown in fig 57d. 

This can be accomplished by first drawing a baseline parallel to g on 
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Fig. 57. Top , Kutzbach diagram for a simple negative-ratio transmission: a , Wolf- 
symbol, s is the summation shaft because z 0 < 0; b , schematic representation drawn 
to scale; c, Kutzbach velocity diagram; d , Kutzbach speed diagram and nomogram 
where the operating characteristics a and b represent the basic mode, c the three- 
shaft mode, d and e the two-shaft mode of the transmission. 



Fig. 58. Bottom, Kutzbach diagram for a positive-ratio transmission with meshing 
planets: a. Wolf-symbol, 2 is the summation shaft because i 0 > 1; b , schematic repre¬ 
sentation of the transmission drawn to scale; c, Kutzbach diagram; d, nomogram. 
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which the perpendicular speed scales n x , n 2 , n s , and n p are erected in points 
1, 2, s, and p . According to the rules of geometric similarity, any straight 
line through the point n s - 0 intersects the speed scales in the ratio of their 
respective speeds and thus determines a particular operating condition of 
the gear train. If the speed scales are divided arbitrarily, but equally, then the 
speeds of all gears for this operating condition can be read directly from the 
points of intersection on the speed scales. Alternately, a straight line can be 
drawn through any two given speed points and the speeds of all other gears 
can then be read directly from their respective scales. 

The lines a and b through n s = 0 characterize two states of operation 
where the planetary transmission operates as a basic transmission with two 
different input speeds. If all the speeds indicated by line a are increased by 
an identical amount An, then the resulting parallel line c represents an 
operating condition where all three shafts of the transmission rotate. Thus, 
line c graphically illustrates the result of Willis’ mental experiment, where a 
coupling speed An = n s is superimposed on the rolling speeds of the basic 
transmission. The lines d through the point n x = 0, and e through the point 
n 2 = >0, represent different operating conditions of two-shaft transmissions. 

The speeds which are directly read from the /7 p -scale are absolute speeds 
like those of all other speed scales so that the speeds of the planets relative 
to the carrier, which determine the size of the planet bearings, must be 
obtained from the distance (n p - « s ). Thus, the steepest speed line of the 
nomogram, which in the given example is line d, indicates the highest bear¬ 
ing speed. This is expressed in the following guide rule: 


The operating condition with the steepest speed-line is associ - R 22 
ated with the highest speed of the planet bearings . 

c) Speed Diagram for a Transmission with Meshing Planet Pairs 

Fig. 58 shows the construction of a Kutzbach diagram for a positive-ratio 
drive of the type shown in fig. 22. In this transmission the axes and pitch 
points of the gears do not lie in a single plane and, therefore, we must start 
from a front view of the transmission which shows the pitch circles drawn to 
scale. As in the previous example we proceed from the horizontal projection 
lines through the planet axes and the pitch points. The projection lines r', 
from those axes and pitch points which do not lie in the symmetry axis of 
the gear train, project foreshortened radii onto the ordinate axis of the 
speed diagram. The points of intersection 7', si' , etc., between these pro¬ 
jection lines and the radial speed lines, accordingly project onto the abscissa 
only the horizontal components u ' of the respective tangential velocities. 
However, since r' and u' are foreshortened by the same amount, their ratio 
w'/r' = u/r - tan6 remains unaffected. 
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To construct the speed diagram of fig. 58c we will use an alternate 
method and begin with an arbitrary choice of the speeds n x and n s on line g 
and then proceed in the following sequence of steps: the horizontal center- 
line u, and the five radius lines r[ to r 2 , are projected from the front view of 
the transmission to the right hand side onto the ordinate axis of the speed 
diagram, fig. 58. This ordinate axis can be erected at an arbitrary point u = 
0. The line g is then drawn parallel to and with a suitable distance from the 
abscissa u of the diagram. The arbitrarily chosen speeds n x and n s determine 
the points 1 and s on line g so that the radial lines 01 and 0s can now be 
drawn. Their points of intersection 1 ' with r{ and s{ with determine the 
horizontal components of the tangential velocities u{ of the pitch circle of 
gear 1 and w s2 of the center of the planet p x . The extension of the speed line 
l's[ to its point of intersection p 2 with the radius line /* p ' 12 , yields the hori¬ 
zontal component w pl2 of the pitch circle velocity w pl2 of the planet p x . If the 
line p[ 2 s 2 is extended beyond s[ , it intersects the radius line r 2 in point 2 ' 
whose distance from the ordinate represents a tangential velocity u 2 of the 
pitch circle of the ring gear. A radial line 02' from the origin of the diagram 
through point 2' intersects g in point 2 which determines the speed of the 
ring gear. Radial lines through the origin, and parallel to l'p{ 2 and p xl 2 ', 
finally intersect line g in the points p x and p 2 whose distance from 0 repre¬ 
sents the absolute speeds of the planets p x and p 2 . Thus, all speeds can now 
be read from line g, or alternately, the speed scales of the nomogram can be 
erected on g. 

From the nomograms 57d and 58d we derive a further guide rule: 

The speed scale of the summation shaft always lies between R 23 
the speed scales of the two difference shafts . 

If only the speed scales of the three shafts 1 , 2, and s are considered and a 
speed line is drawn through the point 0 of the intermediate scale s in fig. 
57d, or 2 in fig. 58d, then it becomes evident that the other two shafts, that 
is, the input and the output shafts, have opposite directions of rotation. 
According to R 2, therefore, their torques must have the same sign, and 
according to R 9 they must be difference shafts. Consequently, the shaft 
represented by the intermediate speed scale always is the summation shaft. 
This leads to the following basic guide rule: 

The speed of the summation shaft always lies between the R 24 
speeds of the difference shafts . 

For a two-shaft transmission this means that: 


A two-shaft transmission has a negative speed-ratio when the R 25 
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summation shaft is locked , and a positive speed-ratio when 
one of the difference shafts is at rest. 

The location of the speed scales, however, does not indicate which one of 
the three shafts is the carrier shaft. For instance, by an appropriate choice 
of the dimensions of the negative-ratio drive shown in fig. 57, and the kine- 
matically-equivalent positive-ratio drive of fig. 58, their speed nomograms 
become identical, except for speed scales of the planets. However, their 
shafts 2 and s are interchanged. 

d) Speed Diagram for a Simple Positive-Ratio Drive 
with Stepped Planets 

The speed diagram for a planetary transmission with stepped planets as 
shown in fig. 59 can be constructed by taking the following steps: 

1. Draw to scale, a schematic representation of the gear train as shown in 
fig. 59b. Extend the horizontal centerline u and mark an arbitrary point 0 in 
which the ordinate axis r is then erected. At a suitable distance, draw a line g 
parallel to the abscissa u. 

2. Assume that the carrier is locked. This determines the origin s = 0 of 
the corresponding speed scale g. Starting from this origin, mark off an 
arbitrary distance n x . The endpoint 1 of this distance is the origin of the 
speed scale n x . 

3. Find the points of intersection 1' between the radial line 01 and the 
horizontal line r x , s' between the line Os along the ordinate axis and the 
horizontal line r s , and 2' between the line s' 1' and the horizontal line r 2 . A 
radial line from the origin through point 2' intersects g at the origin of the 
speed scale 2. Finally, a radial line through the origin, parallel to s' 1 ', 
determines the foot of the speed scale at p on g. 

The speeds n 2 and n p are now determined by the distances between their 
speed scales and the origin. If necessary, the nomogram of fig. 59d can be 
drawn with arbitrary but equal scales. 

e) Transmission Synthesis with Aid of Kutzbach Diagram 

When the design procedure is reversed, Kutzbach’s method can be used to 
determine graphically the diameters of the individual gears. As an example, 
the rated speeds n Xf n 2 , and n s of a positive-ratio transmission of the type 
shown in fig. 19, may be given. First, a suitable origin is chosen on a line g. 
Then, a scale factor is assigned to the given speeds which can be represented 
by distance from the origin, on g with the end points 7, 2, and s shown in 
fig. 60a. Next, a perpendicular line r is erected on g in the origin and a line u 
is drawn parallel to g at an arbitrary distance. Line u becomes the horizontal 
symmetry axis of the gear train. Its point of intersection with line r is the 
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Fig. 59. Kutzbach diagram for a positive-ratio gear train with stepped planets: a , 
Wolf symbol, 2 is the summation shaft because i Q > 1 ; b, scale drawing; c, Kutzbach 
diagram; d , speed nomogram. 

origin of the speed diagram through which the radial speed lines 01, 02 and 
Os can now be drawn. The points of intersection 1' , 2' , and s' , or 1 " , 2" , 
and s" between three lines parallel to u (two of them arbitrary) and the three 
radial speed lines, determine gear sizes which realize the given speed-ratios. 
Two additional design conditions may now be imposed to obtain an opti¬ 
mum design. First the smallest possible gear 1 can be determined from a 
stress calculation. Its pitch circle radius rj then determines the point of 
intersection 1' . Next, a series of straight lines with different slopes can be 
drawn through V which intersect Os in s', s" > etc., and thus determine the 
centers of a series of planets from which the smallest structurally possible 
planet p 2 can be selected. This leads to the smallest gear train which satisfies 
the given conditions. 

As an example, fig. 60 shows two different, but relative to the shafts 1, 2, 
and s, kinematically equivalent gear train solutions whose planet speeds are 
not the same. This should be obvious from the differing slopes of the speed 
lines 1's' and 1" s". The smaller gear train may be preferable for high¬ 
speed applications since the centrifugal loads on its planet bearings are 
lower at equal carrier speeds due to the smaller center distance r s and the 
smaller planet mass. However, as indicated by the slope of the respective 
speed lines, the smaller gear train operates with higher planet speeds which 
can be confirmed when the speed diagram is completed by the construction 
of the two planet scales. 
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Fig. 60, Graphical transmission synthesis with the aid of a Kutzbach diagram: a, 
Kutzbach diagram for the given speeds of a positive-ratio transmission; b-c , two 
possible versions of a derived positive-ratio gear train; d , Kutzbach diagram for a 
negative-ratio gear train with the same speeds; e, scale drawing of a derived negative- 
ratio gear train. 

A negative-ratio transmission for a given speed range can be designed 
when the procedure which has been described in the previous example (fig. 
57) is being followed analogously but in reverse order, as shown in figs. 60d 
and 60e. Since, in this type of negative-ratio transmission with simple 
planets, the planet axis always divides the distance between the radii r x and 
r 2 of the central gears into equal parts, the line ls2 of the Kutzbach diagram 
must have a slope such that it is equally divided at its point s . If thus, for 
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example, an arbitrary radius r { is chosen for the sun gear, then the distance 
ls2 can be found as the diagonal of the parallelogram 0-1-X-2-0 which, in 
fig. 60d, has been completed with dashed outlines. Therefore, for a given 
speed, this additional constraint leads to an infinite number of geometri¬ 
cally similar negative-ratio gear trains with simple planets. 

However, a planetary gear train can be designed faster and more accur¬ 
ately if, as described in section 11, the basic speed-ratio i 0 is calculated from 
the given speeds and then the basic train is laid out like any conventional 
reduction drive. Fig. 45 and worksheets 1 or 2 can be used to simplify this 
procedure. 

f) Kutzbach Diagram for Compound Planetary Transmissions 

Compound transmissions which are composed of several simple plane¬ 
tary transmissions also can be analyzed graphically with the aid of a Kutz¬ 
bach diagram. The resulting speed nomograms, however, remain valid only 
as long as the couplings between the individual component transmissions 
remain the same. An example will be discussed in section 40a, fig. 156. If, 
therefore, a planetary change gear is analyzed graphically, a new Kutzbach 
diagram must be drawn whenever a speed-ratio change involves a change of 
the coupling conditions between the transmission stages. 

Section 18. Speed-Ratio Graphs 

The use of speed-ratio graphs substantially facilitates the analysis as well 
as the synthesis of epicyclic transmissions. Fig. 61 is such a graph for two- 
shaft transmissions which shows the relationships between the speed-ratio i 
and the basic speed-ratio i 0 as obtained from eqs. (32) to (36). 

Semi-inverted coordinates which change to a reciprocal scale when the 
speed-ratios exceed the values of ±1 have been used for fig. 61 as well as for 
figs. 63 to 65, so that the total speed-ratio ranges from 0 to ±oo can be 
covered accurately. In the speed-ratio ranges between 0 and ±1, the co¬ 
ordinate values themselves can be interpolated linearly, while beyond these 
ranges the reciprocals of the coordinate values must be linearly interpo¬ 
lated. It should take only a short time to become familiar with this very 
practical method of plotting speed-ratio graphs which, in the form of fig. 
61, were first used by Seeliger [18]. 

The relationship between the speed-ratios of three-shaft transmissions , 
which are described by the eqs. (26) to (31), are plotted in figs. 63 to 65. 
Each is constructed for a different combination of the three possible speed- 
ratios & 12 , & ls , and k 2s , or their reciprocal values. Thus, in practical applica¬ 
tions, that graph must be chosen which contains the two speed-ratios which 
are of immediate interest. The graphs also indicate the speed-ratio ranges in 
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Fig. 61. The speed-ratios of simple revolving drive trains which operate in the two- 

shaft mode as a function of the basic speed-ratio i Q : - tj > rf 0 ; - rj < y} q ; 

- rj = r?o . Between 0 and ±1, the coordinate values can be linearly interpo¬ 
lated, while between ±1 and ± oo their reciprocals can be linearly interpolated. With 
the analogous subscripts 1 = I, 2 = II, s = S, i 0 = z UI , the diagram is valid also for 
constrained bicoupled transmissions. 

which shaft 7, 2, or s operates as the total-power shaft. 

The graphs are based on eqs. (26), (27), and (28), which describe straight 
lines whose constants depend only on the parameter i Q . For eq. (28), as an 
example, fig. 62 shows that the curves which represent a constant basic 
speed-ratio / 0 , in terms of its coordinate values *21 and k s i , are straight lines 
which always pass through the coupling point K where k 2 \ = k s \ = 1. At a 
limit where A: sl = 0, that is, for a stopped carrier and n s = 0, the straight 
line passes through the limit point 1// G = i 2 \ on the ordinate axis. At a limit 
where k 2X = 0, that is, when n 2 = 0 the straight line passes through the limit 
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Fig. 62. Interdependence of the speed-ratios ^21 and k sl for a constant basic speed- 
ratio i 0 as parameter, according to eq. (28). 

point 1/(1 - / 0 ) = / sl on the abscissa. Thus, the graph can be constructed 
rapidly, when for each desired ratio / G , a straight line is drawn through the 
coupling point and a corresponding limit point on one of the coordinate 
axes. 


Section 19. Power-Ratio Graphs 

For an estimate of the total efficiency of an epicyclic transmission, it is 
frequently of interest to know the ratio between the rolling-power and the 
external input power, that is, to know whether the rolling-power will be 
larger than the external power and thus, according to eq. (51), the total effi¬ 
ciency will be lower than the basic efficiency tj 0 or vice versa. 

Figs. 66 and 67 show the power-ratios for two-shaft transmissions as 
given in [25]. In these transmissions, the ratio between the rolling-power 
and the external power depends only on the basic speed-ratio, that is, on the 
design of the transmission. The basic efficiency rj 0 , which exerts a substan¬ 
tial influence only when self-locking is approached, is assumed to be rj 0 = 1 
so that the rolling-powers of the central gear shafts become equal, that is 

toil = to 2 i = toi • 

With table 1 and eq. (34), the curve Pr/ P m for n 2 = 0 in fig. 67 is 
obtained from the equation 

to _ TiOh ~ »s) _ j _>h _ >o 

Pi T\n\ «i *o-l 


( 64 ) 
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Fig. 63. Interdependence of the speed-ratios k n and k s2 for constant basic speed- 
ratios i Q as parameter. Between 0 and ±1, the coordinate values can be linearly inter¬ 
polated, while between ±1 and ± oo their reciprocals can be linearly interpolated; 7, 
2, and s denote the total-power shaft within the ranges which are outlined by heavily 
dashed lines. With the analogous subscripts / in = / 0 ; k ul = k iz ; k sn = k s2 ; I = 1; 
II =2 ;S = s, the diagram is valid also for bicoupled transmissions with two degrees 
of mobility. 



With table 1 and eq. (36), P R /P in for n x = 0 in fig. 66 becomes: 


Pr _ TjMh - «s) _ j _ l 
Pi T 2 n 2 n 2 1 - ( 0 


(65) 


Figs. 66 and 67 show the power-ratios |P R /P in |, and the associated two 
speed-ratios / from fig. 45, as functions of the basic speed-ratio i 0 . If, dur¬ 
ing the layout of a two-shaft gear train, a particular speed-ratio i is chosen. 
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Fig. 64. Interdependence of the speed-ratios k 2 \ and k sl for constant basic speed- 
ratios i 0 as parameter. Between 0 and dbl, the coordinate values can be linearly inter¬ 
polated while between ±1 and ± o° their reciprocals can be linearly interpolated; 1 , 
2, and s denote the total-power shaft within the ranges which are outlined by heavily 
dashed lines. With the analogous subscripts / n , = 4; k ul = k n \ k sl = k sl ; I = 1; 
II = 2; S = 5, the diagram is valid also for simple bicoupled transmissions. 

then its power-ratio can be immediately determined from figs. 66 and 67. 
Consequently, its efficiency can be estimated with the aid of eqs. (51) and 
(52). 

In three-shaft transmissions, the ratio between the rolling-power and the 
external power depends on the speed-ratios k and on the basic speed-ratio 
4, since the internal power-flow between the three rotating shafts changes 
whenever the state of motion changes. Since the speed-ratios between the 
three shafts depend only on each other when the basic speed-ratio i 0 is 
given, it is sufficient to refer the power-ratio Pr//^ to an y one of these 
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k %2 - - k i2 


Fig. 65. Interdependence of the speed-ratios & ls and *2s for constant basic speed- 
ratios i Q as parameter. Between 0 and ±1, the coordinate values can be linearly inter¬ 
polated, while between ±1 and dboo their reciprocals can be linearly interpolated; /, 
2, and s denote the total-power shaft within the ranges which are outlined by heavily 
dashed lines. With the analogous subscripts i m = z 0 ; k IS = k ls ; k IIS = k 2s \ 1 = 1; 
II = 2; S = s, the diagram is valid also for simple bicoupled transmissions. 


speed-ratios. The conversion to the other speed-ratios can then be easily 
accomplished with the aid of worksheet 2 or figs. 63 to 65. If the friction 
losses are neglected so that rj 0 = 1, we can express the power-ratio in either 
one of the following forms: 



depending on whether shaft /, 2, or s operates as the total-power shaft. Which 
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Fig. 66. Ratio between the absolute values of the rolling-power P R and the input 
power P in as well as the associated speed-ratios of the simple revolving gear train with 
a locked shaft 1 . The friction-losses are neglected so that |P R | = I^RlI = M With 
the analogous subscripts I = 1, II =2,5=5, and P R = series power, the diagram 
is valid also for bicoupled transmissions. 

of these applies to a particular case can be decided with the help of fig. 52 
when i Q and, for example, k i2 are known. Because the friction losses have 
been neglected, the absolute values of the rolling-powers are |P R1 | = |P R2 | = 
|P R |. If, for example, shaft 1 is the total-power shaft, then we obtain from 
table 1, 


Pr 

Pi 


T x (n x - n s ) 
T\fi\ 


= 1 - k sl 


which can be expressed in terms of k 2 \ with the aid of eq. (30). Since k 2X = 
1 /k n , we finally obtain 
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Fig. 67. Ratio between the absolute values of the rolling-power P R and the input 
power P in as well as the associated speed-ratios of the simple revolving gear train with 
a locked shaft 2. The friction-losses are neglected, so that |P R | = |P R1 | = |P R2 |. With 
the analogous subscripts I = 1, II = 2, 5 = s, and P R = series power, the diagram 
is valid also for bicoupled transmissions. 

Pr _ 4(1 - *n) 

Pi k l2 (l - 4) - 

According to fig. 52, this equation is valid for negative-ratio drives as long 
as k n < 4. and for positive-ratio drives when k ]2 > 4- 

If shaft 2 is the total-power shaft, we find analogously from table 1 and 
with eq. (31) that 

Pr _ PjMh ~ n s) _ . _ . _ 1 ~ ^12 

Pi Pi n i s2 1 — 4 


For negative-ratio transmissions, these equations are valid in the range 4 < 








= 0.95 



Fig. 68. Positive-ratio gear trains with 0 < i 0 < 1. 
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k\ 2 ‘ |Pr| = |Pri| = |P R2 |. The other two speed-ratios Jc ls and k 2s which are associated with the speed- 
ratio k l2 can be found from figs. 63 and 64 or can be calculated with worksheet 2. With the analo¬ 
gous subscripts I = 1; II = 2; P R = series power, the diagrams are valid also for bicoupled trans¬ 
missions. 
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*12 < 0 and for positive-ratio transmissions in the range 0 < k n < 4 * 

If, finally, shaft s is the total-power shaft then we obtain for |P R | = |P R2 | 
from table 1, and with eqs. (45), (36), and (29) that 


Pr 

A 


T 2 (n 2 - n s ) 
T s n s 


~ 42(^2s — 1) — 



i ~ k\2 
k\i ~ 4 


which is valid for negative-ratio drives when k n > 0 and for positive-ratio 
drives when k {2 < 0. 

These equations are plotted for positive-ratio drives in figs. 68 and 69, 
and in fig. 70 for negative-ratio drives. All these graphs again have semi- 
inverted scales so that all possible operating ranges can be represented. 
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C. Design and Operating Characteristics 
of Simple Planetary Transmissions 


Section 20. Practically Achievable Basic Speed-Ratios 

Theoretically, all the simple planetary transmission designs which are 
shown in figs. 19 to 43, could be designed with any basic speed-ratio. Prac¬ 
tically, however, the range of the basic speed-ratios of each type is limited 
by the following aspects: 

a) For economical reasons, an external gear stage should not exceed a 
speed-ratio of / = -4 to -8. For higher speed-ratios, multi-stage transmis¬ 
sions are smaller, lighter, and cheaper. This applies equally to planetary 
transmissions whose largest single-stage speed-ratio, therefore, should not 
normally exceed these values which thus also limit / 0 . 

b) If three or more planets are arranged as densely as possible around the 
circumference of the carrier, then the smallest possible sun gear, the largest 
ring gear and, thus, the largest possible ratio between their diameters results 
from the condition that the addendum circles of the planets may not touch 
each other. 

c) In specific cases, other restrictions, which shall not be discussed at this 
point, may be imposed by design conditions such as weight, volume, or 
loads on the planet bearings due to the centrifugal forces. 

The limits of the basic speed-ratios, as given in figs. 19 to 43, are valid for 
the most frequently encountered cases where three planets are arranged 
around the sun gear with a minimum distance between their addendum 
circles (which is equal to the reciprocal of the diametral pitch) and a sun 
gear with z = 17 teeth. For planetary transmissions with two sun gears it 
has been assumed that the smaller of the two sun gears has 17 teeth. In gear 
trains with stepped planets as shown, for example, in figs. 19 and 35, the 
pinion gears of each stage are geometrically similar and carry equal loads. 
Thus, the ratio between their (pitch circle) diameters equals the cube root of 
their torque ratio. 

For the most frequently encountered types of planetary transmissions 
(that is, for negative-ratio transmissions as shown in fig. 33, positive-ratio 
transmissions as shown in fig. 19, and open revolving drives as shown in 
figs. 29 and 43), the largest possible basic speed-ratios i Q are given in figs. 71 
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and 72 as functions of the number of planets which are arranged around the 
circumference of the sun gear. 

In a planetary transmission with bevel gears, as shown in fig. 41, an 
increasing basic speed-ratio i 0 causes the planet’s axis to become more 
nearly horizontal. Thus, the planetary gear train of fig. 33 can be con¬ 
sidered as the limiting case of the bevel gear train of fig. 41 and, therefore, 
has the same maximum basic speed-ratio. 

Section 21. Efficiency of the Two-Shaft Transmission 

a) Influence of Design on Efficiency 

The following three measures are suited to achieve high efficiencies in 
planetary transmissions: 

1. Try to achieve low tooth-friction losses by applying such well-known 
gear design methods as the use of high quality tooth profiles and the selec¬ 
tion of suitable materials and lubrication methods. Especially, the sliding 
motion between the tooth profiles must be minimized by using annular gear 
stages and gear stages with as many teeth as possible [27], 

2. As indicated by eq. (10), the number of gear meshes which the power- 
flow must pass in series should be as small as possible in order to limit the 
sources of friction power-losses and thus obtain a high basic efficiency (par¬ 
allel gear meshes which occur with power branching, theoretically, do not 
influence the efficiency). 

3. Keep the rolling power P R and thus the tooth-friction losses low as 
compared to the input power P in , since according to eq. (51) the efficiency 
increases with a decreasing power ratio P R /P m . 

Fig. 15 shows that for uncorrected gear trains, the tooth-friction losses, 
which in power transmissions constitute the bulk of the losses, decrease sub¬ 
stantially with an increasing number of teeth. It also shows that the tooth- 
friction losses in internal gear meshes where / > 0 are much smaller than in 
external gear meshes where i < 0. Although the curves consider only the 
influence of geometrical factors, they facilitate qualitative evaluations and 
the comparison between gear trains of different designs. See also section 6. 

The first of the measures which are recommended above leads to a prefer¬ 
ence for gears with a large number of teeth and designs which utilize annu¬ 
lar gear trains. 

The second measure rules out all designs with meshing planets (as shown, 
e.g., figs. 22, 23, 36, 37, etc.) since they have one more gear mesh than the 
simplest reverted gear trains. Not considering open planetary gear trains 
such as those shown in figs. 29 and 43, the rest of the gear trains always 
have two gear meshes through which the power flows in series. Therefore, 
their efficiencies are always lower than those of the single-stage transmis- 
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which operate with three rotating shafts, for constant basic speed-ratios i 0 as a tunction ot tne speed- 
ratio k n . The friction-losses are neglected so that |P R | = |P R1 | = |P R2 |. The other two speed-ratios k ls 
and k 2s which are associated with the speed-ratio k l2 can be found from figs. 63 and 64. With the 
analogous indices I = 1, II = 2, and P R = series-power, the diagram is valid also for bicoupled 
transmissions. 
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sions with external gears. This disadvantage can be compensated by the 
third of the recommended measures only when the rolling-power fraction 
can be kept to a minimum, that is, when a small value of |P R /P in | can be 
realized. However, as figs. 66 and 67 show, the ratio |P R /P in | depends on i Q 
and as soon as the speed-ratio is specified, it may no longer be freely 
chosen. 


b) Comparison between Planetary and Single-Stage 
Conventional Transmissions 

For the sake of a basic investigation, and with reference to fig. 15, we 
may assume that the loss factor f 0 = -P L /P in of an external gear stage is 
simply two times that of an annular gear stage. Then we can make the fol¬ 
lowing comparison. According to eq. (5) the efficiency of a single external 
gear stage St is: 


The efficiency of a planetary gear stage PI, however, where the power must 
successively flow through the two gear meshes a and b , is: 


t ^R,in v 

*7P1 = 1- n U ~ ^o) 


r R,in 
Pin 



+ P\Jl> \ 

Pin ) ’ 


This can be verified by substituting eq. (5) into eq. (51). As defined in sec¬ 
tion 1, the power losses P La and P Lb are output powers and, therefore, nega¬ 
tive so that the numerator - (P La -I- P Lb ) becomes positive, and rj P] < 1 as 
expected. 

With the previous assumption we thus obtain the following valuations of 
the efficiencies: for a positive-ratio gear train with two annular stages, as 
shown in figs. 21 or 24, 

(Pl a + P Lb \ _ VlP L + VzP L _ /P L \ 

\ ^in / pj ^in \P\n) g t 

where P L is the power loss of an external gear stage as introduced above. 
Thus, for this type of planetary gear train, the efficiency is approximately 
equal to the efficiency of the external gear stage, that is, 


*?pi * *?st w hen 


-PR,in = j 
^in 


Following the same considerations, we find that for a positive-ratio gear 
train with two external stages as shown in fig. 19, 
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*?P1 * Vsi when 


^R.in _ 1 
Pin 2’ 


For a negative-ratio gear train with one external and one internal stage as 
shown in figs. 32, 34 and 35 we obtain 


Vpi * Vst when = — . 

*in 

For all other speed-ratio ranges in which P R>in /P in is smaller than these 
values, planetary gear trains under otherwise equal conditions should 
achieve a higher efficiency ( rj Pl > rj St ) than single stage external gear trains. 
For the three previously considered planetary gear trains, these speed-ratio 
ranges can be found from figs. 66 and 67. However, for convenience, they 
are summarized in table 3. 

This comparison can be refined if, instead of using simplified assump¬ 
tions, the ratios of the tooth-friction losses of the compared transmissions 
are accurately determined from fig. 15. 

Table 3 shows that the efficiencies of the simple planetary gear trains are 
higher than the efficiencies of the conventional single-stage gear trains only 
when their direct or reciprocal speed ratios i lie in a range of approximately 
1 to 3. The efficiencies of negative revolving speed-ratios are always lower 
than the efficiencies of the conventional single-stage gear trains. 

Thus, it can be expected that in the practically utilized speed-ratio ranges 
of / (or 1//) * -1 ... -7 for single-stage drive trains with external gears, 
and / (or \/i) * +1.1 ... 4-7 for single-stage drive trains with annular 
gears, conventional transmissions achieve higher efficiencies than even the 
most advantageous revolving drive designs with the same speed-ratios. 
Planetary gear trains can exceed the efficiencies of conventional gear stages 
with external gears which have numerically equal but negative speed-ratios 
only in the mentioned speed-ratio range of approximately 4-1 to 4-3. Con¬ 
sequently, multistage conventional gear trains will also attain higher effi¬ 
ciencies than planetary gear trains with the same number of series- 
connected stages. 

Fig. 71. The largest speed-ratios i l2 and / lp and the smallest speed-ratio i p2 for plane¬ 
tary gear trains as shown in figs. 29, 32, 33, and 43 as a function of the number of 
planets which are arranged around the circumference of the carrier. These speed- 
ratios are obtained from geometrical considerations and are valid if 3 ^ q ^ 5 and 
gear 1 has a smallest number of teeth z = 17 or 30 or 100, or if 6 ^ q ^ 10 and the 
planet p has the smallest number of teeth z = 17 or 30 or 100. The number of teeth 
for the other gears are shown only when they become excessively large. The mini¬ 
mum distance between the addendum circles of the planets is assumed to be equal to 
the module m ( = 1/P d ). 
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F?g. 72. The largest basic speed-ratio i 0 of a positive-ratio gear train as shown in fig. 
19 as a function of the number of planet sets. The diagram is valid for gear trains 
with Z\ = 17, 30, 100 and for geometrically similar pinions 1 and p 2 which have equal 
root stresses. The distance between the addendum circles of the planets p x is equal to 
the module m ( = 1 /P ). 
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TABLE 3. Speed-Ratio Ranges within Which Simple Planetary 
Gear Trains Achieve Equal or Higher Efficiencies Compared to 
Simple Conventional Gear Trains 


TYPE 

FIG. 

^R.in 

SPEED-RATIO 

SPEED-RATIO 

RANGE 


FROM 

TO 

Positive-ratio gear train 

21, 24 

<1 

hi 

+ 1 

+ 2 




hi 

+ 1 

+ 2 

Positive-ratio gear train 

19 

<1/2 

hi 

+ 1 

+ 1.5 




hi 

+ 1 

+ 1.5 

Negative-ratio gear train 

32, 34, 35 

<1/1.5 

[is 

+ 1 

+ 3 




hs 

+ 1 

+ 3 


A negative-ratio planetary gear train can attain a higher efficiency only in 
the speed-ratio range of / « +7 ... +11, which it can still cover with a 
single stage. However, conventional gear trains normally, but not neces¬ 
sarily, are built with two stages. These considerations show that planetary 
gear trains do not necessarily achieve higher efficiencies than simple 
conventional drive trains with external gears even if their overall efficiencies 
are higher than their basic efficiencies t? 0 . Only if their speed-ratios lie in the 
narrow range between 0.5 and 2, that is, in the neighborhood of the 
coupling point, can they reach particularly high efficiencies of more than 99 
per cent and thus exceed the efficiency of single-stage conventional gear 
trains with external gears. 

The speed-ratio range, in which planetary gear trains are superior, 
shrinks even further when their efficiencies are compared with those of con¬ 
ventional drive trains containing annular gear stages. 

The presented theoretical comparison, which is based solely on the tooth- 
friction losses, cannot unconditionally be applied to real transmissions, 
since, in practice, the idling losses can be neglected least when the theoreti¬ 
cal efficiency approaches a value of 1 (see sec. 6). 

c) Comparison between Planetary Transmissions 

Eq. (51) states quite clearly that in order to select the planetary gear train 
which, for a given speed-ratio, achieves the highest efficiency, we must find 
the gear train with the highest basic efficiency rj 0 and the lowest rolling 
power ratio P Rim /Pi n . The possibility of influencing the basic efficiency by 
design measures has been discussed earlier in section 21a and figs. 66 and 67 
provide information about the rolling power-ratio i\i n /jPi n > which can be 
replaced by P R /P i n when the friction losses are neglected. 

In each of these diagrams, one of the three-shaft speed-ratios, together 
with its reciprocal value and the corresponding power-ratio P R /P m , have 
been plotted as functions of the basic speed-ratio. If we compare the power- 
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ratios which correspond, for example, to each of four equal positive speed- 
ratios, it becomes evident that a negative-ratio transmission always has a 
smaller P^/P xn than a positive-ratio transmission covering the same speed- 
ratio range. For example, the speed-ratio i = + 3 can be realized with a 
negative-ratio gear train as / ls = 3 for an i 0 = -2 or as i 2s = 3 for an / 0 = 
-0.5. In both cases P R /P in = 2/3. If we select a positive-ratio transmis¬ 
sion, we can obtain z sl = 3 with i Q = 2/3 or alternately / s2 = 3 with / 0 = 1.5. 
Subsequently, we find that in both cases P R /P in = 2. If we use a positive- 
ratio gear train with a locked carrier and a basic speed-ratio i 0 - 3, then, 
according to the definition given in section 14d, we have a power-ratio 

p*/p m = i. 

In those instances in which positive-ratio gear trains operate with a nega¬ 
tive revolving speed-ratio, the power-ratio always becomes larger than 1, 
that is, jPp/. P m > 1, while negative-ratio gear trains which operate with a 
locked carrier have a power-ratio of only 1, that is, P^/P m = 1. 

According to R 7, all of the planetary gear trains which have been com¬ 
pared in this example, are kinematically equivalent, since in each case one 
of the possible speed-ratios has the common value / = +3. As a result of 
this comparison we can formulate the following guide rule: 

The rolling-power ratio |P R /P in | is always higher in a positive- R 26 
ratio gear train than in a kinematically-equivalent negative- 
ratio gear train. 

This guide rule is generally valid also for planetary gear trains with three 
rotating shafts as can be checked by following the considerations which 
have been outlined in section 15g. 


Section 22. Two-Shaft Transmissions with 
Extreme Speed-Ratios 

By interchanging the input and output shaft, the same transmission can 
be used to realize extremely large or extremely small speed-ratios. It can be 
seen from figs. 45 and 61 that such extreme speed-ratios can be obtained in 
two ways: 

1. The basic speed-ratio (negative or positive) is designed to be extremely 
large. As line / ls in figs. 61 and 45, or box 13 in worksheet 1, indicate, the 
largest possible speed-ratio z ls differs only by a value of 1 from the positive 
or negative basic speed-ratio i Q . Consequently, the possible extreme values 
of the two-shaft speed-ratios are approximately equal to the basic speed- 
ratios whose practically feasible limits for the various design configurations 
of figs. 19 to 43 are about ±50, or ±1/50. Fig. 67 shows, that for these 
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speed-ratios the rolling power-ratio Pr/P j n * 1.0 and consequently the effi¬ 
ciencies assume the good value rj = rj Q . Because of their simplicity and good 
efficiency, gear trains of the types shown in figs. 19 and 35 are well suited 
for high speed-ratios within the given range. An executed example of a gear 
train according to fig. 35 is shown in fig. 73. 

2. The basic speed-ratio of positive-ratio transmissions is designed to be 
less than but nearly equal to 1. It is clear from eqs. (34) and (36) that as the 
speed-ratios ±/ sl and ±i s2 become the higher, the closer i 0 approaches a 
value of 1. At / 0 = 1, they become infinitely large and can no longer be 
practically realized. 

The speed-ratio i 0 of approximately 1 can be realized in spacesaving con¬ 
figurations with almost any positive-ratio transmission design since they do 
not require large differences in the gear diameters. Open positive-ratio 
transmissions also can be used. Most frequently however, extremely high 
speed-ratios are realized with gear trains as shown in figs. 19 and 21 and 
figs. 74 and 75. 

Their possible speed-ratios can be obtained with worksheet 1 and section 
9. Since 



Fig. 73. Negative-ratio gear train of the type shown in fig. 35 with a high basic speed 
ratio z 0 = -49.3. The transmission is designed to step-down the output speed of an 
axial piston hydraulic motor M (series K, Heinrich Desch KG): / ls = (1 - / 0 ) = 
4-50.3, r smax = 4,500 Nm. 
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Fig. 74. Positive-ratio gear train with external gears for extreme speed-ratios: i Q is 
approximately +1. 


4i ~ 


1 

1 - io 


and 


. _ ZpiZz 
*0 > 
Z\Zp2 


1 

=-— • 

j _ Zp\%2 

Z\Zp2 

In the simplest design solution, both planets have an equal number of teeth 
and, consequently, can be combined into a single wide-face gear. If at the 
same time zi/z\ is close to 1, so that Z 2 = Z\ =fcl, the speed-ratio becomes: 


1 



Z\ 


1 

i _ 

Z\ 


=F Z\ , 


and is thus limited to the range with the most expedient number of teeth. To 
obtain equal center distances, the tooth profiles of the central gears must be 
corrected. The same ratio but not the same simplicity results when the trans¬ 
mission has equal central gears and planets whose number of teeth are z p \ = 
Zp2 1 • 



Fig. 75. Positive-ratio gear train with annular gears for extreme speed-ratios: i 0 is 
approximately +1. The eccentricity e equals the orbit radius r s of the planet axis. 
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For both of these designs, however, the highest speed-ratios can be 
attained when the speed of the basic gear train is geared up in the first stage 
and then geared down in the second stage with an almost equal, reciprocal 
ratio, or vice versa, so that i 0 approaches the value of 1 even closer. 

The smallest gear diameters are obtained when the numbers of teeth of all 
four gears are almost equal, that is, when 

Z\ Zp2 t Zp\ “* Z\ i 1 , Z 2 —■ Z\ “F 1 • 

From worksheet 1, we then find that: 


s 1 (Zj±l) (*]?1) 1 z\ - 1 

1 2 i * 

z\ zf 

and 42 = 1 - 4i = - (zi - 1) . 


Thus, large speed-ratio steps with magnitudes of zf can be realized with a 
single planetary gear train; for instance, / sl = 40,000 when Z\ = 200 or i sl = 
40,401 when Z\ = 201, etc. If, for extremely high speed-ratios, the number 



Fig. 76. Planetary transmission for extreme speed-ratios of the type shown in fig. 
75. Manufactured by Prometheus Maschinenfabrik GmbH, Berlin, Series UT, for 
rated output torques of T x * 5 to 1,800 Nm and i sl « 20 to 10,000. 
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of teeth becomes uneconomically high, bicoupled transmissions as de¬ 
scribed later in section 35k can be used, or several transmission stages can 
be connected in series. 

Bicoupled transmissions according to section 35k also can be used when a 
very high speed-ratio, whose value lies between those of the Z\ stages, must 
be accurately realized. 

If, in annular gear trains, according to fig. 21, the size of the planets 
approaches the size of the central gears, then obviously only one double¬ 
planet with a small axial eccentricity can be fitted inside of the annular gears 
as shown in fig. 76. Considering the high speed-ratio, the overall size of this 
transmission type is particularly small. However, it can be packaged even 
more densely when the two annular gear stages are nested as shown in fig. 
77. 

To assure trouble-free meshing in annular gear stages with standard 
involute gears, the difference between the number of teeth A z = Z\ - z p \, 
or Az = Z 2 ~ Z P 2 > nrnst be equal or larger than 8. However, this minimum 
difference can be reduced to Az = 1 when the tooth profiles are corrected as 
suggested by Clarenbach [32] (e.g., see fig. 17). This smallest difference A z 
— 1 also can be realized with pin wheel transmissions such as the Cyclo 
transmission shown in fig. 78. Further investigations of involute gear stages 
with small differences between the number of planet and central gear teeth, 
have been conducted by T. Sunaga [24] and W. Schafer [26]. 



Fig. 77. Especially narrow planetary transmission with a high speed-ratio. Modifica¬ 
tion of the type shown in fig. 75, z 0 * +1. 
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Fig. 78. Cyclo transmission, an open planetary transmission for single stage speed- 
ratios / s2 = -9 to -85. T 2zmax = 10 to 34,000 Nm: a , axial section; b, front view 
without housing; c, comparison between the output stage connected by pins (right 
side ) and kinematically-equivalent output stage connected by parallel links (left 
side): R, roller, B, bore, e , eccentricity. 


Unfortunately the efficiencies of these positive-ratio transmissions with 
basic speed-ratios / 0 * 1 become the lower, the higher their speed-ratios are 
pushed up, which is contrary to their kinematical advantages. This is due to 
the fact that in this range the power-ratios P R /P in become equal to the 
speed-ratios 4i and / s2 , as can be seen from figs. 66 and 67. The efficiencies 
themselves can be calculated with the aid of worksheet 5. With increasing 
speed-ratio they tend to zero when the carrier shaft is the input shaft. How¬ 
ever, when the carrier shaft is the output shaft, Tj is and rj 2s become negative 
when the speed-ratios / ls and i 2s decrease towards zero which means that the 
value of the step-up speed-ratio is limited by the incidence of self-locking. 

The Cyclo transmission of fig. 78 which has been developed by Siemens- 
Schuckert [6], initially as a reduction drive for electric motors, is a further 
example of an open positive-ratio transmission of the type shown in fig. 
29b. Its annular gear 1 is a pin wheel and the planets 2 accordingly have 
cycloidal tooth profiles. The two planets, which are connected to the out¬ 
put, are arranged side by side to balance the carrier s , and at the same time 
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provide two branches for the power-flow. In the Cyclo transmission, the 
rotation of the eccentrically positioned planets is transmitted with a speed- 
ratio of / = +1 to the central shaft 2 Z through a parallel, pin type transmis¬ 
sion, rather than a cardan shaft as shown in fig. 29. This part of the drive 
consists of rollers R which are supported by pins mounted on the face of an 
output flange. With a play of 2e, which is equal to twice the eccentricity of 
the planet’s orbit, they simultaneously engage the large holes B provided in 
the planet blanks and thus produce a motion which is analogous to the 
motion produced by the transmission shown in fig. 78c, where the parallel 
disks are coupled by a number of short links. 

Alternately, the Cyclo transmission can be considered as a reverted plane¬ 
tary transmission of the type shown in fig. 21, where, however, input and 
output are reversed and the stage p x /1 is replaced by the described pin-type 
transmission which has a speed-ratio of i = + 1. Since n 2 = n 2z , the analysis 
of the transmission remains the same for both points of view and follows 
the procedure outlined earlier for simple planetary transmissions. With the 
gear sizes of the given example, the basic speed-ratio becomes 


4 = hi = 


Z\ 



= 0.9 . 


Since the annular pin wheel 1 is fixed to the housing, the speed-ratios are: 


. _ 4 0.9 

hl 4-1 0.9-1 



1 

9 ’ 


—9 and 


as can be verified with worksheet 1, boxes 31 and 30 respectively. If r\ 0 is 
known, the efficiencies of this transmission can be found from worksheet 5 
where boxes 17 and 14 apply since the basic speed-ratio lies in the range 0 < 
4 < 1. Thus: 


4-1 _ - 0.1 _ 0.1 
4 - l/l?o °- 9 - l/’lo - 0-9 


and 


4 Vo 




4 - 1 


0-9 - Vo 
- 0.1 


lOvo - 9 • 


The latter equation indicates, that self-locking occurs when i] 0 £ 0.9, and 
the carrier shaft operates as the output shaft. 

The actual basic efficiency of the Cyclo transmission, however, is higher 
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than 0.9 since the rollers of the annular gear and the output pin-drive stage 
are free to rotate on their support studs and consequently the “tooth- 
friction losses” remain extremely low. 

Fig. 15 indicates that positive-ratio transmissions with internal gears as 
shown in fig. 75, have substantially higher basic efficiencies than positive- 
ratio transmissions with external gears as shown in fig. 74. According to fig. 
16, the geometrical loss factor / L has a minimum around Az = 8 and then 
increases as a consequence of the necessary profile correction, with a de¬ 
creasing difference between the number of pinion and annular gear teeth. 
However, in the practically important speed-ratio range it remains always 
lower than for comparable transmissions with external gears. 

Positive-ratio transmissions with high speed-ratios and an / 0 « 1 are 
used only where small powers must be transmitted at unusually low speeds 
or in position and servo-drives. As power transmissions they are too uneco¬ 
nomical. Moreover, it would be difficult to dissipate the heat which is gen¬ 
erated at higher loads. 

Therefore, only those revolving or two-shaft drive trains which have a 
high positive or negative basic speed-ratio are suited as power transmissions 
for speed-ratios / of up to about 50. Preferred are the types shown in fig. 35 
which offer good efficiency and the possibility of power branching, and fig. 
21 whose two annular gear stages have an especially good efficiency. 

If the required speed-ratio of a power transmission exceeds the capability 
of these simple planetary transmissions types, several of them can be con¬ 
nected in series to form multi-stage transmissions. Otherwise, bicoupled 
transmissions must be used, discussed in sections 32e, 34, and 35. 


Section 23. Self-Locking Planetary Transmissions 

Self-locking revolving drives with a basic speed-ratio i Q of approximately 
+1 can be used as two-shaft transmissions like self-locking worm gears 
when, for example, servo-drives for small loads are needed, and the input 
and output shafts must be coaxial. They can be used also in small hoists, for 
which a load brake is not specifically required. 

The partial-locking property of a three-shaft transmission can be used 
also to satisfy the requirements of special drives such as shown in fig. 79 
where the carrier of the self-locking positive-ratio gear train can be either 
locked by the brake B or can be rotated freely. In the first case, the speed- 
ratio between input 1 and output 2 is only slightly larger or smaller than 1. 
In the second case, the gear train operates in a partially-locked condition as 
a coupling with a speed-ratio i X2 of precisely 1. This small difference 
between the speed-ratios could be used to obtain a phase shift—however, 
only in one direction—between two shafts. 
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Fig. 79. Three-shaft transmission which is capable of self-locking for phase shift 
application in one direction. Brake B open: partial-locking with i n = 1; brake B 
locked: i n = 4 76 !• 

The self-locking property of revolving drive trains has been used only sel¬ 
dom; perhaps because the conditions of self-locking, which only a few years 
ago were still disputed, are not widely understood, but certainly also 
because the efficiency in the unconstrained power-flow direction, that is, 
when the carrier shaft is an input shaft, is always less than 0.5. Another 
reason may lie in the fact that the tooth-friction losses cannot be accurately 
predicted. If, therefore, the design analysis is based on the tooth-friction 
losses as discussed in section 6, it is advisable to choose an operating point 
within the self-locking range which is sufficiently far from the self-locking 
limits. 

At this point it is strongly emphasized that only the load-dependent roll¬ 
ing losses, that is, the tooth-friction losses and the load-dependent parts of 
the planet-bearing losses, influence the implementation of self-locking. The 
idling and speed-dependent losses do indeed influence the final overall effi¬ 
ciency, but in transmissions which do not yet operate in the self-locking 
range, they can always be compensated for by a corresponding increase of 
the input torque. Consequently, they must not be considered when the capa¬ 
bility of a planetary transmission to become self-locking is to be investi¬ 
gated. Thus, for all efficiency considerations in the self-locking range, or 
close to it, a basic efficiency t} 09 which has been calculated according to the 
recommendations given in section 6, must be substituted into the efficiency 
equations. 


Section 24. Three-Shaft Transmissions as 
Superposition Drives for Power 
Division and Power Summation 

a) Definitions 

The terms “power division,” describing the division of the input power 
of a single input shaft between two (or more) output shafts, and “power 
summation,” describing the concentration of the power of two (or more) 
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Fig. 80. Transition from power division {right side) to power summation {left side) 
when a shaft a changes its direction of rotation and thus the sign of its power. 

input shafts in a single output shaft of any drive, do not characterize two dif¬ 
ferent types of transmissions, but rather two different modes of operation 
which are possible in the same transmission. If, in a transmission with three 
connected shafts, one of these shafts, (e.g., shaft a in fig. 80) changes the 
sign of its speed or torque, then the sign of its power also changes. Thus, the 
mode of power division changes to the mode of power summation or vice 
versa. The summation of two quantities, independent of their signs, is fre¬ 
quently called superposition and, consequently, a planetary transmission 
which effects a power summation or superposition may also be called a 
superposition drive. Power division, of course, is the summation of two 
negative powers and thus is also a power superposition. The term super¬ 
position drive, therefore, is applicable to both modes of operation and quite 
generally characterizes a transmission with three or more connected shafts 
which receive positive or negative powers in varying changing proportions. 

The simultaneous transmission of arbitrarily varying powers to several 
shafts is possible in three different ways: 

1. The speed may be arbitrarily varied, while the shafts maintain a given 
constant torque ratio. This possibility exists for all revolving drives whose 
shaft torques, according to R 11 and eq. (46), bear a constant ratio which is 
dependent on the transmission configuration. In this case, however, the 
number of independent speeds, which can and must be specified, must be 
equal to the number of degrees of freedom of the transmission, that is, 
equal to two for a simple planetary transmission, or equal to four for each 
of the compound transmissions shown in figs. 97 and lllq. The dependent 
speed is then obtained as a sum to which each freely-chosen speed con¬ 
tributes an addend. For simple revolving drives we thus obtain, with eqs. 
(23) to (25), and eqs. (33) to (36), 


m = hify + *\s n s » 

n 2 = him + / 2s ^s , 
m = mm + kirn • 


This summation is valid also for compound revolving drives with more than 
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two degrees of freedom, for example, for transmissions as shown in fig. 97, 
where 


rte = 4a "a + 4b«b + 4c «c + 


and fig. lllq, where 


n B — *Ba rt A + *BC W C + 4 d w D + *BE n E • 


In this context, i stands for the speed-ratio which exists between the shafts 
indicated by its subscripts when all other connected shafts are locked, that 
is, when the indicated shafts rotate positively constrained. 

Revolving drives, consequently, are suited also for the superposition 
(summation) of speeds as will be discussed in more detail later in section 27. 

2. The torques may be arbitrarily varied, whi e the given speed-ratios 
remain constant. This possibility exists for the usual, positively constrained 
transmissions with spatially fixed axes, whose more than two connected 
shafts bear a constant speed-ratio relative to each other which depends only 
on the transmission design (e.g., figs. 81 and 82). 

For this type of transmission, the dependent torque is obtained as a sum, 
to which each independently given torque contributes an addend. If the 
losses are neglected, the input torque 7] for the power division drive of fig. 
82 can be obtained from eq. (6) as: 

*i= -(f7; + fr b + -ir c + ...+lr h ). (66) 

Via *ib *ic *ih / 

Therefore, positively constrained transmissions wilh more than two shafts 
can be used also when several torques must be sup erimposed (torque sum¬ 
mation). 

3. The speed may be arbitrarily varied at some of the connected shafts 
and, at the same time, arbitrarily given torques may be varied at others. 
This possibility exists, for example, for four-shaft bicoupled transmissions 
of the type shown schematically in fig. Ills. 

Which of these three modes of operation is possible in a given transmis¬ 
sion can be determined from its static, kinematic, and operational degree of 
freedom as will be discussed in the following section. 

b) Static, Kinematic, and Operational Degree of Freedom 

The number of the independent variables, that is, the number of the 
independent speeds and torques which completely specify the state of opera¬ 
tion of a transmission, shall be called its operational degree of freedom. The 
degree of freedom, which specifies the number of independent speeds and 
which has already been discussed in section 3, henceforth shall be called the 
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kinematic degree of freedom F kim . The index “kim,” short for “KIneMatic,” 
is used to avoid a possible confusion with “kinetic.” The degree of freedom 
which specifies the number of independent shaft torques that are needed to 
satisfy the static equilibrium conditions shall be called the static degree 
of freedom F stat . Consequently, the operational degree of freedom is 
defined as 

^op = ^kim T ^stat * 

Following general usage, this book shall always refer to the kinematical 
degree of freedom when the term “degree of freedom” is used without fur¬ 
ther specification and the symbol F carries no subscript. 

According to section 3, a simple revolving drive train has a kinematic 
degree of freedom ■^kim ~ Only one of these torques can be arbitrarily 
chosen because, according to eq. (46), its three shaft torques bear a constant 
ratio with respect to each other. Thus, its static degree of freedom F stat = 1 
and its operational degree of freedom become 

F op = 2 + 1 = 3 = 7V CS 

where N cs symbolizes the number of its connected shafts. 

According to section 3, a conventional transmission has one kinematic 
degree of freedom F kim = 1, even if it has more than two connected shafts 
as shown, for example, in figs. 81 and 82. Consequently, the speeds of all of 
its connected shafts must bear a constant ratio relative to each other. The 
output torques, on the contrary, can be freely chosen. In the drill head of 
fig. 82, for example, the drill loads produce eight arbitrary (output) torques 
F a to F h . Therefore, its input torque is determined by eq. (66) and can no 
longer be freely chosen. Consequently, the static degree of freedom is 1 less 
than the number of connected shafts, that is, ^stat = N cs - 1 and the opera¬ 
tional degree of freedom of this conventional transmission becomes 

Fop - ^kim + ^stat ~ 1 + (N cs - 1) = N cs 
as for a revolving drive. 

If drive systems are investigated which are arbitrarily composed of con¬ 
ventional and revolving drives, the same result is obtained which is valid for 
any transmission. The operational degree of freedom F op is equal to the 
number N cs of the connected shafts: 

^op = ^kim ^stat = N cs . (67) 

If the kinematic degree of freedom has been determined as discussed in sec¬ 
tion 3, then the static degree of freedom obviously can be found from 



( 68 ) 
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^stat = Wes ^kim * 

If a transmission is designed to transmit mechanical power, then it must, of 
course, be capable of bearing the required torque, that is, it must have a 
static degree of freedom of at least 1 which, with eq. (68), leads to the fol¬ 
lowing guide rule: 

The number of connected shafts of a power transmission R27 
must exceed the number designating its kinematic degree of 
freedom by at least 1. 

Together with R 5, this general rule facilitates a quick examination of 
complex compound transmissions. It also points out that a constrained 
transmission must have at least two torque transmitting shafts, and a 
revolving drive with two degrees of mobility must have at least three. 

c) Conditions for Stable Operation of Superposition Drives 

A mechanical system which consists of three or more motors and machines 
can reach a steady-state point only when the operating characteristics of its 
components are matched to the characteristics of the superposition drive 
which connects them. This drive must receive a number of independent 
input speeds and torques equal to the number of its operational degrees of 
freedom F op , and the characteristic curves of the motors and machines must 
yield stable points of intersection. 

More specifically then, the described system is stable only when the trans¬ 
mission receives a number of shaft speeds, which equals the number desig¬ 
nating its kinematic degree of freedom, and a number of torques equal to its 
static degree of freedom. However, for transmissions with F kim = 1, or F stat 
= 1, which includes all three-shaft transmissions, it is immaterial for which 
of the shafts the speeds are specified, and for which of the shafts the torques 
are specified. 

If a transmission is connected to a motor or a machine whose interdepen¬ 
dent torques and speeds are uniquely determined by its characteristic curve, 
then, as a consequence of this constraint, only its speed or its torque can be 
freely chosen. Therefore, each connected machine or motor with such a 
characteristic curve occupies one operational degree of freedom. This 
means that for each connected machine or motor whose speeds and torques 
are definitely related, the number of operational degrees of freedom of the 
superposition drive is reduced by 1. More specifically, the characteristic 
curve of a connected machine reduces the number of kinematic degrees of 
freedom when all static degrees of freedom of the transmission are occupied 
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by prior constraints, and vice versa. Prior constraints are torques which are 
specified independently of the speeds, such as load torques of a hoist, and 
torque independent speeds, such as the speeds of a synchronous motor or 
generator. If all connected machines and motors have clearly defined oper¬ 
ating characteristics, the machines operate with those transmission related 
speeds at which all their dependent torques are in equilibrium at their com¬ 
mon operating point. 

The second of these stability conditions, which specifies that the operat¬ 
ing characteristic curves of the connected machines and motors must inter¬ 
sect in stable operating points, is met if, with increasing speed, the machine 
torques increase while the motor torques decrease. 

It is understood that even in drive systems composed of several revolving 
and conventional gear trains possessing more than one kinematic degree of 
freedom and, at the same time, more than one static degree of freedom, 
only one speed can be freely chosen for a group of shafts which are posi¬ 
tively connected internally. Likewise, only one torque can be freely chosen 
for the shafts of the revolving gear trains which already bear a constant 
torque ratio relative to each other. 

Most practical drive systems consist of transmissions with a single kine¬ 
matic degree of freedom and one or more static degrees of freedom, that is, 
conventional transmissions with spatially fixed axes, for which 

« a ' : n c : • • • = const. 

Also used are simple revolving drive trains with a single static and two kine¬ 
matic degrees of freedom. Transmissions with one static and more than two 
kinematic degrees of freedom are possible as compound planetary transmis¬ 
sions such as shown in fig. 12, whose torque ratio can be determined analo¬ 
gously from eq. (46): 

T a : T b : T c : T d : T t = const., and thus 
^stat =: 1» ^kim = 4, SO that /^ 0 p = 5 . 

Transmissions with three or more connected shafts usually have either one 
kinematic and several static degrees of freedom, or one static and several 
kinematic degrees of freedom, depending on whether their shaft speeds, or 
their shaft torques, bear a constant ratio relative to each other. In each of 
these cases, the connected machines and motors operate in fundamentally 
different modes which lead to fundamentally different operating character¬ 
istics for the overall drive system. These differences will be further ex¬ 
plained by the following examples. 
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d) Examples of Transmissions with One Kinematic 
Degree of Freedom (F kim = 1) 

a) Marine transmission for twin-engine propeller drive. The marine 
transmission shown in fig. 81a has three connected shafts and, conse¬ 
quently, three operational degrees of freedom. As a conventional transmis¬ 
sion it has one kinematic degree of freedom, so that according to eqs. (67) 
and (68), F 0 p = 3, F kim = 1 and F stat = 2. Of the three operational degrees 
of freedom, one is occupied on the output shaft by the operating character¬ 
istics of the propeller. The torques of the two diesel engines which, in the 
operating range, are essentially independent of the engine speeds, are 
adjusted separately for each engine by controlling the amount of fuel 
injected per working cycle. Thus, the two static degrees of freedom are 
occupied by the engine torques T A and T B . The torque of the propeller shaft 
is determined by the equation: 


Tc — TX + 7 b — ~ (T A i AC + T B i BC ) , (69) 

where T A and T B are the propeller torque fractions due to the engine torques 
T a and F B . If the friction losses are neglected we obtain from eq. (6): 

T A = - T A i AC and T B = — T B i BC . 

For the given propeller torque T c the propeller speed n c is determined by 
the characteristic curve of the propeller as shown in fig. 81b, which, as pre¬ 
viously mentioned, occupies the only kinematic degree of freedom. Conse¬ 
quently, the engine speeds become 

n A = Mac > and n B = n c i BC . 




Fig. 81. Marine drive, a, with two input shafts and one kinematic degree of free¬ 
dom; b, characteristic curve of the propeller. 
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Basically it is possible to choose the torque of one of the engines to be zero, 
that is, to disconnect one of the engines from the transmission. The propul¬ 
sion system then remains operable as is well-known. 

If, instead of controlling the engine torques, an attempt were made to 
individually control the engine speeds at arbitrarily chosen levels by means 
of governors, it would be found that it is impossible to predict the final state 
of operation since, because of F kim = 1, only one of the speeds of the system 
can be freely chosen. Depending on the power delivered by the two motors, 
any one of the three following final states of operation could be reached. 

1. The propeller rotates at the higher of the two chosen speeds provided 
the motor, which is governed at this speed, develops enough torque to drive 
the propeller and drag the other motor whose regulator then remains closed. 
In this case the kinematic degree of freedom is occupied by the governed 
higher speed, while the first static degree of freedom is occupied by the 
torque required to drag the other motor, and the second by the character¬ 
istic curve of the propeller. 

2. The propeller rotates with a speed which lies between the two chosen 
speeds. The governors then operate one motor at the highest possible fuel 
injection rate and idle the other. This condition occurs when the maximum 
torque of the motor with the higher chosen speed is smaller than the pro¬ 
peller torque at this speed. In this case, the torque delivered by this motor at 
maximum fuel flow, and the torque required to drag the second motor, 
occupy the two static degrees of freedom. The propeller torque T c can now 
be determined with eq. (69) and the propeller speed n Ci which occupies the 
only kinematic degree of freedom, from the characteristic curve of fig. 81b. 

3. The propeller rotates at the lower speed which has been chosen for the 
second motor. This case occurs when the maximum torque of the first 
motor alone is just large enough to drive the propeller at a speed below the 
chosen speed of the second motor. The governor of the second motor then 
adjusts the fuel injection rate until the engine runs at its originally chosen 
speed. The only kinematic degree of freedom is thus occupied by the gov¬ 
erned speed of the second engine, and the two static degrees of freedom by 
the peak torque of the first motor and the characteristic curve of the 
propeller. 

Thus, in two of these cases, the characteristic curve of the propeller occu¬ 
pies one of the two static degrees of freedom. In the other case, it occupies 
the only kinematic degree of freedom. 

0) Multi-spindle drill head . As a conventional transmission, the drive of 
the drill head shown in fig. 82 has one input and eight output shafts. 
According to R 6 and eqs. (67) and (68) 


F =9 

* op 


^icim = 1 and thus F stat = 8 . 
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Fig. 82. Gear train with one degree of freedom for a multiple spindle drill head; 
input shaft /, output shafts a-h. 


The torques needed to drive the eight drill bits are independent of the drill 
speeds and have priority in occupying the available eight static degrees of 
freedom. Since the kinematic degree of freedom is occupied by the charac¬ 
teristic curve of the drive motor, the system can operate at a steady state 
point. 

7 ) Common drive for two centrifugal pumps. Two identical centrifugal 
pumps A and B are to be driven with different speeds as shown in fig. 83a 
by a motor M which acts through a division drive. 

The drive train has the following number of degrees of freedom: F op = 3, 
F kim = F s tat = 2. Since F kim = 1, all speeds bear a constant ratio relative 
to each other so that the two pump speeds n A and n B can be found easily for 
any motor speed « M . The pump torques T A and F B , at n A and n B respec¬ 
tively, are then obtained from the common characteristic curve of the two 
pumps as shown in fig. 83c. 

The diagram of fig. 83d shows the characteristic curve of the motor 7 m 
and the two torque curves T A and T B of the pumps which have been trans¬ 
ferred to the motor map. For example, the transfer of a point P A of the 
characteristic curve of the pump A can be accomplished when the speed- 
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ratio / MA , and the efficiency vma of the gear train which is connected to the 
pump A, are known and the torques and speeds are converted separately 
with eqs. ( 6 ) and ( 1 ) as follows: 

T 1 

T' k -— • — and «A = «m = «a4ia • 

VMA l MA 

Likewise for pump B: 

T 1 

Tb -— • -— and «b = «m = «b'mb • 

^MB *MB 

Ta and 7 q represent the torques, which the motor shaft must transmit 
simultaneously at the speed «a = n B = Hm m order to drive the pumps. 
During steady state operation, the sum of these torques must be equal to the 
motor torque. 

The point of intersection between the characteristic curve of the motor 
and the summation curve 7 a + T & determines the operating point on the 
motor map and thus the motor speed at which the motor torque and the 
pump torques are in a state of equilibrium. 

For the chosen example and with the numerical values from fig. 83b, T M 
= 7a + 7b = 60 Nm and = 20s -1 , so that the operating speeds of the 
pumps are found to be: 



20 

0~4 


= 50 sec 1 


and 




*7ma = *?mb s 098 

0.5 



Fig. 83. Common drive for two centrifugal pumps A and B which consists of a con¬ 
ventional transmission with two output shafts and F kim = 1: a, schematic of the 
drive; b , symbolic representation of the drive; c, characteristic curve of the two iden¬ 
tical pumps A and B with their operating points P A and P B ; d, map of the drive sys¬ 
tem with the characteristic curve of the motor Tm and the characteristic curves of the 
pumps 7 a and 7g which have been transferred onto the motor map. 







The corresponding operating points P A and P B can now be marked over n A 
and n B on the characteristic curve of the pumps shown in fig. 83c. 


e) Examples of Revolving Drive Trains with One Static Degree 
of Freedom and Power Division 


a) Crusher with flushing water pump . Fig. 84 schematically shows a 
crusher and an associated flushing water pump, which are simultaneously 
driven by a single motor. The speed n x of the motor Mis assumed to be con¬ 
stant and independent of the required output torque. The speed of the 
crusher B should decrease as the size of the feed stock and, consequently, 
the required input torque increases, while the pressure p and the flow Q of 
the pump should increase simultaneously with increasing crusher torque. To 
satisfy these conditions, a planetary transmission I is used to split the motor 
output power between the crusher and the pump. A conventional step-down 



Fig. 84. Crusher and flushing water pump driven by a planetary transmission which 
operates in the power division mode: a , schematic of the system; b , characteristic 
curve of the pump showing the driven torque T p ; c, symbolic representation of the 
system; d , characteristic curves of the overall system as a function of the drive torque 
r 3 of the crusher B. 
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transmission is added in the drive line of the crusher to increase its input tor¬ 
que, and a conventional step-up transmission in the drive line of the cen¬ 
trifugal pump to match the system and pump characteristics. The parame¬ 
ters of the drive line may be given as: 

4 = ~ — -“0.3, in = *53 = “4, /’hi = /*64 = —0.8 . 
n 2 

rj 0 = 0.98, rjn = rj m = 0.985, n x = const = 16s" 1 

The pump torque T 4 depends on the speed of the pump as can be seen from 
its characteristic curve shown in fig. 84b, while the required drive torque T 3 
of the crusher is a function of the momentary size and flow of the feed 
stock. T 3 should not exceed a given value ^3max* 

The system has the following degrees of freedom: 

^op = 3 > ^kim = ^ » ^stat = ^ • 

The only static degree of freedom is occupied by the continuously fluc¬ 
tuating torque T 3 at the crusher rolls, while the two kinematic degrees of 
freedom are occupied by the constant motor speed and the characteristic 
curve of the pump. Therefore, the system has a stable operating point. 

For the given parameters, the torques can be calculated with eqs. (6), 
(44), and (45). Thus, 



where according to R 4, T 5 = -T s (see fig. 84c). 

The sign of rl in eq. (43) can be determined even when the speeds are not 
precisely known by the following consideration: According to R 2 and R 3, 
we first define both the speed and torque of the input shaft of the transmis¬ 
sion as positive, that is n x >0 and T x > 0. Subsequently, we determine the 
other signs. According to worksheet 3, or R 13, shaft s is the summation 
shaft, so that according to R 8, T s < 0. Since shaft s is also the output shaft, 
P s = T s n s < 0, consequently n s > 0. Also, since the input power P x must be 
larger than the partial output power P s , T x n x > - T s n s , or n x /n s > - T s /T x 
> 1, so that n x > n s and T x ( n x - n s ) > 0; that is, according to eq. (43): rl 
== 4- 1 . 

It is even easier to obtain rl from worksheet 4, which shows that for 
negative-ratio transmissions and for the unequivocally given power-flow 
1 <s, rl = 4-1. 

Thus, according to eq. (70) 
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r, _ 1 1 

% ~ -0.3 • 0.98 - 1 * 0.985 ( -4) 
with eq. (45) and R 4 


0.196, 


and 


I± 


Ti 

h 


T 2 T a 

r 6 


-l 


7 S T f 


that is, 


1 


Vll l 53 

0.3 • 0.98 


°^° tl ( Vjll^64) » (71) 


T 3 -0.985 (-4) 1 + 0.3 * 0.98 

The speeds are found with eq. (23) and thus: 


1 ~ i 0 Vo 

(-0.985) (-0.8) = -0.0454 . 


«i = i 0 n 2 + (1 - = ' 0 «4'64 + (1 - i a )n 3 / 53 , 

16 = (—0.3) ( —0.8)/2 4 + 1.3( —4)rt 3 = 0.24/j 4 - 5.2n 3 [5-'] . (72) 

The overall efficiency of the transmission at a given operating point 
becomes: 

— zJjHi ~ 

Vtot T,n l 

If the speed of the crusher is lowered until it stops, that is, n 3 becomes 0, 
then, according to eq. (72), the pump reaches its highest speed, 

^4max q 24 66.7 sec 


and, simultaneously, its highest torque T p = - r 4max = 7 Am, as can be 
verified from the characteristic curve shown in fig. 84b. At this state of 
operation the crusher input torque T 3 and the motor output torque T x also 
reach their maximum values. According to eqs. (70) and (71) then: 


^3 max — 


‘ 4 max 


= 154 Am, and 


-0.0454 0.0454 

r lmax = r 3max • 0.196 = 154 • 0.196 = 30 Am . 


During stationary operation the torque cannot exceed these limits, so that 
the system possesses an inherent overload protection. 

If the crusher draws an arbitrary average torque 7" 3 , the pump torque 
becomes 


Ti = — 0.045473 , 
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and, consequently, the pump assumes a speed n 4 which is determined by its 
characteristic curve as shown in fig. 84d. With this speed, and the motor 
speed n l9 the crusher speed rt 3 at this particular operating point can be 
obtained from eq. (72), 

, 0.24^4 - 16 


If we allow to assume a number of values between 0 and r 3max , then we 
obtain the parameters of the corresponding operating points and, conse¬ 
quently, the characteristic curves of the system, as shown in fig. 84d. The 
curves P 3 = T 3 • 2tt • n 3 and P 4 = T 4 • 2tt • n 4 of this map clearly show 
how the two transmission output powers vary with the changing crusher 
torque r 3 . 

/3) Automotive automatic transmission . Similarly, planetary transmis¬ 
sions can be used to split the power-flow in automotive transmissions. In 
the Diwamatic transmission shown in fig. 85a, a planetary transmission I 
(input differential) is used to split the input power between the two power 
paths A and B. Through intermediate gear stages, A leads positively con¬ 
strained to the output, while B connects to the pump P of the hydrodynamic 
torque converter W . The output power of the torque converter flows 
through the gear train II, which is a summation drive with one kinematic 
degree of freedom, and is subsequently added again to the power flowing 
along path A . The reunited total power is then transmitted to the output 
flange, either through the dog clutch K, or the intermediate gear stage III, 
which serves to reverse the direction of rotation of the output shaft. 

The input differential I has the following degrees of freedom: 

Fl,op ^ , ^I.kim = ^ » ^I.stat == ^ • 

One kinematic degree of freedom is preempted by the carrier speed n S9 
which is directly proportional to the speed of the vehicle. The second kine¬ 
matic and the static degree of freedom are occupied by the operating char¬ 
acteristic curves of the pump P and the motor. 

If the vehicle is stopped, shaft A does not rotate and the total engine 
power flows along path B to the torque converter W. However, the carrier 
torque, which, according to eq. (44), depends on the engine torque, acts 
along path A so that the starting torque of the vehicle consists of the carrier 
torque and the large output torque of the stalled converter turbine which is 
added to it through the gear train II. 

At medium vehicle speeds the planetary gear train I operates with power 
division as described earlier. The exact operating point, that is, the ratio 
between the two power-flows, can be obtained from the vehicle speed (pro- 
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i w n m 



b n f \*n 2 ) -- q n, 


Fig. 85. Diwamatic transmission of the Voith-Getriebe KG showing an automotive 
transmission which operates in the power division mode. Schematic of the system, a: 
I, planetary gear train with power division (input differential); //, conventional 
transmission with one degree of freedom for the summation of the carrier and tur¬ 
bine power, overrunning clutch D; III , reversing gear stage with dog clutch K; W, 
torque converter with pump P, turbine T, and brake C which at high output speeds 
allows a purely mechanical power transmission; A, B t partial power paths which lead 
immediately to the output and to the pump of the converter. Characteristic curves, 
b , of the converter pump P corresponding to constant turbine speeds n T , and thus to 

constant vehicle speeds. Characteristics map of the transmission, c:-, assumed 

characteristic curves of the engine corresponding to constant positions of the 

throttle; T fi full throttle torque;-, characteristic curves of the pump for n T = 

constant from fig. 85 b, as mapped onto the characteristic curves of the engine; 
- # corresponding pump speeds n P = n 2 = constant. 

portional to n s ) and the characteristic curves of the converter pump and the 
engine. 

Fig. 85b shows a family of characteristic curves for the converter pump 
where each of these curves corresponds to a constant turbine speed n T and 
thus to a constant carrier speed n s and a particular vehicle speed. 

The solid lines in fig. 85c represent an assumed performance map of the 
engine where each of the characteristic torque curves corresponds to a con¬ 
stant throttle position. 

Since, according to eq. (42), the torques of the engine and the pump bear 
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a constant ratio relative to each other, the characteristic curves of the pump 
can be mapped, point by point, onto the performance map of the motor as 
follows: with the equation /? s = n T i sT , the constant speeds n T which are the 
parameters of the characteristic curves of the pump, fig. 85, are expressed in 
terms of the carrier speed /* s . Each point P of these curves then represents a 
unique pump and carrier speed whose corresponding engine speed can be 
found with eq. (23): 


n x = 4«2 + (1 - 4)« s 


The input torque T P = T 2 of the pump at this operating point (ai 1# n 2f n s ) 
can be read, over n 2 , on the characteristic curve of the pump as shown in 
fig. 85b. A corresponding torque T x , can then be calculated with eq. (42) 
which is written in the form 


Since the motor shaft is the sole input shaft and both shaft A and shaft 2 
can only be output shafts, the power flow in this negative-ratio transmission 
clearly is 1 <J, so that, according to worksheet 4, r\ = +1. 

After mapping a series of points P of the characteristic curve of the pump 
into the corresponding points P' of the motor map, the dashed character¬ 
istic curves of the pump for the parameter n T can be drawn so that the input 
torque T {, which at a given operating point (n 2f n s ) must be transmitted to 
the pump, can be readily obtained. Stable operating conditions are possible 
only when, at a given turbine or vehicle speed, the torque T{ required to 
drive the pump is equal to the motor torque T x . On the motor map, this 
condition exists only at the points of intersection between a dashed curve, 
which represents a characteristic curve of the pump at a given constant 
turbine or vehicle speed, and a solid line which represents a constant posi¬ 
tion of the throttle. If T x and T{ are not equal, (e.g., if T x > T[ as shown on 
line y in fig. 85c), then the speeds (« lf n 2 ), increase until a stable operating 
point is reached which, for this example, lies at the point of intersection 
between the characteristic curves of pump and motor on line z . 

As previously mentioned, together with n x and n T ~ n s , each point P' of 
the motor map also determines the speed n 2 = n P of the third shaft of the 
planetary transmission. Therefore, dash-dotted lines can be added on the 
map to represent the characteristic curves of the pump for the parameter n P . 
With the aid of the converter map, and from the speeds and torques at the 
points of stable operation, the vehicle performance diagram could be con¬ 
structed. However, the details of this procedure are beyond the scope of this 
book and the interested reader is referred to [8]. 

In the transmission of fig. 85, the pump impeller P is stopped by a brake 
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C when the vehicle travels at high velocities where the turbine torque 
approaches zero. Then the stationary turbine is disconnected from the out¬ 
put shaft by an overrunning (sprag) clutch D> so that the total engine 
power is transmitted to the output shaft without slip along the mechanical 
power path A . 


7 ) Common drive for two centrifugal pumps . The same two centrifugal 
pumps, introduced in example 7 , section 24d, may again be driven simul¬ 
taneously by the previously described motor, with the difference that a 
revolving drive is used now to divide the motor power between the two 
pumps. Fig. 86 a shows a schematic of the drive system, fig. 86 c the operat¬ 
ing characteristic curve of the two identical pumps, and fig. 86 d the charac¬ 
teristic curve of the motor. The parameters of the drive are given by: i 0 = 
-0.2, / 43 = -0.2, rj 0 = 0.97, 7743 = 0.98. The two step-up gear trains are 
designed in such a way that the same constant speed-ratios are obtained as 
in the previous example, so that, according to worksheet 2 , box 13, the 
speed-ratio 


^MA 

when 


— ^ls*43 — 


* - 4 

1 — ijk\ 2 


*43 ~ 


1 + 0.2 

1 - 0.2/0.5 


(- 0 . 2 ) 


-0.4 


^MB — k\2 — —0.5 . 


As in the previous example, the common operating characteristic curve of 
the two pumps is transferred to the engine map in order to find the operat¬ 
ing point, which is its point of intersection with the characteristic curve of 
the engine. The revolving drive has only one static degree of freedom. All 
torques, therefore, depend on each other, so that according to eqs. (44), ( 6 ), 
and (42), respectively: 


t 3 = = r, (tri* - 1 ) (W 43 ), 

T 2 = ~T\i 0 rio . 


where the exponent r 1 = +1 can be determined from worksheet 4 for nega¬ 
tive-ratio transmissions with the unequivocally given power-flow 1 <|. The 
output torques of the transmission are: 


T 2 = -T B = 0.19477 , and T 3 = -T A = 0.23477 . 


With these equations, the pump torques T A and T B can be calculated for a 
number of chosen values of the summation torque T [. The corresponding 
pump speeds n A = n 3 and n B = n 2 can then be found from the characteristic 
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Fig. 86. Common drive for two centrifugal pumps containing a revolving drive 
train: a , schematic; b> symbolic representation of the system; c, characteristic curve 
of the two identical pumps; d , characteristic curve T M of the motor and the common 
characteristic curve T{ of the two pumps as functions of the motor speed n { . 

curve of the pumps which is given in fig. 86 c. Under consideration of the 
intermediate speed ratio / 43 , the corresponding motor speed n x can be calcu¬ 
lated when the two pump speeds are introduced into eq. (23), so that 


n x = i 0 n 2 + (1 - io ) n 3/43 = - ( 0 . 2 n 2 + 0.24 n 3 ) . 


The motor speed n x becomes negative when the direction of rotation of the 
pumps is assumed to be positive or vice versa, that is, the motor and the 
pumps rotate with an opposite sense of direction. If the corresponding 
values T{ and n x are plotted on the motor map, fig. 86 d, then the common 
operating characteristic curve T{ of the two pumps is obtained, whose point 
of intersection with the characteristic curve T u of the motor represents the 
stable operating point of the system: T M = T[ = 60 Nm and n x = 20 sec -1 . 
With T Xj the pump torques -T A = T 3 = 14 Nm and -T B = T 2 = 11.4 
Nm, can be calculated, which determine the operating points P A and P B of 
the pumps. The corresponding speeds n A = -47.4 sec -1 and n B = -43.2 
sec -1 can be simply read from the abscissa of fig. 86 c. A comparison 
between these operating points and the operating points of fig. 83c shows 
that the pump speeds at which the torques are in equilibrium are different 
when the transmission has two kinematic degrees of freedom, rather than 
one as shown in fig. 83. 

f) Examples of Revolving Drive Trains with One Static Degree 
of Freedom and Power Summation 

Two motors can simultaneously drive a machine through a three-shaft 
transmission, if, at any stable operating point of the system, the motors can 
adjust their output torques to the exact ratio required by the transmission, 
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Fig, 87. Superposition drive for the summation of the powers of two electric motors 
E y and E 1 (the output speed can be varied by selective operation of the motors as 
shown in table 4); B u B 2 , brakes (according to Voith, Heidenheim). 


and thus adhere to R 12. However, because F kim = 2, the speeds of the two 
motors are independent of each other and can assume the values required by 
their operating characteristics. If one of the motors is stopped, a torque 
from the other motor or the driven machine still acts on its output shaft and 
must be counteracted by a brake or stop. In this respect, the drive differs 
fundamentally from the summation drive with one kinematic degree of free¬ 
dom as described in the previous example in section 24da, fig. 81a. 

Another condition for the operation of a summation drive is that its input 
torques act in accord with motor rotation, while the output torques of the 
motors oppose it (R 3, R 4). This point may appear to be self-evident, but is, 
nevertheless, useful for work with motors whose direction of rotation can 
be reversed, such as, for example, electric or hydraulic motors. When the 
direction of rotation of one of the connected motors is reversed, according 
to R 12 its torque remains unchanged, and thus its power To) becomes posi¬ 
tive, that is, it acts as a brake and absorbs power from the system. The 
reversal of one direction of rotation, therefore, changes the operation from 
power summation to power division, or vice versa (see R 18). 

a) Selective summation of the output powers of two electric motors. As 
an example, fig. 87 shows a negative-ratio transmission as a superposition 
drive connected to two electric motors. By operating only one, or the other, 
or both motors with a common or opposite direction of rotation, a maxi¬ 
mum of four different output speeds in either direction can be obtained at 
the output shaft s. If one of the two motors is switched off, the torque 
which acts on the stopped shaft must be counteracted by brakes B x or B 2 > 
respectively. For a basic speed-ratio i Q = -4 and the motor speeds n x and 
n 2 , the four possible stable types of operation are summarized in table 4. 
The output speeds are calculated from eq. (25) and the types of operation 
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TABLE 4. Possible Types of Operation of the Superposition Drive 
Shown in Fig. 87 


Mjsec 1 

sec 1 

rt s sec -1 

POWER-FLOW 

TYPE OF OPERATION 

+25 

0 

5 

1 — S 

SR 

-25 

+25 

15 

2 < \ 

PD 

0 

+25 

20 

2- S 

SR 

+ 25 

+ 25 

25 

2 > 5 

PS 


are power division PD, power summation PS, and simple speed reduction 
SR. Each of the two motors drive one difference shaft of the superposition 
drive and, therefore, their torques have the same signs regardless of their 
directions of rotation (R 9). Therefore, the transmission operates with 
power summation and shafts 1 and 2 are input shafts only when the direc¬ 
tions of rotation of both motors are equal to the directions of the gear 
torques, that is, also equal to each other (see line 4 in table 4). If the poles of 
motor Ei are reversed, only the sign of its speed changes. Its power, conse¬ 
quently, becomes negative, that is, it works as a brake. Motor E 2 now is the 
only drive motor and its output power is split between the shafts 1 and s’ as 
indicated by line 2 in table 4. Transmissions of this type are suited, for 
example, for elevator drives, where only the two discrete operating condi¬ 
tions described by lines 1 and 4 are used for normal hoisting, and the slow 
approach before stopping, respectively. 

13) Synchronizing drive for gantry crane . A similar drive system is used 
to synchronize the independent drive motor of gantry cranes. While one of 
the two trucks is powered by a single electric motor, the other is driven by a 
main motor and a synchronizing motor (figs. 88 and 89). Acting through a 



Fig. 88. Synchronizing drive for gantry cranes with individually powered trucks. H, 
main motor; G, synchronizing motor; B x , brake to counter the torque when the syn¬ 
chronizing motor is switched off; P , planetary transmission operating as super¬ 
position drive; B 2 , B 3t main brakes; K, flexible coupling (according to Demag). 
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ft 



Fig. 89. Axial section of the superposition drive shown in fig. 88: s, carrier, driven 
by the main motor; i, central gear, driven by the synchronizing motor; 2, annular 
gear whose additional external gearing meshes with the output gear, 3. 


planetary transmission, the latter can superimpose an additional speed com¬ 
ponent onto the basic speed of the main drive motor. During normal opera¬ 
tion, however, the truck is driven only by the main motor. The trucks on 
either side of the crane bridge are always operated simultaneously and are 
designed to reach and maintain identical speeds. If, however, due to an 
uneven load distribution, the two trucks assume different speeds and the 
bridge is in danger of cocking in its tracks, then the synchronizing motor is 
switched on for a short time. By superposition, this slightly increases or 
decreases the speed of the truck and thus restores the synchronization 
between the two legs of the bridge. If the superposition drive is properly 
designed, the controlling synchronizing motor can be much smaller than the 
main motor. As in the previous example, power summation occurs only 
when the auxiliary motor increases the travel speed. If its direction of rota¬ 
tion is reversed to lower the travel velocity, it acts as a brake. The super¬ 
position drive then operates with power division. When the synchronizing 
motor is not operating, the reverse torque acting on its shaft must be coun¬ 
teracted by a brake. 
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Section 25. Three-Shaft Transmissions as Sensors for 
Torque Control and Overload Protection 

If a three-shaft transmission is used as a simple reduction drive with a 
single input and output shaft, then, according to eq. (39) or (46), the torque 
of the third shaft must be counteracted by a suitable device. Since, accord¬ 
ing to eqs. (42), (44), or (45), this third torque bears a known ratio relative 
to each of the other two torques, it does at the same time indicate their 
value. Thus, such a transmission can simply and continuously monitor the 
torque load of the transmission and the coupled machinery through an 
external stationary measuring device. For this purpose it is only necessary to 
impose the supporting torque of the non-rotating third shaft on a force or 
torque transducer, through which it can be read-out, registered, or used as 
input to a torque control system. 

Since eqs. (42), (44), and (45) contain the basic efficiency i^ 1 , the accur¬ 
acy of the described method is limited by the accuracy with which rj Q is 
known for each operating condition. Moreover, the torque ratio which is 
obtained from each of the three equations depends on rl, that is, on the 
direction of the power-flow in the revolving drive. Thus, it may change 
whenever the direction of the power-flow changes during operation. 

a) Torque Control 

Fig. 90 schematically shows a planetary transmission as used in a torque 
control device. The input shaft 1 is driven in the direction indicated by the 
arrow; the carrier shaft is the output shaft and turns in the same direction as 
the input shaft 1. The output torque T s , however, acts on the carrier shaft in 



Fig. 90. Schematic of a speed-reducing revolving gear train with lever system for 
torque control: 1 , input; s , output; 2, annular gear supported by the central spring F 
and anchor screw for the adjustment of the spring tension and thus the controlled 
torque; G, accelerator linkage of the engine. 
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the opposite direction, that is, counterclockwise. The annular gear 2 is sup¬ 
ported in bearings, but is prevented from rotating by an adjustable spring 
and, thus, is restricted to limited oscillating motions. By a system of levers, 
this oscillation is transmitted to the accelerator of the engine which 
increases the engine torque T { when it turns in the positive direction, and 
vice versa. During operation, an equilibrium condition is reached between 
the spring tension, which corresponds to the torque T 2 , the motor torque 
T u and the output torque T s , which is thus determined. The output speed 
depends on the operating characteristic curves of the drive motor and the 
driven machinery whose torque should increase with increasing speed for 
the reasons discussed in section 24. 

If the spring is moved to the right by turning the adjustable anchor screw, 
the accelerator moves to increase the flow of fuel to the engine, while the 
spring tension momentarily remains constant. Consequently, the engine 
torque and the torque T 2 increase simultaneously with the output torque. 
This, in turn, increases the spring tension and thus reduces the flow of fuel 
until a new equilibrium condition at a higher torque level is reached. 

b) Overload Protection 

To protect a drive system from excessive torque loads, a three-shaft gear 
train, which operates as a reduction gear, can be used. In this case the third 
shaft is held by a brake which is set for the maximum allowable system 
torque. Upon reaching the set torque limit, the third shaft breaks away and, 
thus, limits a further increase of all three shaft torques. According to eqs. 
(42), (44), and (45), the maximum input and output torques depend on the 
break-away torque of the brake. 

Protection against shock loads can be obtained when the third shaft is 
held by a spring and damper system that can deflect and absorb the shock 
energy. In this case the third shaft goes through a damped oscillating 
motion whose peak amplitude depends on the compliance of the spring. 

Fig. 91 shows a cross section of a transmission, which is simultaneously 
protected against shock loads by a series of compression springs, and 
against torque overloads by a hydraulic brake. Both the spring-loaded 
shock protection and the brake act on the carrier. The transmission, there¬ 
fore, operates normally as a basic gear train. The break-away torque can be 
adjusted by altering the hydraulic pressure in the brake system. This trans¬ 
mission is used in the drive system of a generator which feeds the network of 
an electric railway system and experiences extremely high peak loads when 
the large traction motors start up and accelerate. Small shock loads are dis¬ 
sipated by the springs, large ones by a momentary slipping of the safety 
brake. The advantage offered by the planetary gear train essentially lies in 
the fact that the spring and brake system is stationary. For extreme loads, 
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Fig. 91. Planetary transmission with herringbone gears and overload and shock pro¬ 
tection as used in the drive system of a generator feeding the network of an electric 
railway system (according to BHS, Huttenwerk Sonthhofen): 7, input; 2, output; s, 
carrier, connected to the hydraulic brake B t which is supported in the housing by 
several compression springs distributed around the circumference; D, brake drum; 
E , pressure side of hydraulic brake; F, seal; G, brake shoes; H> return springs. 



such a device is easier to design and maintain than a slip clutch with rotating 
parts. 

c) Four-Square Test Stand 

In a similar arrangement, a three-shaft transmission can be used as a 
loading device for a four-square test stand. These test stands are used to test 
gear trains at or above their rated loads. Four-square test stands have a 
closed power-flow, that is, the output power of the test transmission is fed 
back to its input through a closed system of shafts and gear trains. Under 
stationary test conditions, therefore, only the relatively small power losses 
of the test transmission, and the other moving parts of the test stand, have 
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to be made up continuously by the drive motor. 

In fig. 92, a four-square test stand is shown schematically. If the gear 
ratio / 56 of the intermediate gear train C is matched with the gear ratio / 34 of 
the test transmission A, so that / 34 / 56 = i 2s of the revolving transmission B, 
then the sun gear 1 does not rotate, since / 2s is the two-shaft speed-ratio of 
shafts 2 and s. As long as shaft 1 carries no load, the torques of shafts s and 
2, as well as those of all other coupled shafts, must be zero. If, however, the 
motionless arm L on the sun gear shaft is loaded, a torque is imposed on 
shafts s and 2 which flows from the output shaft 2 through the gear trains A 
and C back to the input shaft s . For any chosen load torque 7i, the resulting 
shaft torques T 2 and T s can be calculated from eqs. (42) and (44), while the 
torque loads carried by gear trains A and B can be obtained from eq. (6). 

With the assumptions made for the example shown in fig. 92, the required 
motor torque T M is obtained as a function of the load torque T x . The torque 
T 6 is the output torque of gear train C, and T s the input torque of gear train 
B, and thus T s = -T 6 . Provided the power flows through the system from 
B to A to C to By the equilibrium conditions for shaft 6 require that: 


?M + Ts + h6V56^5 — 0 


and thus, because T 6 = - T s , 



Fig. 92. Schematic of a four-square test stand: A, test transmission; B, planetary 
transmission with load lever L connected to the sun gear 1; C, intermediate gear train 
for the recirculation of the power-flow; M, drive motor covering the power-losses. 
Assumed data: i Q = -4, z 56 = -5 / 8, / 34 = -2, r? G = 0.98, rj A = r/ c = 0.985. 
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From eqs. (44) and (7) and with 


^ = ( -1 ) (- 44434 ) (—!)(— ioVo ) 

1 \ l 4 *3 l 2 l \ 

we obtain 

~ U 0 V 0 ~ 1) “ '56756 ("'34734)(~'o7o‘) • 

*1 

For the power-flow s2 of the negative-ratio transmission B we find with 
worksheet 5, box 16, that wl = +1 and thus: 


= -4 • 0.98 - 1 + l • 0.985 • 2 • 0.985 • 4 • 0.98 = -0.1659 . 

T x 8 

If the direction of rotation of the test stand, or the direction of the torque 
acting on the arm L, is reversed, the power-flow in the system and in each 
gear train is also reversed. Gear trains A and C are loss-symmetrical, that is, 
they have the same losses in either direction of rotation. This, however, is 
not true for the revolving drive train B. Therefore, its efficiency and, con¬ 
sequently, the theoretically required motor output power change slightly 
when the direction of rotation is reversed. This problem does not arise when 
the transmission B has a positive speed-ratio and, therefore, operates in its 
basic mode where it is also loss-symmetrical. The test load, of course, must 
then be imposed on the carrier shaft. 


Section 26. Three-Shaft Transmissions as Phase Adjusters 

Drive systems, as shown in fig. 93, can be employed to vary the relative 
angular positions of two or more shafts rotating at the same speed. There¬ 
fore, they are used to change the position of the folding knife in rotary 
printing presses which are adjustable for various formats, and also to match 
the print rollers in multicolor printing presses. If the total speed-ratio 
between roils A and B is / AB = 1, while the arm C remains fixed, then the 
rolls rotate synchronously. If now the arm Cis moved by an angle <p Ci roll B 
can be adjusted to lead or lag roll A by an angle <p B during full operation. 
This process is understood more readily if it is assumed that the drive and, 
thus, roll A y does not rotate while this adjustment is made. 

For a system as shown in fig. 93a which incorporates a negative-ratio 
transmission, worksheet 1 shows that: 
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a b 


Fig. 93. Three-shaft transmission which permits shifting the relative phase of the 
rollers A and B , which operate at the same speed, by turning the lever C: a, negative- 
ratio transmission where the phase shift is effected by turning the sun gear; b , 
positive transmission where the phase shift is effected by turning the carrier. 

<PB 
V’c 

Accordingly we have: 

<Pb 
<P c 

for the drive shown in fig. 93b. The latter system is better suited for high¬ 
speed applications since the planet carrier is at rest and the planet bearings 
are not subject to the additional loads caused by the centrifugal forces. 

As a further example, fig. 94 shows the principle of a propeller pitch- 
change mechanism. Acting through a planetary transmission and a worm 
gear C, its stationary electric motor M can turn the propeller blades E 
around their longitudinal axes during full flight. Through its sun gear 1, the 
propeller shaft D drives the fixed-carier gear train A directly. Its gear 2, in 
turn, drives gear 2' of a second, completely identical positive-ratio gear 
train, whose carrier is stationary and whose sun gear /', therefore, rotates 
in phase with gear 1 and, thus, the propeller shaft. Gears 3 and 4 also rotate 
synchronously with the propeller shaft and, consequently, the worm gear 
shaft is stationary relative to the propeller. If, now, the torque motor M 
turns the carrier s of gear train A by an angle <^ s , then gears 7' and 3 must 
turn through an angle <p 3 relative to the propeller shaft, where 

?3 _ , 4 - 1 _ , _ , 

— *3s *o *2s *o . 1 * 

<Ps lo 

Consequently, shaft 4 of the worm gear also rotates relative to the propeller 
and turns the propeller blade around its longitudinal axis, as pointed out 
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Fig. 94. Adjustable pitch propeller. The adjustment operates according to the phase 
shift principle and employs a three-shaft transmission: A and B , identical planetary 
gear trains whose i Q is approximately +1; C, worm gear for the adjustment of an 
individual propeller blade E; D, propeller shaft; M, electrical servomotor to change 
the angular position of the carrier s (according to Vereinigte Deutsche Metallwerke 
AG [VDM]. 

earlier. In one practical design, the basic speed-ratio i 0 = % was chosen so 
close to +1 that the two gears of the double planets had the same number of 
teeth and, therefore, could be combined into a single wide-face gear while 
the central gears 1 and 2 of gear train A, and 1 ' and 2' of gear train B y with 
their slightly different numbers of teeth, were individually corrected to 
obtain equal center distances. As can be verified with the equation given 
above, this results in a very low speed-ratio i 3s which in combination with 
the worm drive allows a very precise propeller pitch adjustment. 

Section 27. Three-Shaft Transmissions 
as Computing Mechanisms 

a) Sum or Difference of Two-Shaft Angles 

For recording or control purposes, it is sometimes necessary to form the 
sum or difference between two shaft speeds or shaft angles. This can be 
accomplished with revolving gear trains as can be seen from eqs. (23) to 
(25). However, one or more simple ratio gear trains must be connected to 
the input or output shafts of the revolving gear train in order to match the 
input speeds to the basic speed-ratio i Q . Basically, each of the three external 
shafts of the revolving gear train is suitable as the output shaft. It may be 
observed that in a three-shaft transmission the shaft whose speed equals the 
sum or difference of the speeds of the other two shafts is independent of the 
summation shaft (sec. 12), which transmits the torques of the other two 
shafts. Fig. 95 shows an example of a system of gear trains which can either 
add or subtract. 
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Fig. 95. Possible transmission arrangement for the formation of the sum or differ¬ 
ence between two shaft angles or speeds according to eq. (23). 

Since according to eq. (23) 


«1 = 4«2 + (1 - 4)«S = i 0 i 23«3 + (1 - . 

we obtain: 


n x = « 3 + « 4 > 

when 

i 

to-y 

l O 

and 

44 | 

n { = n 2 - n 4 , 

when 

1 

' 23 - T 
*0 

and 

/ S 4 = — 

n x = n 4 - n 3 , 

when 

1 

'23 - ~y 

*n 

and 

44 = y 


Fig. 96a shows another arrangement which yields the same result. If eq. (23) 
is divided by 4, we obtain: 


. 1-4 l - 4 . 

— = / 15 • — = « 2 +-:-• rt s = rt 2 + -:-• l s4 n 4 . 


Thus: 


n 5 = n 2 + n 4 when /'i 5 = 4 and 44 = ~ . . 

1 IfX 



Fig. 96. Further possible transmission arrangement for the formation of the sum or 
difference between two shaft angles or speeds according to eq. (23): a , for an arbi¬ 
trary i Q ; b , for / G = -1. 
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n s = n 2 

- « 4 

when 

'15 = 'o 

and 

Ut 

II 

i 5 

- «2 

when 

'15 = ~'o 

and 


If the difference in the last line is formed by a gear train with / Q = -1, then 
/ 15 = +1 as in a coupling and / s4 = 0.5. In this case, the auxiliary gear train 
between shafts 1 and 5 no longer serves any useful purpose and can be 
omitted as shown in fig. 96b. The following sum or differences can then be 
formed by this arrangement as can be easily verified by simply transposing 
the first of these equations: 


n 5 = n 4 - n 2 ; = n 2 + n 5 ; n 2 = n A - n 5 . 


a 


Dy* fl]* fl?* fl2*~ ^3 

r 



r 

b 




c 

Fig. 97. System of several planetary gear trains for the summation of four individual 
shaft speeds or angles; n c - n a + n b + n c 4- « d . The overall drive system has four 
degrees of freedom: a , system for arbitrary basic speed-ratios i Q of the three plane¬ 
tary gear trains; b, i 0 = -1 for each planetary gear train, / s3 = 14; c, schematic of a 
summation drive according to b. 
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Fig. 98. Control system which maintains a constant mixing ratio Q x : Q 2 between two 
liquids; Z,, Z 2 , flow meters; D, control valve: a, schematic of the drive system; b, 
symbolic representation of the drive system with typical operating parameters. 


Further gear systems of this type can be based on the analogous applica¬ 
tion of eqs. (24) and (25). 

If, in a measuring device, an input speed must be weighted before it is 
summed, then it is necessary only to connect the corresponding input shaft 
to an auxiliary gear train with an appropriate speed-ratio. For instance, to 
add the masses of two liquid volumes whose densities differ by a factor of 
7.2, the corresponding input shaft must be connected to an auxiliary gear 
train which lowers its speed-ratio by a factor of 7/7.2. Thus, with a gear sys¬ 
tem as shown in fig. 95, the desired output speed n { = /* 3 + 1.2 n 4 can be 
obtained when the auxiliary gear train 4 has a speed-ratio i s4 = 1.2/ (1 - i Q ). 

Frequently changing requirements of this type can be easily met when 
auxiliary transmissions with infinitely variable speed-ratios are used. 

When more than two input speeds must be summed, several planetary 
gear trains can be connected as shown in fig. 97. Each-of these contributes 
the partial sum which it forms from its two inputs. In general, all but one of 
these input shafts must be connected to an auxiliary gear train. If, however, 
as shown in fig. 97b, the summation drive consists of individual gear trains 
with basic speed-ratios equal to -1 as shown in fig. 96b, then only a single 
auxiliary gear train is needed. 

b) Maintenance of a Constant Speed-Ratio 

Three-shaft transmissions can also be used in control systems where a 
constant speed-ratio must be maintained. If, for example, the basic speed- 
ratio, or one of the other speed-ratios of a three-shaft transmission, equals 
the controlled speed-ratio, then the third shaft remains at rest as long as the 
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other two shafts rotate with precisely the controlled speed-ratio. However, 
when the speed-ratio of these two shafts deviates from the desired value, 
then the third shaft starts to rotate in one or the other direction. Therefore, 
a control device can be connected to the third shaft, which, for example, 
increases or decreases the speed of the first shaft accordingly, so that the 
desired constant speed-ratio is maintained even when the speed of the 
second shaft fluctuates. 

As an example, fig. 98 schematically shows a control system which main¬ 
tains the flow rate of two liquids Q x and Q 2 at a constant ratio of 1:5 , inde¬ 
pendent of the total rate of flow. The meters Z x and Z 2 provide the input 
speeds n s and n x , or alternately, the angles <p s and <p x for a planetary gear 
train with a speed-ratio / sl = 0.2. If the ratio between the two input speeds 
deviates from the set point, then shaft 2 corrects the rate of flow Q x with the 
aid of a control valve D which is operated by an adjustable screw and bell 
crank mechanism. 


Section 28. Three-Shaft Transmissions for Non-Uniform 
Rotary Motions: Pilgrim-Step Drives 

Non-uniform rotary motions with periodically varying angular velocities 
can be generated with three-shaft transmissions when an oscillating motion 
is superimposed on a uniform rotation. As an example, fig. 99a shows a 
pilgrim-step drive used in spinning mills which is based on a transmission of 
the type shown in fig. 19. The central gear 1 is driven with a uniform speed 
through a gear 5, while the other central gear 2 receives an oscillating 
motion from the rocker arm 5 of a cam drive, which is not shown in detail. 
The resulting motion of the carrier s is a non-uniform rotation whose 
momentary angular velocity o> s can be calculated with eq. (25) when the 
speeds n are replaced by the angular velocities co. The resulting expression 
can then be simplified with the help of worksheet 1, so that finally 




/ o 0>2 ~ 

4 - l 


4^2 
4 - 1 


w i 

+ , _ 7 - u 2 l s2 + w l*sl • 

* *1o 


Thus, the angular velocity w s of the output shaft is obtained by the simple 
superposition of a uniform output speed w x i sX and a periodic output speed 
w 2 42 * Both speed components appear as if they were generated inde¬ 
pendently of each other, since the uniform speed component o) X i sX is 
obtained when the input shaft is driven with a constant angular velocity u x 
and the shaft 2 is locked; while the non-uniform speed component co 2 / S 2 
results from the oscillating input speed co 2 when the shaft 1 is locked. Fig. 
99b shows an arbitrary example of the resulting motions and their super- 
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Fig. 99. Three-shaft transmission for the generation of a non-uniform output speed: 
a , schematic of the drive for a textile (combing) machine (according to Deutscher 
Spinnereimaschinenbau, Ingolstadt), with 3 and 7, uniform input, 2 and 5, oscillat¬ 
ing input from the follower of a cam drive, and s, nonuniform output; b , resulting 
angular velocity co s at the output, due to the superimposed uniform input velocity co, 
and an arbitrarily assumed oscillating input velocity o> 2 . 

position. It has been assumed that i o 0 ) 2 = during a time period t j and i o 0 ) 2 
< co\ during a period t 2 so that the output motion is stopped and then 
reversed (pilgrim step) for the time period r 2 . These periods are compen¬ 
sated by an increased angular velocity during the remainder of the cycle, 
since, overall, the carrier has the average forward velocity co s AV = o^/s!. At 
this point, it may be emphasized that for actual transmissions the assump¬ 
tion o)i = const, is never true, since all torques fluctuate due to the alter¬ 
nating acceleration and deceleration of the rotating masses. Thus, yet 
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another non-uniformity is superimposed on the rotary motions shown in 
fig. 99b. Depending on the speed-ratio and the distribution of the mass 
moments of intertia, this non-uniformity influences the motions of the three 
shafts of the revolving drive to a larger or lesser degree. 

Figs. 100a and 100b schematically show a pilgrim-step drive where the 
periodical change of the speed-ratio is accomplished through the use of a 
crank slot K. The revolving drive train is a negative-ratio transmission of 
the type described in fig. 34. Together with the annular gear 2, the crank 
slot is driven through gears 3 and 4 which have a speed-ratio / 34 = -1. It 
imparts an oscillating motion with a fast and a slow half cycle on the carrier s. 
The transmission is constrained and has only one degree of freedom since 
the carrier is coupled to the input shaft 2 through the mating parts of the 
crank slot and the gears 3 and 4. Consequently, for each angular position <p 2 
of the input shaft 2 , a momentary speed-ratio can determined 

which goes through one full cycle for each complete rotation of the crank 
and, because / 34 = - 1 , for each complete rotation of the annular gear 2 . 

The periodical speed-ratio of this step drive can be derived as follows: 
starting from its median position as shown in fig. 100 a, the angular position 
V? s of the carrier s can be determined as a function of the angular position <p 4 
of gear 4 and the length r of the crank. As shown in fig. 100c: 

rsin<p 4 , 1 — rco$<p 4 

sin y? s =- and cos <p s =- 

r s r s 

where r s 2 = r 2 + l 2 — 2/7 cos <p 4 (according to the law of cosines for the 
oblique triangle). 

According to fig. lOOd, the momentary tangential velocity at the radius r s 
of the carrier is: 


<Ps = <p 4 COS (y ? 4 + <p s ) , 

so that the corresponding momentary angular velocity becomes 


0 ) s = -cos (y> 4 -t- <p s ) . 

r* 

With cos (y ? 4 4- <p s ) = cos<p 4 cos<p s - sin <p 4 sin v? s and X = 1/r, this leads to: 

oo s _ X cos <p 2 — 1 
co 2 1 4 - X 2 — 2Xcos<p 2 


where w 4 = -oj 2 and <p 2 = <f >2 because i 24 = - 1 . 
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Fig. 100. Constrained pilgrim-step drive: a-b, schematic of the drive with crank slot 
K; c, schematic of the crank slot; d y determination of the velocities at the crank slot; 
e> momentary velocity ratio as a function of the angular position <p 2 of the gear 
2 


Finally, with the aid of worksheet 2, the momentary speed-ratio of the 
overall transmission can be expressed in the form: 


Gtfi Q)c 

k\ 2 — — = 4 h —(1 ~ 4 ) = 4 + 


0)2 


0?2 


Xcosy ?2 ~ 1 
1 + X 2 — 2Xcos<p 2 


(1 -io) 


For the transmission of figs. 100a and 100b, which has a basic speed-ratio i 0 
= -0.97 and a crank-ratio X = 1.4, this leads to 


w i ^ ^ 1.4 cos <p 2 ~ 1 

—- = -0.97 4--—- 

o) 2 2.96 — 2.8 cos <p 2 


1.97 . 


In fig. lOOe this overall speed-ratio o) X /o) 2 is plotted over the angular posi¬ 
tion <p 2 of the input shaft. For o) X /o) 2 = 0, <p 2 = ±28°. At these points 
where the output velocity coj = 0 , the output shaft 1 changes its direction or 
rotation (pilgrim-step). Consequently, this transmission cannot be driven 
through shaft 7. Transmissions of this type are used to accelerate and decel¬ 
erate the chain drive of the sheet-delivery mechanism in printing presses. 
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Section 29. Simple Three-Shaft Transmissions 
as Change-Gears 

Simple revolving drive trains can be used as change-gears when they are 
equipped with clutches and brakes so that their shafts can be alternately 
connected to the input or the output, or can be locked by a brake. Since 
input and output can be interchanged, a revolving drive train can have a 
maximum of six, that is, three pairs of mutually reciprocal speed-ratios 
which for a known basic speed-ratio i 0 can be found directly from figs. 45 
and 61. Because of the invariable relationship between the speed-ratios and 
the disproportionate expense for added shift mechanisms, clutches and 
brakes, such a six-speed transmission is without practical importance. 

Economical designs, however, are possible for two forward speeds, or 
one forward and one reverse speed, when one of the three external shafts is 
rigidly connected, while the second is held by a brake, and the third is con¬ 
nected through an engaging clutch, or vice versa, as shown in fig. 101a. 
Thus, as can be seen from table 5, either two different positive speed-ratios 
or one positive and one negative speed-ratio can be realized, depending on 
whether the summation shaft or a difference shaft is the rigidly connected 
member. 

If both clutches are engaged at the same time, an additional speed-ratio 
/ = +1 is obtained. The other possible speed-ratios as given in table 5 can 
be verified with the help of fig. 101a. As an example, figs. 101b and 101c 
show two possible design solutions. 

Transmissions with basic speed-ratios between 0 and 1 (0 < i 0 < 1) are 
identical to those with i Q > 1. Only the symbols (1,2) for the two central 


TABLE 5. Possible Speed-Ratios of a Three-Shaft Change-Gear 
According to Fig. 101 





RIGIDLY- 

POSSIBLE 





CONNECTED 

SPEED-RATIOS 


TYPE OF SPEED-RATIOS 

ROW 

4 

SHAFT 

(ab 

'ba 

V 




a 

*ab> he 

*ba> *ca 


Two positive speed-ratios 

1 

<0 

s 

hi* h2 

hs* hs 

V 

0 

for a rigidly-connected 






s 

summation shaft 

2 

>1 

2 

hi* hs 

hi* hi 


One positive and one 

3 

<0 

1 

'n* hs 

hi* hi 

>Vo 

negative speed-ratio 
(reversing gear) for a 

4 

<0 

2 

hi* hs 

hi* hi 

>Vo 

rigidly-connected 







difference shaft 

5 

>1 

5 

hi* hi 

hs* hs 

= Vo 


6 

>1 

1 

hi* hs 

hi* hi 

= ^0 
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Fig. 101. Three-shaft change gear with two gear ratios and one direct speed: a , gen¬ 
eral symbolic representation; b , negative-ratio drive according to table 5, row 3, with 
clutches K s and K 2 and brakes B s and B 2i shaft 1 rigidly connected; c, negative-ratio 
drive according to table 5, row 1, with indirect input to s = A through a series con¬ 
nection with the offset conventional gear train 43. 


gears, whose selection is purely arbitrary, are interchanged. Therefore, 
these transmissions are implicitly included in the rows of table 5 where i 0 > 
1 and need not be listed separately. According to R 25 a transmission cannot 
have two negative speed-ratios, since each revolving drive train has only one 
summation shaft. 

As shown in fig. 101c, the listed design modifications whose carrier 
shafts are rigidly connected can only be built with offset connecting shafts, 
since, otherwise, shafts 1 and 2 would not be simultaneously accessible for 
each to be connected to one clutch and one brake. 

One of the two speed-ratios of the transmissions, as described by rows 5 
and 6 in table 5, is represented in fig. 45 by a dashed line which indicates 
that its associated efficiency is lower than the basic efficiency. Change-gears 
according to rows 5 and 6, therefore, are a second choice. The same is true 
for designs as described in row 2, provided their basic speed-ratios lie in the 
range 1 < / 0 < 2. 

If one of two associated speed-ratios is given, then the other, as well as 
the basic speed-ratio / 0 , is automatically determined and can be calculated 
with the aid of worksheet 1, or directly read from figs. 45 or 61. 





Fig. 102. Symbolic representation of a three-shaft change gear for two given speed- 
ratios with a conventional transmission G connected to the input or output shaft. 
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If an additional reduction gear G is connected to the input or output shaft 
as shown in fig. 102, both speed-ratios i L and / 2 . can be arbitrarily chosen. 
In this case the planetary transmission must merely realize the speed-ratio 
step, that is, the ratio of the desired overall speed-ratios /i// 2 .. If both 
clutches are engaged simultaneously, a third speed-ratio / 3 = / 34 is 
obtained. 

Thus, for a change-gear of this type: 

*i. = 4c 44 

so that 

4. = 4c 44 

The basic speed-ratio i Q for each of the six cases which are listed in table 5 
can be found from 4 C /4c and worksheet 1. A suitable design can then be 
chosen from figs. 19 to 43. 

Example: A transmission of the type shown in fig. 103a for the two posi¬ 
tive ratios i L = +1.8 and / 2< = +3.6 can be found in rows 1 and 2 of table 
5, which indicate that the summation shaft, that is, either the carrier shaft 
or shaft 2, must be rigidly connected. For the sake of an example, the case 
described in row 2 shall be investigated in more detail. Before a final choice 
could be made in reality, however, the second possibility as shown in row 1 
also would have to be investigated. 

Since shaft 2 is rigidly connected, we have the two possible solutions 
which either have the speed-ratios i x = i s2 i^ and / 2 = /i 2 / 34 or/i = / 43 / 2s and 
h. = *43 4j * F° r the first of these solutions we find from worksheet 1, boxes 
31 and 1, that: 




Fig. 103. Three-shaft change gear with the speed-ratios /, = +1.8 and / 2 = +3.6 
and a conventional transmission G connected to the output: a, symbolic representa¬ 
tion; by realization by a positive-ratio gear train of the type shown in fig. 22 and the 
belt drive G; i L = 1.8 and / 2 . = 3.6; c, realization by a positive gear train of the type 
shown in fig. 19; however, i x = -1.8 and / 2 = -3.6. 
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Solution a: 
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42 __ = _ 4 # 

42 4. 3.6 4-1 4 


. 4. . 4 

/l2 — f 0 - hi, / S 2 t r 
*1. *o ~ A 

and, consequently, 

3.6 3 3 

4 = — + i = 3.0 and i s2 = y—y = - , i l2 = 3 . 

For the second solution, we obtain from boxes 25 and 7 of worksheet 1 that 

_ . /oc 4 1.8 / n — 1 , 

Solution 0: — = — 1 = —- = — 7 -• = / Q - 1 , that is, 

*21 h. 3.6 i Q 

. L8 1 1 c * 4-11 ■ . 12 

*o == + 1 = 1 *5 , / 2 s = — 7 — = ~ and / 21 = — = - . 

3.0 Iq 3 /q 3 

Consequently, the two auxiliary reduction drives which are coupled either 
to the input or output shaft have the speed-ratios: 

„ f . i\ 1.8 , . , 

Solution a: i G = / 34 = = 1*2 > so that indeed, 

hi 1*5 

4. = 42*g = 1.5 • 1.2 = 1.8 and i 2 = / 12 / G = 3 • 1.2 = 3.6 . 

The direct gear, where the planetary gear train operates as a coupling, 
simply has the speed-ratio: 


4. — 4} ~ 1*2 

Solution 0: i G = / 43 = = 1.8 • 3 = 5.4 ,. 

*2s 

4. = 434s = 5.4 • - = 1.8 , 

2 

4. = 434i = 5.4 # 3 = 3.6 , and 
4. = 4a = 5.4 . 


The two solutions differ in their efficiencies as well as in the speed-ratios of 
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their direct gears / 3 . If a good efficiency is essential, then solution a, where 
i 0 = 3 is preferred. Here, at least in first gear, the efficiency k] s2 > r; 0 , while 
for solution /J, the efficiency in first gear rj 2s < r] 0 as indicated in fig. 45 by 
the dashed part of the corresponding speed-ratio curve. 

On the other hand, solution /? may be chosen if the speed-ratio i 3 =5.4 
of the direct gear is better suited for a particular application than the value 
/ 3 = 1.2, provided of course that the following efficiency calculations yield 
a tolerable value. 

If we assume that the efficiency of the reduction gear train G is t/ g = 
0.985, and the basic efficiency of the revolving gear train rj 0 = 0.98, then 
the overall efficiencies of the two design solutions can be obtained with the 
aid of worksheet 5 as follows: 

Solution a: 

Vi. = - • Vg = • 0.985 = 0.975 , 

*o - Vo 3 - 0.98 

V2 . = V\2Vg = VoVg - 0*98 • 0.985 = 0.965 , 

*73. = 1g = 0.985 . 


Solution j3: 


m. = 

V2. = 

m. = 


*?G*?2s = *?G- 


4 ^ !/*?< 


° = 0.985 • 


1.5 - 1/0.98 


/ 0 - 1 1.5 - 1 

VGV21 = VgVo = 0.985 • 0.98 = 0.965 , 
r ) G = 0.985 . 


0.945 , 


Fig. 103b shows a possible schematic layout for the solution a which incor¬ 
porates a positive-ratio transmission as shown in fig. 22. Since z' 12 = 3, the 
rigidly connected shaft 2 of the basic transmission rotates with the lower 
speed and, therefore, is keyed to the annular gear. The positive speed-ratio 
/ 34 is realized with a belt drive. 

Fig. 103c shows another possible design for solution a. In this case, a 
single gear stage G is connected to the output of a positive-ratio gear train 
of the type shown in fig. 19. Thus, / 34 = —1.2, i L = —1.8 and / 2 . = -3.6. 


Section 30. Open Planetary Transmissions 

Open planetary transmissions usually have two, and sometimes three, 
rotating shafts. If their central gear and their connected planets are arbi¬ 
trarily labeled with the indices 1 and 2, then their speed-ratios, efficiencies, 
and torque-ratios can be calculated with the same equations and the same 
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worksheets as the simple reverted planetary transmissions. The open plane¬ 
tary transmissions which will be described in the following examples show 
the simplicity of these calculations and, at the same time, may stimulate new 
applications. 


a) Twining-Machine Drive 

Fig. 104 schematically shows an open, two-shaft, positive-ratio transmis¬ 
sion of the type illustrated in fig. 29a. With each of its planets 2, two 
bobbins of twine revolve about the planet shafts which at the same time 
revolve with the driven carrier s. The annular gear 1 is held stationary. As 
for reverted planetary transmissions we obtain: 

4 = — = —— , so that 0 < / 0 < 1 . 

«2 Zi 

According to worksheet 1, box 25, 

/ 2s = 1 — 7 - » and since 

l o 

Vo = V 12 > we find fr° m worksheet 5, box 17, that 

_ _ 4-1 

52 'o - l/’/o ’ 

If, for instance, i Q = +1/3, then the threads drawn from each pair of bob¬ 
bins are twisted / 2s = -2 times (that is, against the input direction) per car¬ 
rier revolution into cords, while at the same time the three cords are twisted 
once in the input direction into rope. 


b) Stirrer Drive 

The stirrer drive shown in fig. 105 is an open, negative-ratio drive. If, for 
instance 




Fig. 104. Open positive-ratio gear train of a twining machine. 





Fig. 105. Open negative-ratio gear train of a mixer. 



then, according to worksheet 1, 



«2 _ • _ 4 - 1 _ 3 

*2s • • 


With rj Q = r/ 12 , and worksheet 5, box 16, the overall efficiency becomes 


Vs2 = 


4 - 1 
4> l / Vo 


According to the formula given above, the ratio between the absolute speed 
n 2 of the stirrers, and the speed n s of the carrier, can be chosen not only 
within wide limits by an appropriate selection of i Q , but also can be infin¬ 
itely varied during full operation when the central gear is not fixed but 
rather is powered by a separate, infinitely variable drive, or is coupled to the 
carrier through an infinitely variable transmission. The drive thus becomes 
an open planetary transmission with three rotating shafts. If the viscosities 
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of the mixing stock vary, such a flexibility would offer substantial process- 
technological advantages. 

c) Hoists 

A hoist built by the Chisholme-Moore Manufacturing Co. is shown in 
fig. 106. It consists of an open, positive-ratio gear train of the type shown in 
fig. 31, which has only a single annular planet 7. However, this planet can¬ 
not rotate about its own axis so that n x = 0. Rather it is driven in a circular 
path around the center of gear 2 by the two eccentrics 3 and 4 , which rotate 
synchronously. The eccentrics 3 and 4 , in turn, are driven by the gears 3 and 
4 , which mesh with the input gear 5 as can be seen from fig. 106b. The inner 
central gear 2 serves as the output and, therefore, is connected to the load 
chain sprocket. Consequently, the speed reduction is: 

. _ fh _ _ 16 

0 « 2 Z, 17 ’ 

, i a 16 • 17 

'52 - '54's2 - -l^TT - T fTT = +16 • 

With the assumption that rj 54 = 0.98 and rf Q = rj 12 = 0.99, and according to 
worksheet 5, box 17, the efficiency becomes: 

V 52 = *? 54 > 7 s 2 = 1754 • -T——77— = 0.98 • 0.853 = 0.836 . 

*0 - 



Fig. 106. Open, positive-ratio gear train with a non-rotating annular planet 1 of the 
Cyclone hoist manufactured by the Chisholme-Moore Mfg. Co. [4]: a , front view 
from the load chain side; b , front view from the input side; c, schematic of the gear 
train. 
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Fig. 107. Open positive-ratio gear train with non-rotating planet l as used in a hoist 
manufactured by the Chisholme-Moore Mfg. Co [4]: H, drive chain sprockets; L, 
load chain sprockets. 


Fig. 107 shows a similar hoist, which is constructed from two symmetrically 
arranged, equal, open, positive-ratio transmissions of the type shown in fig. 
29a. This hoist is equipped with two hand-chain sprockets H and two load- 
chain sprockets L which are coupled to the annular gears 2. The eccentric 
driven planets 1 are designed as ring-type external spur gears. 

Thus: 

L =-— > 1 (see sec. 9) 

Z\ 

and, according to worksheet 1, 

. . . _ . 

hi — hs‘si — hs * 7 _ j • 

<0 1 

With worksheet 5, box 18, the efficiency becomes: 

•o ~ 1 

732 = VlsVsl = 73s * -■ -— • 

*o ~ Vo 


d) Self-Tensioning Belt Drive 

Self-tensioning belt drives of the type shown in fig. 108 are open, nega¬ 
tive-ratio transmissions, whose shafts 1 and 2 rotate while the carrier s is 
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constrained by the drive belt. The tangential force exerted by the carrier, 
consequently, tensions the belt. Since the three torques of a revolving drive 
always bear the same ratio relative to each other, the belt tension is always 
proportional to the input torque. Therefore, even at the highest torques the 
belt will not slip, while, on the other hand, the device lowers the belt tension 
when the torque decreases, thus increasing the belt life. 

Such a tensioning device can be located at the motor as shown in fig. 
108a, or on the driven machine as shown in fig. 108b. In each of these cases, 



Fig. 108. Open negative-ratio gear train of a self-tensioning belt drive: a, attached to 
the motor; b , attached to the driven equipment; c section through an actual design 
[91. 
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it works only in the direction in which the carrier torque acts to tension the 
belt. The short arrows indicate the respective directions of rotation; the long 
arrow at the carrier indicates the direction in which the carrier would rotate 
if it were not constrained by the belt. 

The carrier torque T s of the drive shown in figs. 108a is obtained as for a 
reverted planetary transmission, either with the torque T x and eq. (44) as: 


T s = Ty UoV r o l - 1) = TyUoVo - 1) . 


or with the output torque T 2 and eq. (45) as: 

= T 2 (j^ -l) = T 2 ( t — - l) , 

Vo*?o / \loVo J 

where according to eq. (43) r 1 = +1, since R 2 stipulates that the signs of T x 
and n x are equal at the input shaft and n s = 0. 

In fig. 108b, shaft 1 is the output shaft. Therefore, an analogous con¬ 
sideration shows that r\ = -1. With the previously given equations T Sf 
consequently, becomes: 

Wl (i- l )-r 1 (a-i). 

The design of such a belt drive is treated in detail by Niemann [33]. 
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III. COMPOUND EPICYCLIC 
TRANSMISSIONS 



To extend their range of application, epicyciic transmissions can be com¬ 
bined with other revolving or conventional drive trains to form larger drive 
systems. This leads to a large variety of compound transmissions whose 
operating characteristics at first sight often seem obscure, and whose analy¬ 
sis or synthesis frequently looks complicated. However, basically this is not 
true since the properties of these compound transmissions can always be 
reduced to the properties of the simple planetary transmissions. The bewil¬ 
dering multitude of combinations can be handled by grouping together 
drive systems with identical kinematic properties which can then be treated 
by a common method. In the following sections such a classification shall 
be established and the respective characteristic features shall be defined. 
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A. Symbols and Types 


Section 31. Symbols and Modifying Subscripts 
or Superscripts 


For compound drives, which consist of several epicyclic transmissions, 
the symbols l, 2 , s, and p , as defined in the previous part I (sec. 4), will be 
used to denote the gears or shafts of the first transmission. The correspond¬ 
ing gears or shafts of the second transmission are then denoted accordingly 
by the primed symbols, 7', 2' , s' , p’ and the gears or shafts of a third 
revolving drive train by the double primed symbols, 7", 2", 5 ", /?", etc. 
Analogously, the basic speed-ratios of these transmissions are denoted by 
/ 0 , /q , /q and the basic efficiencies by rj 0 , ^, 17 " . If, in general notation, the 
shafts of the individual revolving drives are symbolized by lowercase letters, 
we shall use a, b, c for the first transmission, a', b ', c' for the second, etc. 
This type of notation permits us to analyze the individual component trans¬ 
missions of a compound revolving drive, such as shown in fig. 109, by using 
directly, and without rethinking, the formulas which have been derived 
earlier for the simple epicyclic transmissions. 

If conventional reduction drives with fixed axes are combined with re¬ 
volving drives, their gears and shafts are denoted by a sequence of numbers 
starting with 3 as shown in fig. 10 . 

The shafts of two (or more) component transmissions which are rigidly 
coupled form a “coupling shaft/’ If a coupling shaft is also an external 
shaft, it is called a “connected coupling shaft”; if it is not connected to the 
outside, it is called “a free coupling shaft” (fig. 110). Shafts which are not 
coupled in this way, and either are the input or output shafts of a compound 
transmission, or are locked by a rigid connection with the housing, are 
called “connected monoshafts” and “fixed monoshafts,” respectively (fig. 
110 ). 

The coupling shafts and the remaining monoshafts of the revolving 
compound drive trains are denoted by uppercase letters or Roman numerals 
(“uppercase subscription”), the shafts of the component transmissions, 
however, by lowercase letters or arabic numerals (“lowercase subscrip¬ 
tion”) as described previously. In “simple bicoupled transmissions” (sec. 
32), which consist of only two component transmissions, the connected- 
coupling shaft is always denoted with S and the free coupling shaft with F; 
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2 2 ' 2 " 



b 




Fig. 109. Series-coupled revolving drive train consisting of three two-shaft transmis¬ 
sions which are connected in series: a, general symbolic representation; b , schematic 
representation of a typical transmission; c, symbolic representation of the transmis¬ 
sion b. 

the two monoshafts, however, are labeled with the Roman numerals I and 
II (see fig. 110). 

If it is unknown or immaterial which of the shafts of the component 
transmissions of a simple bicoupled transmission should be the carrier 
shafts and which the central gear shafts, then these shafts are labeled with 
lowercase letters according to their functions in the bicoupled transmission. 
In fig. 110a, for example, m, m' are connected monoshafts, c, c' join to 
form the connected coupling shaft S, and f, /' join to form the free coup¬ 
ling shaft F . When the positions of the carrier shafts s, s', and the central 
gear shafts 1, /', 2, 2' of the component transmissions are known, then 
these specific symbols, rather than lowercase letters, are used as shown in 
fig. 110b. 

The different component transmissions are distinguished by Roman 
numerals as shown in fig. 110. 

In the equations used to analyze compound or simple transmissions, the 
newly introduced symbols also are used as subscripts. This is consistent with 
our previous practice. 


Section 32. Types 

a) Derivation from Simple Revolving Drives 

If a compound revolving drive is constructed from a number of simple 
revolving drives, each of the shafts of these component transmissions can be 
connected as an input or output shaft, can be fixed in the housing, or can be 
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coupled to any shaft of another component transmission. The available 
simple transmissions, and the various types of compound epicyclic trans¬ 
missions which result from their combinations, are shown in a series of 
schematic representations whose shafts are labeled with the chosen symbols 
(fig. 111). 

If exclusively two-shaft epicyclic transmissions (which always have one 
stationary shaft and, hence, only one degree of freedom) are coupled in 
series or parallel, the resulting compound transmission likewise has only 
one degree of freedom. This is illustrated in figs. 11 If and lllg. The single 
degree of freedom also carries over into various hookups of these two types. 

If two simple three-shaft transmissions are connected at two of their 
shafts, a “simple bicoupled epicyclic transmission” or a “simple bicoupled 
planetary transmission” is obtained. The use of a special term such as “bi¬ 
coupled transmission” for these compound transmissions must be credited 
to Wolf [13]. The term “simple” is used to characterize, unambiguously, 
the elementary bicoupled transmissions which consist of only two com¬ 
ponent transmissions. Where no misunderstanding is possible, this trans¬ 
mission will subsequently be called “simple bicoupled transmission” or, in 
short, “bicoupled transmission.” Fig. 110 shows its symbolic representa¬ 
tion and the designation of its shafts. 

A simple bicoupled transmission has two degrees of mobility since its 
component transmissions together have four degrees of freedom, two of 



Fig. 110. Symbolic representation of a simple bicoupled transmission showing the 
designations of the shafts. The shafts of the bicoupled transmission have upper case 
symbols, those of the component transmissions lower case symbols. I, II, mono¬ 
shafts of the bicoupled transmission; S, connected coupling shaft; F, free-coupling 
shaft. The shafts of the component transmissions have lower case subscripts. At a , 
the designations of the shafts of the component transmissions are chosen according 
to their position in the bicoupled transmission when the connections of the central 
gear shafts and the carrier shafts are unknown or inconsequential: c, c' form the 
connected coupling shaft S, /, /' the free coupling shaft F, and m, m ' the mono¬ 
shafts/and //. Example b shows the subscripts of the shafts of the component trans¬ 
missions when the position of the carrier shafts s , s' and the central gear shafts 1 , 2, 
l f , and 2', in the bicoupled transmission are known. 
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which are “bound” by the two internal connections which shall subse¬ 
quently be called “couplings” (compare sec. 3). If, in addition, one of its 
three connected shafts is fixed by a rigid connection with the housing, a fur¬ 
ther degree of freedom is bound and it becomes a two-shaft bicoupled trans¬ 
mission. Three-shaft and two-shaft bicoupled transmissions differ in their 
operating characteristics in the same way as simple three-shaft and two- 
shaft revolving drives. Thus, they will be clearly distinguished by the intro¬ 
duction of the terms “simple bicoupled transmission with two degrees of 
mobility” and “simple constrained bicoupled transmission” or, in short, 
“constrained bicoupled transmission.” 

Two-shaft bicoupled transmissions which have a locked monoshaft 
(usually II) are commonly known as constrained bicoupled transmissions. A 
two-shaft bicoupled transmission “constrained” to one degree of mobility 
by a locked coupling shaft (instead of a locked monoshaft) is given the spe¬ 
cial designation: basic bicoupled transmission. Constrained bicoupled 
transmissions are frequently used and are being built in different configura¬ 
tions for a wide variety of applications. Thus, they will be treated separately 
and in detail. They will also be subdivided into special categories, namely, 
into simple constrained bicoupled transmissions, reduced bicoupled trans¬ 
missions and variable bicoupled transmissions. A transmission type which is 
related to the simple bicoupled transmission is the symmetrical compound 
transmission. It is suited to accurately realize arbitrarily high speed-ratios 
and has been treated in detail by Willis [1]. 

If more than two revolving drive trains have multiple couplings, “higher 
bicoupled transmissions,” rather than simple bicoupled transmissions, are 
formed. Thus far, transmissions of this type have seldom been built and 
their practical applications have not yet been investigated. Figs 11 In to 11 lq 
show a few possible designs. 

These compound transmissions will be defined subsequently and treated 
in more detail. As far as possible they will be classified by using notation 
which has been introduced earlier so that a minimum number of different 
types arise. These, however, are clearly distinguished through their opera¬ 
tional characteristics and their mathematical treatment. 

b) Series-Coupled Epicyclic Transmissions 

As shown in fig. 109, these transmissions consist of several two-shaft 
transmissions which are connected in series; that is, they are queued up in 
the direction of the power-flow and are used to achieve high overall trans¬ 
mission ratios. One arbitrary shaft of each of the component transmissions 
is connected to the housing and thus becomes stationary. The output shaft 
of the first externally driven component transmission is connected to the in¬ 
put shaft of the next component transmission, and so on. Finally, the out¬ 
put shaft of the last component transmission serves at the same time as the 
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Fig. 111. Compound epicyclic transmission designs in symbolic representations. 
A-e, components of the compound epicyclic transmissions: a , conventional trans¬ 
mission with (spatially) fixed axes; b> simple revolving drive train with a fixed shaft; 
c, simple revolving drive train with two degrees of freedom; d> simple revolving drive 
train with an infinitely variable basic speed-ratio, e.g., a revolving traction drive; e, 
conventional variable-speed drive, e.g., V-belt or hydrostatic drive;/series-coupled 
epicyclic transmission; g, parallel-coupled epicyclic transmission. H-m, bicoupled 
transmissions: h , simple bicoupled transmission with two degrees of mobility; /, 
simple constrained bicoupled transmission with a revolving auxiliary component 
transmission (the symbols h and / are valid also for reduced bicoupled 
transmissions); k, simple constrained bicoupled transmission with a conventional 
auxiliary component transmission; l-m , variable bicoupled transmissions whose aux¬ 
iliary transmissions have infinitely variable speed-ratios. N-q , higher bicoupled 
transmissions: n, constrained; o-p , with two degrees of mobility; q , with four 
degrees of mobility. R, symmetrical compound transmission; s , four-shaft bicoupled 
transmission. 
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output shaft of the compound transmission as, for instance, shaft B in fig. 
109. Transmissions of this type have one degree of freedom and, thus, are 
constrained. 

Kinematically, these series-coupled epicyclic transmissions behave like 
multi-stage conventional transmissions which consist of the stages I with a 
speed ratio /j, //, with i n , etc. With the symbols used in figs. 109a, b, and c, 
their overall transmission-ratio, consequently, can be expressed in the form: 

*AB “ *1*11*111 ~ *ac*b'c'*c"a" = *ls*o' *1 "s" > (73) 

where, according to worksheet 1, i ls and / rs « are functions of i 0 and / 0 ». 

However, they are not loss-symmetrical since their component transmis¬ 
sions, as a rule, are not loss-symmetrical. Depending on the direction of the 
power-flow, their overall efficiency is 

*?AB VacVb'c' VlsVo' Vl "s" 

VBA Va"c ,,r Jc , b' r fca ~~ r ls”l" r 1o ,lf ls\ > 

where the individual efficiencies can be determined with the help of work¬ 
sheet 5. 

Series-coupled epicyclic transmissions are quite frequently used to gener¬ 
ate high overall speed-ratios. Therefore, a guide rule which applies to a few 
special cases may be recorded at this point: 

If at least one component transmission of a series-coupled R 28 
compound drive train is self-locking in one of the power-flow 
directions , then the compound drive train itself is also self¬ 
locking in this power-flow direction. 

It can be readily understood that this also holds for an even number of 
component gear trains with negative efficiencies (i.e., which are self¬ 
locking)—although mathematically their overall efficiency, according to eq. 
(74), becomes positive. 

c) Parallel-Coupled Epicyclic Transmissions 

As shown in fig. 112, these transmissions consist of several two-shaft 
transmissions which have a common input shaft but separate output 
shafts, or, if the power-flow is reversed, several input shafts and a common 
output shaft. Also, some of the monoshafts can be input shafts, others can 
be output shafts. According to fig. 112, however, in all cases, 



P A + Pb + Pc + = 0 , 


provided the losses can be neglected. 
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Fig. 112. Parallel-coupled revolving drive train with a common input at A and indi¬ 
vidual output shafts B , C, D, or vice versa. 

At the common shaft A we may have either power division or power sum¬ 
mation. To facilitate a mathematical analysis, the component transmissions 
are separated and then treated like conventional transmissions whose 
individual torques acting on shaft A are simply added. At this point, a 
detailed treatment of these easily comprehensible, constrained transmis¬ 
sions is not necessary, especially since they have little importance as 
revolving drive trains. 

d) Bicoupled Transmissions with Two Degrees of Mobility 

As shown in fig. 110, a simple bicoupled transmission with two degrees of 
mobility consists of two simple three-shaft transmissions which have two 
couplings. This is the basic type of the bicoupled transmission from which a 
multitude of constrained special designs can be derived by withholding one 
degree of freedom and varying the design. These special designs, however, 
evolved intuitively, and without reference to the basic transmission type 
which itself is seldom used. 

This may be due to the fact that simple three-shaft transmissions can 
cover most of the drive problems which call for the application of transmis¬ 
sions with two degrees of mobility, and because, due to a lack of time, 
transmission designers usually do not attempt to analyze such a seemingly 
complicated compound transmission. 

However, the widely held beliefs concerning the complexity of these com¬ 
pound transmissions are totally unfounded. In section 33, it will be shown 
that simple bicoupled transmissions can be analyzed and synthesized by the 
same methods that are used for simple epicyclic transmissions. Hopefully, 
this presentation will provide a better understanding of the particular oper¬ 
ating characteristics of the bicoupled transmissions with two degrees of 
mobility, so that they will be utilized more often. 

Basically, bicoupled transmissions with two degrees of mobility can be 
used wherever simple three-shaft transmissions may be applied (e.g., in the 
drive problems described in secs. 22 to 29). They will generally lead to more 
economical solutions than the simple three-shaft transmissions when they 
can be built smaller or lighter. They are especially suited where either very 
high basic speed-ratios or very accurate fractional speed-ratios are required 
which cannot economically be realized by a simple epicyclic transmission. 
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e) Constrained Bicoupled Transmissions 

The constrained simple bicoupled epicyclic transmission (in shorter form, 
the constrained bicoupled transmission) is a special version of a bicoupled 
transmission with two degrees of mobility, where, as shown in fig. 113, one 
monoshaft (usually II) is connected to the housing and thus becomes fixed. 
As a compound transmission, it consists of a simple three-shaft transmis¬ 
sion and a simple two-shaft transmission. The three-shaft transmission may 
be called the “main component transmission /,” since it is always connected 
immediately to the input as well as to the output through its monoshaft and 
its connected coupling shaft. The two-shaft transmission may be called the 
“auxiliary component transmission //,” since its only purpose is to main¬ 
tain a constant speed-ratio between the input or output shaft, on the one 
hand, and the third shaft of the main component transmission on the other 
hand. The auxiliary component transmission can be a revolving gear train 
with a fixed central gear shaft as shown in fig. 113a, or a fixed-carrier gear 
train as shown in fig. 113b. Since, as far as their function is concerned, 
there is no difference between a fixed-carrier gear train and a conventional 
gear train with spatially-fixed axes, the latter can be used as an auxiliary 
gear train as shown in figs. 113c and 111k. When the fixed carrier shaft s' is 
considered equivalent to the stationary housing, then the transmission 
symbol used in fig. 113b stands for all auxiliary gear trains with spatially 
fixed axes. The symbolic representation of the auxiliary gear train shown in 
fig. 113c, therefore, will no longer be used in subsequent discussions. 

f) Variable Bicoupled Transmissions 

Constrained bicoupled revolving drive trains whose main or auxiliary 
component transmissions have an infinitely variable basic speed-ratio, also 
have an infinitely variable overall speed-ratio and, hence, are called “vari- 



Fig. 113. Symbolic representation of the constrained bicoupled transmissions: /, 
main component transmission with connected monoshaft /; //, auxiliary component 
transmission with a constant ( a , b f c) or infinitely variable (d) speed-ratio and a 
fixed monoshaft II; S, connected coupling shaft; F, free coupling shaft. A-d, con¬ 
strained bicoupled transmissions whose auxiliary component transmission is: a , a 
simple epicyclic transmission; b , a basic transmission; c, a conventional transmis¬ 
sion; dy a variable-speed drive (“variable bicoupled transmission”). 
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able bieoupled transmissions.’* The component transmission whose speed- 
ratio is infinitely variable is called the “variable component transmission.” 
Variable main component transmissions can be revolving traction drives, or 
revolving hydrostatic drives. Variable auxiliary component transmissions 
can be traction drives, belt or link-belt drives, or hydrostatic transmissions. 
Almost all of the variable bieoupled transmissions which have found prac¬ 
tical applications are designed with a variable auxiliary component trans¬ 
mission as shown in fig. 113d. Transmissions of this type have been 
described in detail by Birkle [25]. 

g) Reduced Bieoupled Transmissions 

Reduced bieoupled planetary transmissions are special designs of the 
simple bieoupled transmissions which have the following two unique 
features: 

1. The combined carriers of the two component gear trains constitute the 
free coupling shaft and, therefore, can be reduced to a single unit. 

2. The two central gears of the connected coupling shaft and their imme¬ 
diately meshing planets are respectively equal and, therefore, can be 
reduced to a single central gear and a single planet each. (The term “single¬ 
carrier bieoupled transmission” which Neussel [16] chose for this special 
transmission was not retained here, because it describes gear trains without 
the second of the characteristics mentioned above.) 

At least one of the two component gear trains must have stepped planets 
as shown in figs. 19 and 34, or meshing planets as shown in figs. 22 and 36. 
Otherwise, the reduced bieoupled transmission becomes a simple planetary 
transmission. The combined carriers cannot constitute the connected cou¬ 
pling shaft since the two equal central gears, which then would have to con¬ 
stitute the free coupling shaft, would reduce to a single idler gear so that the 



Fig. 114. Reduced bieoupled transmission, Minuteman Cover Drive [35]: a , sche¬ 
matic representation of the reduced bieoupled transmission; b , schematic representa¬ 
tion of the functionally equivalent simple bieoupled transmission; c, symbolic repre¬ 
sentation of a and b . 
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Fig. 115. Reduced bicoupled transmission, Ravigneaux gear set [34]: a, schematic 
representation of the reduced bicoupled transmission; b , schematic representation of 
the functionally equivalent simple bicoupled transmission; c, symbolic representa¬ 
tion of a and b. 

remaining bicoupled transmission would merely be a simple epicyclic trans¬ 
mission. 

A reduced bicoupled transmission can be expanded into three different 
kinematically-equivalent, simple bicoupled transmissions. However, only 
one of them has the same power-flow and the same efficiency as the reduced 
bicoupled transmission and, thus, is functionally equivalent (sec. 37b). 
Therefore, the Wolf-symbol of this functionally equivalent bicoupled trans¬ 
mission can serve as a starting point for the analysis of the reduced bi¬ 
coupled transmissions. 

Figs. 114 and 115 show two well-known designs of reduced bicoupled 
transmissions, the Minuteman Cover Drive, and the Ravigneaux gear train, 
together with their functionally equivalent bicoupled gear trains and their 
Wolf-symbols. 

h) Symmetrical Compound Transmissions 

Willis [1] described a compound revolving drive train for very high and, 
at the same time, accurate speed-ratios, and also gave directions for its syn¬ 
thesis. As shown in fig. 116, it differs from a simple bicoupled transmis¬ 
sion by having two fixed carrier, auxiliary component transmissions. One of 
its two connected shafts is the monoshaft of the main component transmis¬ 
sion while the other is the connected coupling shaft between the two aux- 



Fig. 116. Symmetrical compound transmission with the main component transmis¬ 
sion / and the auxiliary component transmissions II and III which are symmetrically 
arranged. 



32. Types / 179 

iliary component transmissions. Because of their symmetrical construction 
these special transmissions shall be called “symmetrical compound trans¬ 
missions.’ ’ 

i) Four-Shaft Bicoupled Transmissions 

If the free coupling shaft of a simple bicoupled transmission with two 
degrees of mobility is also connected, a four-shaft bicoupled transmission is 
obtained as shown in fig. Ills. It, likewise, has two degrees of freedom. 
However, because of the additional external shaft the static degree of free¬ 
dom increases to F stat = 2. 

To unequivocally describe the state of operation of such a drive, the 
torques of any two connected shafts, as well as the speeds of two arbitrary 
shafts, must be given. 

To unequivocally describe the state of operation of such a drive, the 
torques of any two connected shafts, as well as the speeds of two arbitrary 
shafts, must be given. 

k) Planetary Change-Gears 

Transmissions which consist of two or more simple planetary gear trains, 
and whose overall speed-ratio can be altered from the outside in steps, are 
called “planetary change-gears.” Thus, planetary change-gears are trans¬ 
missions with several forward and/or reverse speeds which are used prefer¬ 
ably as automotive transmissions. If put into gear, such a transmission can 
work as a simple planetary transmission, as a series-coupled epicyclic trans¬ 
mission, as a simple bicoupled or higher compound transmission, or as a 
reduced bicoupled transmission. A gear change can also be associated with 
a change between these transmission types, a condition which arises when 
the gear change causes one or more of the component gear trains to idle and 
thus alters the power-flow. According to their functions, two transmission 
types must be distinguished: 

a) Planetary change-gears with rigid couplings . These transmissions 
consist of two or more rigidly-connected, simple planetary gear trains 
without a permanently fixed shaft as shown, for example, in figs. 117a, 
117b, and 156, and having two degrees of freedom. 

Two coupling shafts or monoshafts or one coupling shaft and one mono¬ 
shaft are rigidly connected as input and output shafts. One of the other 
coupling shafts or monoshafts can be either locked by a brake, or two of 
them can be coupled together. This constrains the transmission and deter¬ 
mines one of its gear-ratio steps. When two shafts are coupled together, all 
of the component gear trains of the transmission operate at the coupling 
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Fig. 117. Planetary change-gear with rigid couplings between its three component 
gear trains and 4 gear stages, one of which is the direct gear, i = 1. A, B, input and 
output; C, D, E, brakes for one gear stage each; K, clutch for the direct gear: a, in 
each gear the total power is transmitted by only one component gear train, while the 
other two are idling; b , in each gear the total power is transmitted by either two or all 
three component gear trains. 


point and the speed-ratio becomes i = 1 which corresponds to the “direct 
gear.” 

The number of gear stages is equal to the number of component gear 
trains plus the direct speed-ratio. All speed-ratio steps can be freely chosen. 

0) Planetary change-gears with changeable couplings . These transmis¬ 
sions consist of two or more simple planetary transmissions whose shafts 
can be coupled in several-different ways with the aid of several clutches or 
they can be connected to either the input or output. Alternately, they can be 
stopped by a number of brakes. As shown in fig. 118, the input or output 
can also be rigidly connected. 

The selection of a particular gear stage is made by coupling the appropri¬ 
ate shafts with the aid of their clutches and locking one of the shafts. How- 
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Fig. 118. Hydra-Matic transmission [40]: B u B 2 , brakes; K, mechanical clutch; A, 
input; B, output; H, hydrodynamic clutch which can be operated by changing its 
fluid volume. A , schematic representation of the transmission; b , symbolic repre¬ 
sentation; c, shift-schematic (in each speed, the marked clutches or brakes are 
engaged). 
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ever, the transmission can be put into direct gear merely by using the 
clutches. 

I) Higher Bicoupled Transmissions 

Higher bicoupled transmissions are compound transmissions which con¬ 
sist of more than two simple three-shaft transmissions. Each of these is 
coupled through at least two of its shafts with one or two other component 
transmissions as shown in figs. 11 In to lllq. They will be called “higher 
bicoupled transmissions” to distinguish them from simple bicoupled trans¬ 
missions which consist of only two, three-shaft, component transmissions. 
Higher bicoupled transmissions have as many degrees of mobility as non- 
locked monoshafts, and as many coupling shafts as component transmis¬ 
sions, where a coupling shaft can connect two or more component transmis¬ 
sions. Any coupling shaft can become a connected coupling shaft and, 
according to R 27, at least one of the coupling shafts must be connected. 

When a connected coupling shaft is locked, the component transmissions 
which are affected by this measure become constrained. They operate either 
as reduction gears which are connected at either end of the transmission or 
as series-coupled intermediate gears. This reduces the degree of mobility of 
the higher bicoupled transmission. If, (e.g., in fig. lllo) the coupling shaft 
B , instead of shaft 5, were connected and locked, the transmission would be 
reduced to a series-coupled revolving drive train with a power-flow II—A — 
S—I. Similarly, if in fig. lllp the coupling shaft A instead of shaft S is 
chosen as the connected coupling shaft, and is locked at the same time, the 
transmission reduces to a simple constrained bicoupled transmission with 
the connected monoshaft II, the free coupling shaft S, the locked “mono- 
shaft” A , the connected coupling shaft B , and a series-coupled revolving 
drive I—C—B which is connected at the input B . 

Higher bicoupled transmissions can increase the range of applications of 
the simple bicoupled transmissions. To date, however, they have been used 
rarely and their operating characteristics and advantages have not been sys¬ 
tematically investigated. 

Fig. 11 In shows the symbolic representation of an executed design. Figs, 
lllo, lllp, and lllq, however, show arbitrarily chosen examples. The 
transmissions shown in figs. 11 In, lllo, and lllp can operate as either 
(higher) bicoupled transmissions with two degrees of mobility or (higher) 
constrained bicoupled transmissions, depending on whether one of their 
two monoshafts is locked, A further example is the automotive transmis¬ 
sion operating with the brake C set (figs. 156g and 157). 
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B. Operating Characteristics of Compound 
Epicyclic Transmissions 


Section 33. Perfect Analogy between Simple Bicoupled 
Transmissions and Simple Epicyclic 
Transmissions 

a) Development of the Analogy 

Simple bicoupled transmissions with two degrees of mobility have two 
degrees of freedom and three connected shafts. In this respect they are com¬ 
pletely similar to the simple epicyclic transmissions as already pointed out 
by Wolf [13]. The utilization of this analogy leads to a substantial simplifi¬ 
cation of the analysis and, especially, the synthesis of these bicoupled trans¬ 
missions as well as of the widely used transmission designs derived from 
them. 

It can be readily understood that it is possible to perform the same mental 
experiment with a bicoupled transmission as was described in section lid 
for a simple epicyclic transmission. Consequently, the speeds of its shafts 
can also be determined with the aid of the generalized Willis equation. If, 
unlike section lid, we do not assume that the interior construction of the 
transmission is unknown, but rather proceed from a bicoupled transmission 
whose components are given and whose coupling shafts and monoshafts we 
know, then we can calculate the speed-ratios between any two external 
shafts when the third is locked. However, given a transmission as shown in 
fig. 119, we cannot readily determine from its schematic representation (fig. 
119a) which of the three shafts I, II, or S should be locked in order to find 
the speed-ratio between the other two shafts. However, if we consider the 
symbolic representation of the transmission, fig. 119b, we will realize that 
the bicoupled transmission becomes a series-coupled transmission whose 
speed-ratio can be most readily determined if we lock the connected 
coupling shaft S. Then, according to section 32b, and worksheet 1, box 13: 

hn = W*f'm' = hJvv = U ” 4>)*o' • 

This indicates that the connected coupling shaft S corresponds to the carrier 
shaft s of a simple revolving drive for which we likewise obtain the simplest 
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Fig. 119. Example for a simple bicoupled transmission: a, schematic representation; 
b, symbolic representation. 


state of motion, namely, that of the basic transmission when the carrier 
shaft is locked. 

For our analogy we could basically assume that an arbitrary external 
shaft of the bicoupled transmission corresponds to an arbitrary shaft of a 
simple planetary transmission. That this is true can be proven easily with the 
help of the generalized Willis equation as discussed in section lid. These 
assumptions would also yield the correct efficiency values as given in section 
15g. However, the specific correspondence between the shafts which has 
been chosen for the subsequently discussed analogy will require the least 
computational effort and, therefore, we will use it exclusively to simplify 
the analysis of simple bicoupled transmissions. 

b) Characteristics of the Analogy 

If the analogy between the bicoupled transmissions and the simple epi- 
cyclic transmissions is investigated in more detail, a complete correspon¬ 
dence, not only between the speed characteristics, but all other typical 
parameters such as the torque characteristics, the efficiencies, and power- 
flows will be found. 

This perfect analogy with the equations developed earlier for the simple 
revolving drive trains makes it possible to analyze bicoupled transmissions 
with two degrees of mobility, as well as constrained bicoupled transmis- 



Fig. 120. Wolf symbol for a bicoupled transmission with unspecified internal design 
(analogous to fig. 46). 
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TABLE 6. Analogous Designations for Simple Revolving Drive Trains 
and Simple Bicoupled Drive Trains 


SIMPLE REVOLVING DRIVE TRAINS 

SIMPLE BICOUPLED DRIVE TRAINS 

Carrier shaft (spider) s 

S connected coupling-shaft 

Basic transmission (fixed-carrier shaft) 

Basic bicoupled transmission 
(fixed connected coupling-shaft) 

Connected shafts of the "j j j 
basic transmission 3 ’ 

I, II monoshafts r connected shafts of 

j the basic bicoupled 

C transmission 

Basic speed-ratio i Q = i l2 

/j n series speed-ratio 

Basic efficiency = r? I2 

rjj n series efficiency 

Vo 1 = l/r l2l 

W = 1/tjhi f see defining equations 

(84) and (85)] 

Three-shaft drive with two degrees 

Three-shaft drive with two degrees 

of mobility 

of mobility 

Two-shaft drive with one degree of mobility 

Two-shaft drive with one degree of mobility 

(constrained) 

(constrained) 

One central gear locked 

One monoshaft locked 

Spider locked: reverts to the 

Connected coupling-shaft locked: 

basic transmission 

reverts to the basic bicoupled trans¬ 
mission, made up of two series- 
coupled simple revolving drive trains 

Rolling-power P R 

P R series power 

Coupling-power P s 

P s coupling-power 


sions, reduced bicoupled transmissions, and variable bicoupled transmis¬ 
sions. It is necessary only to observe the analogous designations of symbols 
and subscripts given in the upper part of table 6, where “lowercase” ap¬ 
plies to the simple revolving drive trains and “uppercase” to the simple 
bicoupled transmissions. In this connection it should be noted that when the 
internal design of a simple bicoupled transmission, like that of fig. 119, is 
unknown or irrelevant, the transmission may be represented by the simple 
Wolf-symbol of fig. 120 with uppercase designations for its three shafts. 

The series speed-ratio / {II is defined as the speed-ratio which is obtained 
when the connected coupling shaft is locked, since the bicoupled transmis¬ 
sion then works as a series-coupled transmission, in accordance with section 
32b. With the notation used in fig. 110, 


hn - 



(75) 


If shaft I is the input shaft, then the “series-efficiencies” of these series- 
coupled transmissions become: 
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Accordingly, 


^III ““ • 


, ?in 1 = 


1 

mu 


1 

*?fm 


185 

(76) 

(77) 


when shaft II is the input shaft. 

In series-coupled revolving drive trains the dissymmetry of the losses can 
become quite significant because both component transmissions are revolv¬ 
ing gear trains which, as a rule, are not symmetrical with respect to their 
losses. The simplified assumption that basic transmissions are practically 
loss-symmetrical (which led to eq. (14) of section 5) is no longer applicable 
to series-coupled revolving trains. Therefore, we must distinguish rigor¬ 
ously between eqs. (76) and (77). If the position of all shafts and the basic 
efficiencies rj Q and rj Q ' of the component transmissions are known, then we 
can obtain rj mf and 7]f m > from worksheet 5. 

For the transmission shown in fig. 119 we obtain (with the help of work¬ 
sheets 1 and 5): 


fm = Uvr = (1 - 4)4' and 


Vm = Vlstfl '2' = 


l 4 v 0 


1 - L 


T— Vo' 


since / 0 < 0 . 


However, 


Vm = Vi'i' V&\ = Vo 'T 


4 - 1 


± -1 
Vo 


for / 0 < 0 . 


c) Speeds 

If a bicoupled transmission works as a series-coupled revolving drive with 
a locked connected coupling shaft, then its state of motion corresponds to 
that of a basic transmission which has been described by Willis as the first 
partial motion (see sec. 11), and 


ni_ 

n{i 


= in • 


If, now, an equal “coupling speed” n s is superimposed on all three external 
shafts, then the relative motions between the three shafts do not change. 
Analogous to eq. (22), the basic speed-ratio becomes 


ni ~ n s 
n\\ - n s 


= hn 
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or ri\ — /jh/Iii — (1 — iui)n s = 0 . (78) 

Because of the analogy between eqs. (22) and (78), eqs. (23) to (36), which 
all have been derived from eq. (22), as well as worksheets 1 and 2, remain 
valid for simple bicoupled transmissions when the lowercase subscripts are 
replaced by uppercase subscripts. Thus, the worksheets can be used immedi¬ 
ately for all simple bicoupled transmissions and the transmission types de¬ 
rived from them, that is, the reduced bicoupled transmissions and variable 
bicoupled transmissions. With uppercase subscripts, eqs. (23) to (25) 
become: 


«I = 

Aii«ii + (1 - 

'i II ) "s . 

(79) 

«„ = 

n \ + (4ii _ 

l)«s 

(80) 

'hi 


n s = 

- n x 

'iii - 1 


(81) 


d) Torques 

Since the superposition of a coupling speed evidently does not change the 
torque ratios of either a simple or bicoupled epicyclic transmission, eqs. (40) 
and (41) remain valid when written with analogous subscripts. However, it 
must be reemphasized that the series-coupled epicyclic transmissions cannot 
be treated as being loss-symmetrical. Therefore, if shaft / is the input shaft, 

Tn_ • 

-r. — Mil Vlll > 

'I 

and if shaft II is the input shaft, 

T\\ _ 4n 

T\ Vm ' 

However, even if the loss-dissymmetry of the series-coupled epicyclic trans¬ 
missions is considered, we can write eqs. (42) and (43) analogously as 


and 


Tn 

Ti 


= —hiiVm 


r I 


T\Uh ~ ns) 

1 7\( n i — «s)| 


(82) 

(83) 


if we define the series efficiency of the simple bicoupled transmissions as: 
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^III 1 — ^III > 

when 

rl = +1 

(84) 

w -l_ 1 
^III-> 

when 

rl = -1 . 

(85) 


vm 


Analogous to eqs. (44) and (45), the torque ratios then become: 


T s - ; w n _ i 
I \ 


T\\ huVili 


( 86 ) 

(87) 


e) Efficiencies 

Also, the efficiencies of the three-shaft and two-shaft bicoupled transmis¬ 
sions can be calculated like the efficiencies of the simple three-shaft and 
two-shaft transmissions. However, the dissymmetry of the losses, which can 
be quite appreciable in series-coupled transmissions, can no longer be 
neglected. 

Because of the perfect analogy between simple bicoupled and simple 
revolving drives, worksheets 4 and 5 are valid without any reservation for 
three- and two-shaft bicoupled transmissions respectively, if the indices 1, 
2, and s are replaced by I, II, and S. 

f) Series Power and Coupling-Power 

If a bicoupled transmission operates solely with Willis’ first partial 
motion, using the series gear train furnished by a locked connected coupling 
shaft, the total power flows from / to II through the free coupling shaft. 
This “series power’’ P R thus corresponds to the rolling-power P R of the 
simple revolving drive. (Because of this analogy and the coincidence of the 
corresponding equations, the same subscript R is used to denote rolling- 
power and series power.) With the analogous indices we can write, 

series power of shaft I :*ri = 7i(«i ~ n s ) , (88) 

series power of shaft II: JPrii — T \ i( n u — n s ) . (89) 

With the second of Willis’ partial motions the following coupling-powers 
are then superimposed on the three shafts, 

coupling-power of shaft I : T^si — , 

coupling-power of shaft //: P S n = Tn^s , (90) 
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coupling-power of shaft S : Pss = T s n s . 

Thus, if we use the uppercase subscripts / instead of 1, //instead of 2, and S 
instead of s, table 1 is equally valid for simple bicoupled transmissions. 

g) Internal Power-Flows 

The internal power-flows in simple bicoupled transmissions are likewise 
analogous to those in simple revolving drives and figs. 49 and 49 remain 
valid for simple bicoupled transmissions when upper case subscripts are 
used. While negative-ratio bicoupled transmissions (i.e., transmissions with 
a negative series speed-ratio) operate without opposing series and coupling 
futile power-flows, such power-flows may occur in positive-ratio transmis¬ 
sions as shown in figs. 49. Entirely independent of these power-flows, how¬ 
ever, futile coupling-power and futile rolling-power can flow in each com¬ 
ponent gear train of a bicoupled transmission if this component gear train 
has a positive basic speed-ratio. 

The opposing futile coupling-power and futile series power, which—anal¬ 
ogous to the futile coupling-power and futile rolling-power in simple 
positive-ratio transmissions—can occur in bicoupled transmissions with a 
positive series speed-ratio, are not identical with the circulating powers that 
will be described later in section 35f. 

If the series power becomes larger than the total external power, then the 
total efficiency of a bicoupled transmission becomes smaller than its series 
efficiency and vice versa, since only the series power, not the coupling- 
power, is associated with losses. If uppercase subscripts are used and the 
losses are neglected, the ratio P R /P in of the series power to the external 
power in bicoupled transmissions can be obtained immediately from figs. 66 
and 67 for constrained bicoupled transmissions, and from figs. 68, 69 and 
70 for bicoupled transmissions with two degrees of mobility. 

h) Summation Shaft and Total-Power Shaft 

Like a simple epicyclic transmission, a simple bicoupled transmission has 
a summation shaft and two difference shafts and, according to worksheet 3, 
the positions of these shafts depend on whether its series speed-ratio is / In < 
0, or 0 < / m < 1, or / m > 1. A simple bicoupled transmission has a total- 
power shaft whose position, according to figs. 63 to 65, depends on the 
speed-ratios of its shafts /, //and S and its series speed-ratio / In . To prove 
these statements, procedures can be followed which are analogous to those 
outlined in section 15a for the simple epicyclic transmissions. 

i) Self-Locking and Partial-Locking 

Like a simple positive-ratio transmission, a bicoupled transmission with a 
positive series speed-ratio is capable of self-locking when 
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Vm < < — * (91) 

Vui 

However, self-locking occurs only when the connected coupling shaft is the 
sole output shaft. Self-locking, then, is possible over a wider range of speed- 
ratios i UJ than in simple, positive-ratio transmissions, since, in 

, 1 1 

Vi 11 — VmfVf'm' » ana - = - > 

VlII 


ijiu can be the product of two rather low revolving-carrier efficiencies. This 
occurs when the component transmissions are positive-ratio gear trains, 
which, in a series-coupled transmission, operate with a low revolving-carrier 
efficiency, that is, with a high rolling power-ratio as can be verified with 
figs. 66 and 67. On the contrary the basic efficiency of a simple revolving 
drive is always close to 1. 

As long as its series efficiency ry in > 0, and eq. (91) is not satisfied, a bi- 
coupled transmission is not capable of self-locking. This has been pointed 
out by Birkle [25]. A drastic illustration is the bicoupled transmission shown 
in fig. 121, which has the basic speed-ratios i 0 = i 0 > = 1.02, and the basic 
efficiencies ry G = rj 0 > = 0.97. As a series-coupled revolving drive it cannot 
operate when the shaft S is locked and, at the same time, shaft / is the input 
shaft, since each of the two series-coupled gear trains is self-locking when 
the power-flow is in the indicated direction (R 28). According to worksheet 
5, box 9 and 12: 


Vn = i?iv 


i 0 rj 0 - 1 1.02 • 0.97 - 1 


1 


1.02 - 1 


= -0.53 , 


1 1.02 - 1 


Vs\ = Vs'v = 


■2L- 1 

Vo 


1.02 

097 


= 0.388 


5 



Fig. 121. Simple bicoupled transmission whose component gear trains are capable of 
self-locking: i Q = i Q > = 1.02 and rj Q = y] Q , - 0.97. 
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Mathematically, the series efficiency becomes positive, that is 


Vm = VisVi's' = ( -0.53) ( -0.53) = 0.281 , 

and 

Vm = Vs'i'lsi = 0.388 • 0.388 = 0.15 . 


The series speed-ratio becomes: 

/iii=/isW = (1 -/ 0 )(1 -40 = (-0.02) (-0.02) = 0.0004 . 

Since now 1 /rj m > r/ m > / m and not as required by eq. (91) l/rj in > / ln > 
rji U , the condition under which the bicoupled transmission can become self¬ 
locking is no longer satisfied. The speed-ratio of the bicoupled transmission 
can be obtained with the help of worksheet 1: 


/ IS = 1 - i m = 1 - 0.0004 = 0.9996 * 1 , 


and the efficiency with the help of worksheet 5, box 8: 


hu_ j 0-0004 

mu __ Q-15 _ 

/„! - 1 ~ 0.0004 - 1 


0.9977 . 


Despite the capability of both component gear trains to be self-locking, 
the calculated total efficiency of the bicoupled transmission is almost equal 
to 1 and, therefore, it is not self-locking. This, at first sight surprising 
result, becomes clear when the speeds and torques are considered: since z IS 
* 1, the gear train / on the left-hand side operates at the coupling point 
without losses. Shafts 1 ' and 2' of gear train II on the right-hand side trans¬ 
mit only approximately 2% of the external torque T s , so that for ail prac¬ 
tical purposes the gear train II idles and its tooth-friction losses can be 


5 



Fig. 122. Constrained bicoupled transmission which is capable of self-locking but 
whose component gear trains are not capable of self-locking: i n = -0.25; i vl > = 
— 4.2; > 7 j 2 = ^7 1 ' 2 ' =:: 0.97. Thus: /"m — 1.05; — 0.941, 
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neglected. However, as discussed in section 6, in a practical transmission of 
this type the idling losses which have not been considered in this calculation 
would have to be taken into account and the final efficiency would assume a 
somewhat smaller value. 

According to eq. (91), however, a bicoupled transmission can be self¬ 
locking even if its two component gear trains are not self-locking because, 
for example, they have negative basic speed-ratios. The constrained trans¬ 
mission shown in fig. 122 may serve as an example. Its parameters have 
been chosen as follows: 

4 = hi = -0.25 , 4' = h'V = -4.2 , r\ Q = rj 0 > = 0.97 , 

hi i = hih'v = (-0.25) (-4.2) = 1.05 , 

*?III = VuVi ' i ' = 0.97 • 0.97 = 0.941 . 

For the bicoupled transmission we thus obtain, with worksheet 1, 

/is = 1 “ hn = 1 - 1-05 = -0.05 , 

and with worksheet 5, box 9, 


_ hnVm — 1 _ 1.05 • 0.941 - 1 
Vls - 1 1.05 - 1 


-0.24 . 


Since this efficiency is negative, the bicoupled transmission is self-locking 
for the power-flow direction IS. 

In bicoupled transmissions with two degrees of mobility, which are self¬ 
locking according to the conditions expressed by eq. (91), partial self- 
locking can occur in the same way as has been described in section 15f for 
simple three-shaft transmissions. 

To summarize what has been said, thus far, about the use of the analogy 
between simple and bicoupled epicyclic transmissions, we can formulate the 
following guide rules: 

All equations derived for simple epicyclic transmissions are R 29 
equally valid for simple bicoupled transmissions when shafts 
1 and 2 are replaced by the analogous monoshafts I and II, 
the carrier-shaft s by the analogous connected coupling shaft 
S, and the fixed-carrier efficiencies rj l2 and rj 21 by the anal¬ 
ogous series efficiencies iy ni and iy ni . 

For the majority of its possible couplings, series-coupled epi - R 30 
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cyclic transmissions are not loss-symmetrical and , therefore, 
as a rule ry in ^ rft u . 

k) Application of the Analogy to Revolving Hydrostatic Drives 

Worksheets 1 to 5, which can be used to determine the speeds and effi¬ 
ciencies of two-shaft and three-shaft transmissions, are fully valid also for 
revolving hydrostatic drives such as shown in fig. 44, [52], 

The subscripts, which are analogous to those of the simple epicyclic trans¬ 
missions, can be found as follows: Each of the two hydrostatic components 
of the transmission possesses a monoshaft and one of these is arbitrarily 
denoted by 1 , the other by 2 . Both components are rigidly connected 
through the housings of the hydraulic components, that is, pump and 
motor. Together these housings constitute the carrier of the transmission 
and, therefore, they are denoted by the symbol s . It would, however, be 
possible to connect the cylinder block of the left-hand side component to 
the housing of the right-hand side component. Since the connected parts 
would again form the carrier of the transmission, they would be denoted by 
the letter s, while the housing of the left-hand side unit would become a 
monoshaft and as such would be denoted by the symbol 1 or 2. 

If the transmission has a closed hydraulic system, its basic speed-ratio i is 
defined by the ratio of the displacement volumes V x and V 2 of pump and 
motor: 



where ij v is the volumetric efficiency of the transmission. It depends, of 
course, on the leakage losses of the hydraulic components and thus the basic 
speed-ratio i Q is influenced by pressure, speed, and temperature (viscosity). 
Only for a first estimate may we assume that tj w has a value of 1. At the 
same time, the equation above determines the sign of the displacement ratio 
V 2 / V x . If the displacement volumes of pump and motor are infinitely vari¬ 
able, and either of them is changed through zero, its sign and, consequently, 
the sign of the speed-ratio i 0 change, so that the output speed of the drive 
changes its direction of rotation. 

If the hydraulic and mechanical friction losses are considered through the 
introduction of the mechanical efficiency factor >? m then the torque ratio 
becomes: 

r. 

r, v, * Vm ' 


Thus, according to the definition given in eq. (13), the basic efficiency rj Q 
becomes: 
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Vo Vn ^ y^ * ^Vj2^?nij2 ^ V 12^ m 12 * 

If such a revolving hydrostatic drive is loss-symmetrical (see sec. 5), that is, 
when r) n « 1721 , then its two-shaft and three-shaft efficiencies can be deter¬ 
mined with the aid of worksheets 5 and 4 respectively. 

Completely analogous to the rolling-power in planetary transmissions a 
hydrostatic power P h = P R occurs in hydrostatic transmissions. In the 
fixed-carrier mode this hydrostatic power equals the external power. The 
direction of the power-flow is determined by the exponent r\ which has 
been introduced earlier and can either be calculated from eq. (43) in section 
12 or can be found directly from worksheets 4 and 5. Because of the perfect 
analogy, the characteristic differences between positive- and negative-ratio 
transmissions, as well as the conditions for self-locking and partial self¬ 
locking (sec. 15) are valid also for revolving hydrostatic drives. 

Revolving hydrostatic drives are frequently used as component transmis¬ 
sions in variable bicoupled drive trains (sec. 36). Because of the analogy, 
these hydrostatic main or auxiliary component transmissions can be treated 
like simple planetaries. In the analysis of the bicoupled transmission they 
are, therefore, considered as revolving drive trains, as is any simple plane¬ 
tary transmission. The analogy as described in sections 33 to 36 is thus 
directly applicable to bicoupled transmissions which contain a hydrostatic 
main or auxiliary component transmission. The frequently encountered use 
of additional intermediate drive trains will be investigated later in section 
36d. 

Section 34. Bicoupled Transmission with Two Degrees 
of Mobility 

In section 32d, the simple bicoupled transmission with two degrees of 
mobility has been defined as the fundamental type of the bicoupled trans¬ 
missions. Its symbolic representation and the designation of its shafts are 
shown in fig. 110. The relationships between the speeds, torques, and 
powers of its three external shafts can be derived with the help of the anal¬ 
ogy from the simple epicyclic transmission as described in section 33. The 
subsequent discussions, therefore, deal with the internal construction of 
these transmissions and the relationships which determine their analysis and 
design. 

a) Number and Designations of Possible Couplings 

Each of the three shafts 1, s , or 2 of a component transmission can be a 
monoshaft of the bicoupled transmission. Once the monoshaft is deter- 
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5 S S 



F F F 


Fig. 123. Possible distribution of the three shafts of a main component transmission 
between the monoshaft /, the connected coupling shaft S, and the free coupling shaft 
F. The different c-/shaft pairs (ref. fig. 113) in vertical alignment result from inter¬ 
changing central gear shafts 1 and 2. 


mined, either one of the other two shafts can become part of the connected 
coupling shaft. Consequently, as shown in fig. 123, the monoshaft and the 
connected and free coupling shafts of each component transmission can be 
arranged in 3 x 2 = 6 different ways so that 6 x 6 = 36 different couplings 
are possible between the two component transmissions of a bicoupled trans¬ 
mission. 

To reduce this multitude of possibilities, we can make use of the fact that 
the six possible shaft combinations of each simple transmission can be 
grouped in three pairs where the component transmissions of each pair 
differ only in that its central gear shafts 1 and 2 change places. Both trans¬ 
missions of each pair are thus identical when their basic speed-ratios are 
reciprocal with respect to each other (fig. 123). For each component trans¬ 
mission, therefore, the pair of modifications which has the same position of 
the carrier shaft needs to be considered only once. This reduces the number 
of possible couplings of the bicoupled transmission to 3 x 3 = 9. 

These couplings are indicated by an ordered pair of the symbols c, f, or m 
and /', c' or m' respectively of those shafts of the bicoupled transmission 
which are the carrier shafts of the two component transmissions. The nine 
possible coupling cases and their designations are shown in fig. 124. Each of 
these has four variations which can be obtained by exchanging the designa¬ 
tions of the central gear shafts 1 and 2, or /' and 2'. If, at the same time, 
however, the basic speed-ratio i 0 = x is replaced by i Q = 1/x and/or i 0 > = y 
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Fig. 124. The possible structural couplings of the simple bicoupled transmissions are 
denoted according to the positions of the carrier shafts of the component transmis¬ 
sions, e.g., the coupling case cm' in the third column of the first row is characterized 
by s = c and s' = m\ Each coupling case has four possible identical arrangements 
which are obtained by interchanging the arbitrarily selected positions of the central 
gear shafts 1 and 2 and/or V and 2’. 


by / 0 ' = l/y , then the four variations reduce to four identical transmis¬ 
sions. 

The nine possible coupling cases make it possible to design nine struc¬ 
turally different simple bicoupled transmissions. Therefore, we shall refer 
to them more accurately as “structural coupling cases.” 

However, it is possible to find bicoupled transmissions which belong to 
different structural coupling cases but are kinematically equivalent. These 
bicoupled transmissions are characterized by the fact that in each of their 
two component transmissions the summation shafts occupy the same posi¬ 
tion. Since, in each of the two component transmissions, the shafts c, m, or 
f, and c ', m ', or/', can be the summation shafts, they can again be coupled 
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in 3 x 3 = 9 different ways which we shall call the nine “kinematical coup¬ 
ling cases.” Like the nine coupling cases shown in fig. 124, they shall be 
indicated by an ordered pair of the symbols m, c, or /, and m\ c\ or /' 
respectively of those shafts of the bicoupled transmission which are the 
summation shafts of the two component transmissions. 

According to R 13, in all negative-ratio transmissions the carrier shaft is 
also the summation shaft. If, therefore, a bicoupled transmission consists 
of two negative-ratio component transmissions, then the designations of the 
structural and kinematical coupling cases are identical. 

b) Shaft Speeds 

All speeds of a bicoupled transmission with two degrees of mobility are 
unambiguously determined when the speeds of two of the four shafts I, II, 
5, and Fare known. 

For the analysis of the speed characteristics of a bicoupled transmission 
we must know its coupling case according to fig. 124, the basic speed-ratios 
of its component transmissions, and two of its speeds. If the known speeds 
belong to the same component transmission, then the speed of the third 
shaft and, subsequently, the speeds of the other component transmission 
can be found with the aid of worksheet 2. If the speeds of the two mono¬ 
shafts of the bicoupled transmission are known, then we must first deter¬ 
mine its series speed-ratio / m according to section 33c from which we can 
subsequently find its third speed n s . The speed of the free coupling shaft 
which is the only unknown speed, can again be found with the help of work¬ 
sheet 2. 

For example, an analysis of the speed characteristics of the transmission 
shown in fig. 125a: To begin with, every shaft of the transmission is labeled. 


I 

""Tv 



5 



b 


Fig. 125. Simple bicoupled transmission with two degrees of mobility illustrating the 
transmission analysis in secs. 34b-d: a , schematic representation of the gear train 
showing the numbers of teeth; b , Wolf symbol whose shaft designations are tran¬ 
scribed from a . 
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Then their speed-ratios are determined from the number of teeth of their 
gears. The sequence of the necessary steps is as follows: 

1. The two component gear trains shown in fig. 125a are arbitrarily 
denoted as / and II. The shafts of gear train I are then labeled I, 2 and s, 
and its connected monoshaft with I. Likewise, the shafts of gear train II are 
labeled with 1', 2', s', and II. 

2. The designations are then transferred to the Wolf-symbol. As shown 
in fig. 125b, shafts I, II and S are the connected shafts: 

Gear train I: s is a part of the free coupling shaft; 2 is the connected 
monoshaft I; 7 is a part of the connected coupling shaft. 

Gear train II: s’ is a part of the connected coupling shaft; 2’ is the con¬ 
nected monoshaft II; 7' is a part of the free coupling shaft. 

3. Determination of the basic speed-ratios according to section 9. The 
number of teeth of the individual gears are given in fig. 125a: 


Gear train I: L = — = 
n 2 


Gear train II: i 0 - 


«r 

n v 


= (-3>iL)(-j2L) = V 

V Zv A 2p2'/ 20 


_2 

7 

40 

*22 


42 

IT ■ 


4. Determination of the series speed-ratio according to eq. (75), section 
33 and worksheet 1: 


• «i _ . . _ . . _ 'o ~ 1 . 

l III - — - 'mf'f'm' - hsh’l' -;-* 'o' 

«II 'o 

-9/7 42 _ 9 • 21 _ 189 

- 2/7 *tt n rr ■ 


5. Determination of the shaft speeds: 

Given /i, = 25sn n = -12s" 1 . Sought are all other shaft speeds: 


«s 

n s = n,. — 
«i 


n iksi • 


With,& SI from worksheet 2, box 19 and 


n n 12 


we obtain: 
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1 - 


'hi 

^iii 


1 + 


189 • 12 
11 • 25 


v si 


1 


1 - 


189 

TT 


-0.5715 , 


so that n s = /ijAr S i = 25 (—0.5715) = -14.29 s '. 
Finally, 


With 


n F = n v = n s = n 2 • — = n 2 k s2 . 

n 2 


n 2 = n Y and k s2 = from worksheet 2, where 

i i a 


k X2 = *si = -0.5715 , 



With the previously calculated series speed-ratio / ni = 189/11 « 17.2, and 
the given speed-ratio k m = -(12/25) = -0.48, we can determine k S{ = 
-0.58 faster by using fig. 64 if only approximate values of the shaft speeds 
are sought. It is then 


n s = n { k S i * -25 • 0.58 = -14.5s 1 , 


or with kns « 0.83 from fig. 63, 


"s 


”ii 

^IIS 


-12 

083 


-14.4s' 1 . 


The speed of the free coupling shaft can be found from the known speeds of 
gear train I: 


n v = n s = n 2 • J = n x k s2 . 
n 2 

With k X2 = &si = -0.58 and/ 0 = -(2/7) « -0.29, k s2 » -0.23 can be 
found from fig. 63. Then 


n F » —25 • 0.23 = —5.7 sec 1 . 
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According to section 1 lc, the speeds of the planets relative to the carriers 
become: 


(n p - n s ) = (n, - n s ) = (-14.29 + 5.56)^? = -24.4s-' , 

( n p2' — n s ) = (n T -n s ,)(-g-) = (-12 -t- 14.29) = -4.165-*. 

This analysis could also be performed graphically with the aid of a Kutz- 
bach diagram, as will be illustrated by another example in section 40, figs. 
156b, c, d. 

c) Torques 

Each of the three shaft torques of each component transmission bears a 
constant ratio relative to each of the others which, according to eqs. (42), 
(44) and (45), is determined for each of these transmissions by its basic 
speed-ratio i Q or / 0 ' and its basic efficiency rj 0 or rj Qf . Moreover, it is obvious 
from fig. 2, and also is expressed in R 4, that the torques of the two shafts 
which together constitute the free coupling shaft are equal and opposed to 
each other. On the basis of these two rules, we can calculate all the torque 
ratios of not only a simple bicoupled transmission, but of any arbitrary 
compound epicyclic transmission as well. 

For a simple bicoupled transmission the torques of the two shafts, which 
together constitute the connected coupling shaft, thus are also determined. 
As a rule, these torques are different and depending on the basic speed- 
ratios i 0 and i 0 > of the component transmissions they may have equal or 
opposite signs. Their sum is equal to the external torque of the connected 
coupling shaft. 

If the input and output shafts of a bicoupled transmission are inter¬ 
changed, the power-flow in the component transmissions is reversed and the 
exponents r\ and r 1' change their signs. Thus, the torque ratios of a bi¬ 
coupled transmission depend on the position of the input and output shafts. 

For example: Determination of the torques of the transmission shown in 
fig. 125: The torque T x = 50 Nm may be given. The speeds are as calculated 
in the previous section. Since we found that n Y > 0, shaft /is an input shaft: 

1. Determination of the basic efficiencies rj 0 and rj 0 > as described in sec¬ 
tion 6. The friction coefficient n t = 0.07 and the coefficient / L for standard 
gears can be found from fig. 15: 

Gear train I: 


*2p = - 


25 

20 


= -1.25 , 


Opinion = Z 2 = 20 , A = 0.19 
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70 

4>1 “ 25 ~ > opinion — Z p — 25 , ./L = 0.068 

fo * MtE/ L = 0.07 (0.19 + 0.068) = 0.0181 , 

1| 0 = 1 — r o = 1 — 0.0181 * 0.982 . 

Gear train II: 


40 _ 

22 _ 

-1.82 ; 

Opinion 

= 22, 

A = 0.160 , 

42 _ 
20 “ 

-2.1 ; 

Opinion %\ : 

= 20, 

A = 0.166 , 


& = 0.07 (0.160 + 0.166) - 0.0228 , 

Vo* = 1 - 0.0228 = 0.977 . 

2. Determination of the appropriate exponent rl. When TJ, wj, and 
are given, the exponents rl and rl' can be determined from eq. (43) in sec¬ 
tion 12. However, as will be explained subsequently, the exponent can be 
found faster with the aid of worksheet 4 or from figs. 63 to 65. 

Gear train I: 

Since i Q < 0, the first four rows of worksheet 4 are applicable. Since k n 
= —0.57 < / 0 , shaft 7 is the total-power shaft and since shaft I = 2 is the 
input shaft, the power-flow is | > 1 according to R 14. Thus we find from 
worksheet 4 that 


rl = -1 . 


Gear train II: 

With i 0 > = 42/11 > 1, the third and last group of rows on worksheet 4 
must be used. Since ky 2 > = n F /n u = 0.463, 0 < kyi* < 1 and thus shaft 2' 
is the total-power shaft. Since shaft s is an input shaft (see power-flow of 
gear train 7), shaft 7' must be an output shaft. Thus the power-flow is 
2' <]', for which we find from worksheet 4 that: 


rl' = -1-1 . 


We also could have obtained the total-power shafts of the two component 
gear trains with i 0 and k {2 from fig. 63 or 64 and with i 0 > and k 2 v = «n/«s 
from figs. 63 or 65. 
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3. Determination of the torques from eqs. (42), (44), or (45), or work¬ 
sheet 6. With the input torque T\ - T 2 = 50 Nm and r\ - -1 and r\' = 
+ 1. 

T 2 50 • 0.982 


7 , = — 


hyVo 


-2/7 


= 171.9 Nm , 


/ 1 \ / 0.982 \ 

r ‘ = r! (-UT - V " 50 (^27T - •) = - 22, 9Nm ' 

Ty = —T s = 221.9 Nm , 

7„ = Ty = -Tyi a . j; 0 r ! = -221.9 • ^ • 0.977 = -827.7 Nm , 

Ty = Ty(i 0 -rio' - 1) = 221.9^*0.977 - 1^ = 605.8 Nm . 
Consequently, the torque of the connected coupling shaft becomes: 


T s = T t + T s > = 171.9 + 605.8 = 777.7 Nm . 


4. Simplified approximate determination of the torques. The torques 
can be determined approximately when the losses are neglected, that is, we 
assume that rj 0 = tj q > = 1. This simplification, however, is permissible only 
when the efficiencies of the component gear trains are close to 1, that is, 
when the rolling-power is not substantially larger than the total external 
power (e.g., when it is no more than twice as large). We shall investigate the 
validity of this assumption with the aid of figs. 68, 69, or 70. 

Gear train I: 

Since/ 0 = -2/7 = -0.286, gear train/is a negative-ratio transmission 
and fig. 70 is applicable. In section 2 we found that k n = ^si = -0.57 so 
that PR/P t ot ~ 0.62. For gear train /we could have omitted this check since, 
according to section 14g, and R 15, P R < P tot in negative-ratio gear trains. 

Gear train II: 


42 


4 =Ji = 3 * 82 > 1 


so that fig. 69 applies: 


k 


vv 


/V 

n v 


-5.556 


= 0.463 , 



-12 


which leads to 
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Thus, for both component gear trains /*R < /’tot. so that 77 > ij 0 and for the 
purpose of an approximation the losses can indeed be neglected. Conse¬ 
quently, if we let ij 0 = 1, and omit the determination of r\ and rl ', we can 
calculate the torques from eqs. (42), (44), and (45) as follows: 


T\ 



50 

-2/7 


= 175 Nm , 


T% . T 2 (-j- - l) = 5o(~ - l) = -225 Nm , 

Ty = -r s * 225 Nm , 

T v = -r r / 0 . = -225 • 3.82 = -860Nm , 

T s . » 7’,-(/ 0 - - 1) = 225(3.82 - 1) = 635 Nm , 
T s = T x + T s , « 175 + 635 = 810 Nm . 


Check where the power-flow mode is not considered because r\ - 1. 
According to eqs. (82) and (86), 


7V = 71, = — 71/,,, = -50 • — = “860 Nm , 

ICQ _ 11 

T s = 71(/ nl - 1) = -50.---= 810Nm and 

71 4- T u + T s = 50 - 860 + 810 = 0 . 

A comparison of these approximate torque values with the accurate values 
calculated in section 3 shows that the difference for all shafts is less than 
5%. 

A check of the power-flow mode as conducted in section 4 is required 
only for the individual component gear trains. If it shows that the power- 
ratio P R /P tot is small, then an approximate calculation of the shaft torques 
on the basis of the assumption that tj 0 = 1 is sufficiently accurate even if the 
bicoupled transmission is self-locking as, for example, the transmission 
shown in fig. 122, section 33i. If, however P R /P to t is large, considerable per¬ 
centage deviations occur for some of the shaft torques even when the bi¬ 
coupled transmission has a very high efficiency, such as 0.9977, as does the 
transmission shown in fig. 121. 
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d) Efficiencies 

The efficiencies of simple bicoupled transmissions can be determined by 
the same methods discussed in section 15 for simple revolving drive trains. 
The necessary equations are tabulated in worksheet 4. However, the loss 
dissymmetry of series-coupled compound transmissions can no longer be 
neglected since it may be substantially larger than in simple revolving drive 
trains. 

To simplify the time-consuming determination of the efficiencies and the 
necessary prior determination of the exponent rl, the efficiency equations 
for simple bicoupled transmissions have been compiled, ready for use, in 
worksheet 4. 

Analogous to fig. 52 the position of the total-power shaft for each of the 
three ranges of the series speed-ratio / In < 0; 0 < / ni < 1 and / In > 1 is 
unambiguously characterized by the speed-ratio k m . Therefore, worksheet 
4 lists the efficiency equations for each power-flow in terms of k m . If the 
efficiency of a bicoupled transmission for a particular state of motion is 
sought and its series-ratio / in , and an arbitrary speed-ratio k , are known, 
then km can be determined with the help of worksheet 2. Subsequently, the 
two applicable power-flows with the same total-power shaft can be found 
from worksheet 4. Which of these applies can be decided if, in addition, any 
of the shafts is known to be the input or output shaft. At the same time this 
identifies the correct efficiency equation. 

Worksheet 4 also lists the values of the exponent rl which are definitely 
associated with each power-flow. This value is needed for an accurate deter¬ 
mination of the torques using eqs. (82), (86), or (87). 

Example: Determination of the efficiency of the transmission shown in 
fig. 125. Its specifications are as determined in the previous sections: 


Jiii — 17.2 ; % — 0.982 ; rj 0 r — 0.977 ; km — —2.08 ; 

i Q = -0.286 ; i 0 > = 3.82 ; shaft/is the input shaft. 

1 . Series efficiencies: 

For i 0 < 1, we find from worksheet 5: 


Vm = VisVi'2' = 
= 0.963 , 


Vo *o 


1 - 4 


7~Vo' = 


0.982 + 0.286 
1 + 0.286 


0.977 


mn = VrvVsi = , y 

i 0 l'Vo 

= 0.963 . 


4-1 „„„„ -1.286 
° = 0.977 •- 


-0.286 - 1/0.982 
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2. Overall efficiencies: 

For /jh > 1, the lower group of rows on worksheet 6 must be used. Since k m 
- “2.08 < 0, shaft S is the total-power shaft. Thus, with shaft / as input 
shaft, the power-flow is l u > S and the efficiency becomes 

i — [jjjl ~ *hi) ~ 4ii*?iii) 

^ II>S (friii ““ *ni*hii)U “ Aii) 

_ (—2.08 - 17.2) (1 - 17.2 • 0.963) _ 

(“2.08 “ 17.2 • 0.963) (1 - 17.2) 

3. Total efficiency of the same transmission at different speeds: 

For n x = 25 , n s = —Is" 1 , k ls — 25/—1 = —25 , 

and with worksheet 2: 


friii - 


^isAn 

*is “ 1 + Aii 


-25 • 17.2 
-25 - 1 + 17.2 


48.86 . 


For the same transmission, the same lower group of rows on worksheet 4 is 
applicable and since k m = 48.86 > 17.2, that is, since k m > / ni , the input 
shaft has now become the total-power shaft. Thus the power-flow is /<" 
and the efficiency 


r/i<H 


friii ~~ An + Aii^hiU ~~ friii) 
frni O — An) 


48.86 - 17.2 + 17.2 • 0.963(1 - 48.86) 
48.86(1 - 17.2) 


0.962 . 


Section 35. Constrained Bicoupied Transmission 

a) Treatment as a Special Case of the Simple Bicoupied 
Transmission with Two Degrees of Mobility 

According to the definition given in section 32e, the constrained bi¬ 
coupied transmission is merely a special case of the bicoupied transmission 
with two degrees of mobility where the monoshaft of component transmis¬ 
sion II is always connected to the housing so that its speed % = 0. Thus, the 
constrained bicoupied transmission can be analyzed as shown in section 34 
for the bicoupied transmission with two degrees of mobility. 
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It has operating characteristics identical to those of the simple two-shaft 
transmissions, and can be analyzed like these transmissions using the anal¬ 
ogy between the two transmission types (see sec. 33). 

Nevertheless, a special treatment of the constrained bicoupled transmis¬ 
sions is justified since the locked monoshaft simplifies its analysis. In view 
of the many different applications of this transmission type, this advantage 
should be used, particularly in special purpose designs of reduced and infi¬ 
nitely variable bicoupled transmissions. 

b) Main and Auxiliary Component Transmissions 

The analysis and synthesis of a constrained bicoupled transmission 
becomes very clear when, as shown in fig. 113 and discussed in section 32e, 
the transmission is resolved into a main component transmission / and an 
auxiliary component transmission II. In fig. 113, the main component 
transmission is a simple three-shaft transmission to which the input and 
output of a bicoupled transmission are connected. Its speed characteristics 
are unequivocally determined by the fact that the speed-ratio k cf of its shafts 
c and / must equal the speed-ratio / cr of the constrained auxiliary com¬ 
ponent gear train. The speed characteristics, however, also determine the 
overall operating characteristics of the main component transmission which 
can be analyzed completely with the rules given in part II of this book. Its 
speeds n m and n c are also the speeds of the bicoupled transmission, and its 
torque T m is the torque of the monoshaft of the bicoupled transmission: 

«m = «I «c = *S T m = T } . 


c) Speeds 

When the basic speed-ratios of the main and auxiliary component trans¬ 
missions, and the structural coupling case as described in fig. 124, are 
known, then the speed-ratios of the auxiliary component transmission can 
be determined with the aid of worksheet 1. Subsequently, the speed-ratio of 
the bicoupled transmission can be determined with the aid of worksheet 2, 
or the diagrams in figs. 63 to 65, since according to fig. 110, 

*cf = hr • 

In section 35h, the equations needed for a layout of such a bicoupled trans¬ 
mission are derived and the results plotted in the form of a family of charac¬ 
teristic curves. Independent of the structure of the respective main and aux¬ 
iliary component transmissions, these equations are generally valid for con¬ 
strained bicoupled transmissions. 
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Fig. 126. Simplified section of a Lycoming [15] Turboprop-reduction drive. 

For example, the speed analysis of the turboprop reduction drive shown 
in fig. 126: Before an analysis can begin, the Wolf-symbol of the transmis¬ 
sion must be drawn. The proper labels for this symbol have been discussed 
in section 31 and must be carefully chosen. It is expedient to start with a 
schematic sketch of the transmission from which the Wolf-symbol can be 
derived. In general, the determination of the speeds proceeds according to 
the following sequence. 

1. A schematic sketch of the transmission as shown in fig. 127a is drawn. 

2. The component gear train which has three rotating shafts is designated 
as the main gear train /, the gear train with one locked shaft as the auxiliary 
gear train II. 

3. The carrier shafts of the main gear train and the auxiliary gear train 
are denoted by s and s ', respectively. 
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4. The central gear shafts of the main gear train are arbitrarily denoted 
by 1 and 2 and those of the auxiliary gear train by 1 ' and 2'. 

5. A symbolic representation of the bicoupled transmission, as shown in 
fig. 127b, is drawn. The component gear trains are denoted by / and II, the 
external shafts by I, S and II, where shaft II is locked; see also fig. 113. 

6 . The labels of the shafts are transcribed from fig. 127a to fig. 127b, 
where 1 becomes the monoshaft / and s' becomes the fixed monoshaft II; s 
and 1' form the connected coupling shaft; 2 and 2' constitute the free 
coupling shaft. 

7. According to section 9, the basic speed-ratios of the component gear 
trains are obtained from the ratio of the pitch circle diameters: 



8 . Speed-ratio of the auxiliary gear train: 

4r = h-2’ = 4' = -0.36 . 

9. Speed-ratio of the bicoupled transmission. From worksheet 2, box 18, 
it is found that: 

hs = k ls = (1 - / 0 ) + . With k s2 = i vv = -0.36 , 

K s2 


/ n 



Fig. 127. Analysis of the simple bicoupled transmission of fig. 125: a, schematic rep¬ 
resentation of the gear train; b , symbolic representation according to Wolf with 
specific shaft designations as in a. The transmission corresponds to the structural 
coupling case cm ' of fig. 123. 
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fe = ,+4 - 3 + ^= 17 ' 24 - 


Check with the aid of the analogy: 

4ii = 44v = 4 . t~— = "“4.3 = —16.24 , 

'is = 1 ~ 'hi = 17.24 . 

Check with the aid of fig. 65: For k s2 = -0.36 and 4 = -4.3, we find that 

k s i * 0.06 or k u * * 17 . 

1 0.06 


d) Torques 

As far as the torques are concerned, there is no difference between a con¬ 
strained bicoupled transmission and a bicoupled transmission with two 
degrees of mobility, since, according to R 11, the torque of the locked 
monoshaft Il ls independent of its speed. Therefore, the simplest method to 
determine the external torques 7J, T Ui and T s of a bicoupled transmission is 
to use the analogy and eqs. (82) to (87) where the appropriate exponent rl 
can be found on worksheet 5. The shaft-torques of the simple gear trains 
can be calculated with eqs. (42) to (45) as described in section 34c. 

Example: Determination of the torques of the bicoupled transmission 
shown in figs. 126 and 127. The input torque T x = 350 Nm and the basic 
efficiencies r/ 0 = r} 0 > = 0.985 may be given. According to the results 
obtained in the previous sections, / ni = -16.24; i Q = -4.3; i Q > = 0.36. 
With worksheet 5 the efficiency is found to be: 

ini = 112HV -1 -^rf = °- 985 -a36 34 - 1 = 0 974 

With eqs. (82) and (86) and rl = +1 from worksheet 5, box 7, the values of 
the torques become: 

T u = ~T l i lu r } ( l n = +350 • 16.24 • 0.974 = 5540 Nm , 

7s = TiOintjfn - 1) = 350 (-16.24 • 0.974 - 1) = -5890 Nm . 

Starting with T x = T u where T x > 0, n x > 0, n s < 0, and with rl = +1 
from eq. (43), the torques of the simple gear trains become 
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T 2 = —Tii 0 r)o l = — 350( —4.3)0.985 = 1480Nm , 

T s = - 1) = 350( —4.3 • 0.985 - 1) = -1830Nm , 

T 2 > = -r 2 = —1480 Nm , 

7V = r s - r s = -5890 + 1830 = -4060 Nm . 

Check: For the bicoupled transmission, as well as for each of the com¬ 
ponent gear trains, the sum of the torques must equal zero, £7=0. 


e) Efficiency and Self-Locking 

According to the analogy described in section 33e, the efficiency of a bi¬ 
coupled transmission can be found from the equations compiled in work¬ 
sheet 5 which are ready for use. The conditions under which self-locking can 
occur are discussed exhaustively in section 33i. 

Example: Determination of the efficiencies of the transmission shown in 
figs. 126 and 127 using the results obtained in the previous two sections: / IU 
= -16.24; rim = 0.974. Since the bicoupled gear train has a negative 
speed-ratio, box 7 on worksheet 5 applies and 


Vis 


- 1 


-16.24 • 0.974 - 1 
-16.24 - 1 


0.976 . 


If we would interchange the input and output, then we would find from box 
10 in the same column of worksheet 5 that: 


Vs\ 


hu ~ 1 


Vm 


-17.24 
16.24 _ 
0.974 


0.975 , 


where 


Vm = Vs'2'V2\ 



Vo = 


-1.36 

-1.375 


0.985 = 0.974 . 


f) Power-Flow in Constrained Bicoupled Transmissions 

According to fig. 52, the total-power shaft of the main component trans¬ 
mission is determined when its basic speed-ratio i 0 and the speed-ratio of its 
two coupling shafts, which is equal to the speed-ratio of the auxiliary com¬ 
ponent transmission, have been chosen. If, in addition, one of its shafts is 
known to be an input or output shaft, which usually is true for the mono- 
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shaft /, then, according to R 14, the external power-flow of the main com¬ 
ponent transmission is completely known, that is, it is known for each of its 
shafts, whether it is an input or output shaft (see sec. 15c). 

Since each of the three shafts of the main component transmission can be 
the total-power shaft, the power-flow can generally take three different 
paths through the main component transmission and, thus, through the 
bicoupled transmission. With shaft / as input shaft, the following power- 
flows are possible. 

1 . As shown in fig. 128a, the input shaft I = m is also the total-power 
shaft. Consequently, the other two shafts c and/are output shafts. The part 
of the output power which is transmitted by shaft / becomes the input 
power of the auxiliary component transmission. It flows through the aux¬ 
iliary component transmission and is then transmitted as its output power to 
the connected coupling shaft S. There it combines with that part of the out¬ 
put power of the main component transmission which is transmitted 
directly to S by shaft c. Together, the two power components constitute the 
total effective output power of the bicoupled transmission. This type of 
power-flow is shown in fig. 128b and is defined as power division {PD). 
The torque transmitted by the connected coupling shaft equals the sum of 
the torques transmitted by the two connected shafts: |r s | = |r c | + \T C >\ . 

2. As shown in fig. 128c, shaft c, which is a part of the connected cou¬ 
pling shaft, is the total-power shaft. Since I = m is an input shaft, the 
second partial-power shaft / must also be an input shaft. Consequently, 
shaft c is the sole output shaft and as the total-power shaft it carries a larger 
power than is introduced at / by the partial-power shaft m. The difference 
flows through c f and /' and back to the main component transmission 
through the free coupling shaft /. Thus, it flows in a closed path through 



Fig. 128. The three possible power-flow patterns of the constrained bicoupled trans¬ 
mission, depending on the position of the total-power shaft of the main component 
transmission: a-b , the total-power shaft at m results in power division; c-d, the total- 
power shaft at c causes a negative circulating power; e-f> the total-power shaft at / 
causes a positive circulating power. 
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both component transmissions and is therefore called the “circulating 
power ," which, of course, is not an effective power. Birkle [25] calls it 
“negative” circulating power since it flows through the auxiliary com¬ 
ponent transmission in a direction which is opposite to the direction of the 
partial power in the power division mode. This type of power-flow is illus¬ 
trated in fig. 128d. Following Birkle we shall define it as negative circulating 
power (— CP). In this power-flow mode the circulating power is the only 
power which flows through the auxiliary component transmission and thus 
the connected coupling shaft S transmits only the difference of the torques 
carried by the two coupled shafts: |P S | = \T C \ - |r c | . 

3. As shown in fig. 128e, shaft/, which is connected to the free coupling 
shaft P, is the total-power shaft. Like shaft c in the previous example, shaft 
/is the sole output shaft. It transmits a larger power than introduced at I - 
m. The difference is again the circulating power which flows through both 
component transmissions in a closed path. In this case, however, its direc¬ 
tion in the auxiliary component transmission is identical with the direction 
of the partial power-flow in the power division mode (PD ). 

This power-flow mode is illustrated in fig. 128f. It shall be defined as pos¬ 
itive circulating power and it is characterized by the fact that the effective 
power and the circulating power simultaneously flow through the auxiliary 
component transmission. However, only the difference of the torques 
which are transmitted by the two connected shafts acts on the connected 
coupling shaft: |T S | = |r c >| — |r c | . 

If the signs of the external torques of the bicoupled transmission which 
act at I and S change, while their direction of rotation remains the same, 
that is, if input and output are exchanged, then the signs of all of the powers 
in the bicoupled transmission are reversed. However, the power-flow 
modes—power division and circulating power—are unaffected because they 
depend only on the position of the total-power shaft in the main component 
transmission. 

These considerations are expressed in the following guide rule: 

A constrained bicoupled transmission operates with internal R31 
power division when the speed-ratio of the auxiliary com¬ 
ponent transmission is chosen in such a way that the mono¬ 
shaft m of the main component transmission becomes the lat¬ 
ter's total-power shaft . If the total-power shaft of the main 
component transmission is part of the free coupling shaft, 
then it operates with positive circulating power; if part of the 
connected coupling shaft it operates with negative circulating 
power . 

Which of the shafts, in any particular case, acts as the total-power shaft 
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can be found with the aid of the figs. 63, 64, or 65, provided the basic speed- 
ratio i Q of the main component transmission and one of its speed-ratios k 
are known. 

Whether a constrained bicoupled transmission operates with power divi¬ 
sion or with circulating power depends on the mutual positions of the 
summation shafts of its main and auxiliary component transmissions. This 
criterion for its state of motion has been introduced by Wolf [13]. If, in a 
constrained bicoupled transmission which operates with power division, the 
total-power shaft m simultaneously is the summation shaft of the main 
component transmission, then the two coupled partial-power shafts are dif¬ 
ference shafts and their torques have the same sign. Consequently, the two 
shafts must also have the same direction of rotation. The auxiliary com¬ 
ponent transmission, therefore, has a positive speed-ratio, and, according to 
R 25, its fixed monoshaft II = m' must be a difference shaft as shown, for 
example, in fig. 129a. 

If, however, the transmission operates with power division and the total- 
power shaft m is a difference shaft, then the two partial-power shafts, that 
is, the summation shaft and one of the difference shafts, rotate in opposite 
directions. The auxiliary component transmission then has a negative speed- 
ratio so that according to R 25, its fixed monoshaft must be the summation 
shaft, as shown in fig. 129b. If these conditions for the auxiliary component 
transmission are not satisfied, then a positive or negative circulating power 
will arise in the bicoupled transmission, as indicated in the captions for figs. 
129c and 129d. This leads to R 32: 

A constrained bicoupled transmission operates with power R 32 
division when its two monoshafts are a summation shaft and 
a difference shaft . If both monoshafts are summation shafts 
or difference shafts, a circulating power flows in the 
transmission . 


These circulating powers are not identical with the futile series powers 
and the futile powers flowing at the coupling speed which have been 
described in section 33g. They have been discussed in this section merely to 



abed 


Fig. 129. Examples showing the effect of summation-shaft positioning on the 
power-flow in constrained bicoupled transmissions: a-b , power division because 
monoshafts / and II serve different functions; c-d , circulating power arises because 
monoshafts / and II have identical functions. 
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develop a better understanding of the behavior of compound revolving 
drive trains. A quantitative consideration of these power-flows, however, is 
not required for the analysis and layout of these transmissions. 


g) Power-Flow in Auxiliary Component Transmissions 

It is frequently of interest to know what percentage of the input power of 
a bicoupled transmission flows through the auxiliary component transmis¬ 
sion. An investigation of this problem by Birkle [25] led to a number of very 
simple relationships when the assumption was made that the bicoupled 
transmission incurs no losses, so that i? IS = %i = 1. Birkle defined a power- 
ratio which he further qualified by the subscript o to indicate the assump¬ 
tion of a loss-free transmission. 

If, with the symbols introduced in fig. 110a, for a loss-free transmission 

^ _ input power of the aux. component trans. _ P f > 

0 input power of the constrained bicoupled trans. Pj 

_ _ = _ n f Tf 

then, according to eq. (6) and with rj = 1 , that is, for a loss-free transmission: 



With the generalized Willis-formula and an arbitrarily chosen subscript key 
c = 1, m = 2, / = s, the speed-ratios 


i ^cm 4m 

^vfm-:-;- 


and 4, f = ~—- 


can be obtained with the aid of worksheets 2 and 1. Then: 


__ f __ ^cm *cm *cm 1 , ^cm 

e o “ *fmW — i _ y * • ~ * • 

1 *cm *cm ‘cm 

/ct 

With k cm = / SI , the power-ratio becomes: e Q = 1 — : — , (93) 

*cm 

where / SI is the overall speed-ratio of the bicoupled transmission, and / cm the 
basic or revolving-carrier speed-ratio between those shafts c and m of the 
main component transmission which at the moment form the input and out¬ 
put shafts of the bicoupled transmission. 
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For the synthesis of bicoupled transmissions where the power-flow in the 
auxiliary component transmission must be considered, the following equa¬ 
tion expresses the power-ratio exclusively in terms of the characteristic 
parameters, that is, the speed-ratios of the bicoupled and auxiliary com¬ 
ponent transmissions. 

If the next-to-last equation above is solved for / cm , it becomes 



If now the equation k X2 = f{k i s ) from worksheet 2 is transcribed with the 
previously given subscript key, it takes the form 


k — 


^cf4m 


*cf 1 "f* 4m 


This equation can likewise be solved for / cm and then becomes: 

If k c k 

_ /v cm /v cf ''•cm 

cm k c -k * 

^cf ^cm 

Since the two equations in / cm must be equal, we can write 


kgnkcf k cm 
kct *“ k cm 


1 ~ 


and solve for e 0 , so that 


kcm 1 


° k cf - 1 ’ 


With k cm = / SI and k cf = i z >t >, the desired form of the power-ratio finally 
becomes 


This equation has been derived earlier by Laughlin, Holowenko and Hall 
[10]. Plotted for -oo < / c , f , < oo and -oo < / SI < oo, it is given in fig. 130. 

Because it has been assumed that rj = 1, eq. (94) and fig. 130 are inde¬ 
pendent of the power-flow. Therefore they are valid, whether shaft / or 
shaft S is the input shaft. If a bicoupled transmission operates with power 
division, the power-ratio 0 < e Q < 1; if a positive or negative circulating 
power flows through the auxiliary transmission, e Q > 1 or e Q < 0 respec¬ 
tively, as can be expected from fig. 128. 
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V " 'fc' 


Fig. 130. Dependence of the power-ratio e 0 of the loss-free transmission on the 
speed-ratios / SI of the constrained bicoupled transmission and / c , r of the auxiliary 
component transmission. 


input power of the auxiliary component transmission 
input power of the constrained bicoupled transmission 


= P c /Ps = T c */T s 


Eq. (94) shows that the power-ratio e 0 depends only on the speed-ratio of 
the bicoupled and auxiliary component transmissions but is independent of 
the type of coupling between the component transmissions, which are con¬ 
sidered loss free. This finding is very useful for the practical synthesis of 
bicoupled transmissions. 

The theoretical power-ratio e 0 corresponds well with the power-ratio e of 
a real transmission as long as the transmission losses are small, that is, as 
long as a calculation with the aid of worksheet 5 confirms that the chosen 
coupling case has a high efficiency. 
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The power-ratio of a given real transmission can be found when the 
speeds and torques which have been calculated as described in section 34c 
and section 35c, are substituted into eq. (92). Thus, if shaft / is the input 
shaft: 




and if shaft S is the input shaft: 


n c >T Z . _ 1 ^ 
"s 7s 7s 


(95) 


In [25] the equations defining e are tabulated in general form for all of the 
coupling cases shown in fig. 124 where the carrier of the auxiliary com¬ 
ponent transmission is fixed, that is, cases cm ', mm' and fm '. 

It may be pointed out that the power-ratio e or e 0 relative to the connected 
coupling shaft S equals the ratio between the torque T Q of the auxiliary com¬ 
ponent transmission and the total torque T s . This is expressed by eq. (95) 
and is a consequence of the fact that n c > = / 2 S . Thus, the power-ratio per¬ 
mits a quick estimate of the torque load and consequently the dimensions of 
the auxiliary component transmission and, therefore, is an important tool 
for the design of bicoupled transmissions. The power-ratio especially influ¬ 
ences the relative expense for the auxiliary transmission when its design calls 
for a traction or hydrostatic drive (see sec. 36, variable bicoupled transmis¬ 
sions). Since even modern traction drives can transmit only limited torques, 
their loads have to be kept as low as possible by choosing a small power- 
ratio € 0 . To facilitate this task, a map of speed-characteristic curves has 
been provided which will be described in the following section. It permits 
the consideration of e 0 while the constrained bicoupled transmission is still 
in the layout stages. 

h) Speed Characteristics and Speed-Ratio Equations; 

Application to Design of Bicoupled Transmissions 

Since, in a constrained bicoupled transmission, the speeds of all shafts are 
unequivocally associated, a map of speed characteristic curves, as shown in 
fig. 131, can be established with the aid of the generalized Willis equation 
(sec. lid). This map is independent of the type of auxiliary transmission 
used. The speed-ratios / IS of the bicoupled transmission and if> c > of the auxil¬ 
iary component transmission, which are to be determined, have been chosen 
as coordinates. Parameters are the speed-ratio / mf , which characterizes the 
main component transmission, and the power-ratio e 0 , as obtained from eq. 
(94). The latter determines the power fraction flowing in the auxiliary com- 
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Fig. 131. Generally valid map of speed characteristics for constrained bicoupled 
transmissions, variable bicoupled transmissions, and reduced bicoupled transmis¬ 
sions: / IS , speed-ratio of the bicoupled transmission; / fv , speed-ratio of the auxiliary 
component transmission //; / mf , basic or revolving-carrier speed-ratio between the 
shafts m and /of the main component transmission I; e c , power-ratio (ratio between 
the input power of the auxiliary component transmission II and the total input 
power) of the loss-free transmission; c, m, /, total-power shaft of the main com¬ 
ponent transmission in the respective operating ranges, which are bordered by heav¬ 
ily dashed lines. Above: P K /P\ is the ‘‘series power” as a function of the external 
(input) power (the series power is analogous to the rolling-power in simple epicyclic 
transmissions). 
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ponent transmission and at the same time the torque distribution in the con¬ 
nected coupling shaft. An associated diagram, which is located above the 
map, shows the ratio of the series-power P R to the external power P x . 
Because of the analogy, and according to eq. (64) and worksheet 1, this 
ratio depends on the overall speed-ratio of the bicoupled transmission but is 
independent of the speed-ratio of the auxiliary component transmission and 
the design of the main component transmission. A similar diagram where 



has been given by Laughlin, Holowenko and Hall [11]. Analogously, 


Pr 

Pi 



If P R /P\ is known, the efficiency of the transmission can be roughly esti¬ 
mated, since 


Pr/Pi < 1 
Pr/Pi > 1 
Pr/Pi ~*°° 


means that Visylsi > hiuViuy 

means that i ) ls , vsi < Vnu Vn i > 

means that the transmission operates in the 
range where self-locking may occur. 


The map of the speed characteristics itself is nothing more than a map of 
characteristic curves of the main component transmission with the coordi¬ 
nates / IS = k mc and / f V = k fc which has been constructed from the identical 
diagram of fig. 65 by using the subscript key m == 1, c = s and / = 2. 
According to this subscript key, the basic speed-ratio i 0 = / 12 becomes the 
speed-ratio / mf which may be the basic, or a rotating-carrier, speed-ratio of 
the chosen main component transmission. 

For an exact determination of the relationships between / IS , i Vc > and / mf , 
we must transcribe the indices of eq. (27) with the previously introduced 
subscript key. Thus we obtain the following equations which are valid for 
all constrained bicoupled transmissions as well as for the reduced and vari¬ 
able bicoupled transmissions derived from them: 


/iS — 1 / m f H" /mf^f'c' > 


(96) 


if'c' 


*IS ~~ * 4- 4n f 
4nf 


*IS ~ 1 
4nf 


+ 1 > 


(97) 
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W 


*is ~ [ 
if' C ' - 1 


(98) 


If, during the layout phase of a bicoupled transmission, its overall speed- 
ratio / IS and the speed-ratio if c * of its auxiliary component transmission 
have been chosen under consideration of P R /Pj and e Q , then nine different 
bicoupled transmissions can be found, each of which satisfies the given 
speed-ratio conditions. It is only necessary to enter the corresponding sub¬ 
scripts of the nine possible couplings between the main and auxiliary com¬ 
ponent transmission shown in fig. 124 into fig. 131, one at a time. Before 
this can be done, however, a subscript key which is characterized by the car¬ 
rier position, must be chosen for each component transmission. The sub¬ 
scripts 1 and 2 or V and 2 ' can then be arbitrarily assigned to the two re¬ 
maining shafts. For instance, for the coupling case cc' : c = s and c' = s '. 
The other subscripts can be arbitrarily assigned, for example, m = 1,/ = 2 
in the main section and m ' =2',/' = 1' in the auxiliary section. Accord¬ 
ing to this key: / mf = i n = 4 for the main component transmission and i Vc > 
= i\ v for the auxiliary component transmission, so that with worksheet 1: 

V — 1 Zj — 1 /f' c '. 

Out of the nine possible main and auxiliary component transmission 
combinations, that one is finally chosen which offers the most suitable 
design (compare figs. 19 to 43) and has the required basic speed-ratio and 
the best possible efficiency. The efficiencies of the best transmission 
designs, which structurally may be quite different, can be determined by the 
methods discussed in sections 33e and 35e. 

An additional nine bicoupled transmissions can be obtained when the 
input and output are exchanged, that is, when the desired speed-ratio is 
entered as / SI = 1// 1S instead of / IS . 

The special advantage offered to the transmission synthesis by the map 
shown in fig. 131 and the eqs. (96) to (98) which it represents, lies in the fact 
that the kinematic characteristics of the desired transmission can be found 
quickly and without working through confusing design details. Then the 
most suitable design can be chosen from the possible configurations. 

Example: Find the efficiency of a bicoupled transmission as shown in 
figs. 126 and 127, whose speed-ratios / IS = 17.24 and /> C ' = -1/0.36 = 
—2.778 have been determined earlier in section 35c. 

Fig. 131b shows that Pr/P\ < 1, so that the transmission lies in a range 
of good efficiencies, while fig. 131a indicates that the monoshaft m is the 
total-power shaft and, therefore, the transmission operates with power divi¬ 
sion. It further shows that approximately 70% of the power and thus also 
approximately 70% of the torque transmitted by the output shaft S , flow 
through the auxiliary gear train. The transmission corresponds to the coup¬ 
ling case cm' of fig. 124. 
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The possible kinematically-equivalent modifications of this bicoupled 
transmission have been compiled in table 7. It has been assumed that t?„ = 
ri Q > = 0.985. The speed-ratio / mf = 16.24/-3.778 = -4.3 has been deter¬ 
mined with eq. (98). 

TABLE 7. Kinematically-Equivalent Component Gear Trains 
of the Bicoupled Transmission Shown in Fig. 127 


MAIN GEAR TRAIN 

KEY 

'is - *mc 

= 17.24 

'f'c' ~ *fc 

= -2.778 

'o 

'mf 

^mf 

m C f 

s 1 2 

*.i 

*21 

0.811 

4z = -4.30 

V s2 = 0.925 

1 5 2 


*2s 

-4.30 

'.2 = -4-30 

1712 — 0.985 

1 2 5 

*12 

hi 

5.3 

4s = -4.30 

V h = 0.982 

AUX. GEAR TRAIN 






KEY 






m ' c' /' 

'fV 

= -2.778 

'o' 

'f'm' 

Vf’m' 

S' r 2' 


l rv 

-0.36 f 2 v 

= 3.778 

V2V = 0.989 

1' S' V 


h v 

0.265 i vv 

= 3.778 

ij 2 'i' = 0.985 

r 2' s' 


h'2' 

0.735 Vr 

= 3.778 

Vr = 0.960 


Thus, the series speed-ratio of the bicoupled transmission / in = / mf / f ' m ' = 
~4.3 • 3.778 = -16.24 and the series efficiency rf m = so that 

with the aid of worksheet 5 the overall efficiency can be obtained from the 
equation: 

All 1 ?!!! - 1 


TABLE 8. Efficiencies of Kinematically-Equivalent Modifications 
of the Bicoupled Transmission Shown in Fig. 127 


COUPLING CASE 

cf 

cc' 

cm' 

//' 

/C' 


mf 

me ' 

mm ' 

Vin 

vis 

0.946 

0.949 

0.970 

0.972 

0.974 

0.976 

0.943 

0.946 

0.967 

0.969 


0.888 

0.894 

0.911 

0.916 

0.915 

0.920 


A comparison between the overall efficiencies, ?; IS , of all nine coupling 
cases in table 8, shows that the coupling case cm ', which actually has been 
used, has the highest possible efficiency. This result is understandable since 
the coupling case cm ' is the only possible combination of two negative-ratio 
transmissions for which, according to R 26, higher individual efficiencies 
can be expected than for positive-ratio transmissions. 
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If we now examine the other nine possible transmissions with reversed 
input and output shafts, that is with the speed-ratio / IS = 1/17.24 = 0.058, 
then fig. 131b immediately shows that their power-ratio P K /P\ becomes 
rather large. Consequently, considerably smaller efficiencies must be ex¬ 
pected. A further investigation of these transmissions is therefore omitted. 

i) Optimum Bicoupled Transmissions 

A constrained bicoupled transmission for a given speed-ratio can be real¬ 
ized with any one of the nine structural coupling cases shown in fig. 124. 
For each of these coupling cases the basic speed-ratio of one of the two 
component transmissions can be freely chosen within a wide range to 
achieve the required speed-ratio. Finally, each of the basic speed-ratios can 
again be realized with a number of different transmission types. Thus the 
most suitable or optimum transmission modification which satisfies the 
given speed-ratio requirement must be chosen from a multitude of possible 
designs. 

An optimum design is chosen primarily by considering the following 
three criteria: the size or volume of the transmission, its efficiency and, 
because of the centrifugal forces which act on the planet bearings, the car¬ 
rier speed. 

As stated in R 26, the rolling-powers of positive-ratio transmissions are 
larger and, consequently, their efficiencies smaller than those of kinemati- 
cally-equivalent negative-ratio transmissions. Positive-ratio component trans¬ 
missions should therefore be considered only in cases where the required 
speed-ratio / IS is so high that it cannot be realized with negative-ratio com¬ 
ponent transmissions. As a rule, positive-ratio transmissions are also more 
expensive. 

A further reduction in the number of possible modifications occurs 
because a given overall speed-ratio cannot be realized with each of the nine 
kinematical coupling cases (sec. 34a). For instance, the kinematical cou¬ 
pling case fm ' can be used only for negative speed-ratios / IS and / SI , cou¬ 
pling cases mc\ mf ', cm ', c/', and fc' only for positive speed-ratios i IS and 
/ S i. but the coupling cases mm ', cc', and ff can be used for positive as well 
as negative speed-ratios / IS and i si . This claim can be verified without 
calculation if we use R 4, R 8 and R 9 to determine whether for a given kine¬ 
matical coupling case (that is, for a given position of the two summation 
shafts of the bicoupled transmission), the torques of shafts / and S can only 
have equal or opposite signs, or whether, depending on i Q and v, both 
equal and opposite signs are possible. According to R 2 equal signs of the 
torques signify a negative speed-ratio / IS or / SI and vice versa. 

Schnetz [37] can assign only a limited range of speed-ratios / IS to each of 
the nine coupling cases shown in fig. 132 since for bicoupled transmissions 
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which consist only of negative-ratio component transmissions, the kine- 
matical and structural coupling cases are identical (sec. 34a). The speed- 
ratio ranges shown in fig. 132 are valid when only the simplest negative- 
ratio gear trains as shown in figs. 32 and 33, are used as component gear 
trains. 

According to fig. 132, at most four different coupling cases remain to 
cover a given speed-ratio / = / IS . However, a desired speed-ratio can also be 
realized as i = / S j = 1 // IS and the coupling cases which are suited for this 



Fig. 132. Speed-ratio ranges / IS for the nine coupling cases between two negative- 
ratio transmissions according to fig. 32. Below each overall range the partial ranges 
are shown which are covered by the four variations of each coupling case (as 
obtained by interchanging the sun and annular gears in both component gear trains). 
For comparison, the six possible speed-ratio ranges of a simple negative-ratio drive 
train according to fig. 32 are shown below. 
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approach can be found in fig. 132 above the reciprocal value of / IS . Thus, a 
given speed-ratio can be realized with a total of between three and eight 
coupling cases. However, there are four design modifications to each of 
these coupling cases which are obtained by interchanging the sun and annu¬ 
lar gears of each of its two component gear trains. These design modifica¬ 
tions cover different and sometimes overlapping parts of the overall speed 
ratio range, / IS , which are shown in fig. 132 and are based on the possible 
speed-ratio ranges i 0 and i Q > of their component gear trains. If a desired 
speed-ratio / IS can be realized with one or more modifications of the three to 
eight coupling cases, then each of these which are kinematically equivalent, 
must be considered as a possible choice for the optimum transmission. 

Poppinga [43] and later Jensen [49] described a method to optimize bi¬ 
coupled transmissions with respect to their outside diameters and calculated 
their efficiencies. From the possible combinations of the basic speed-ratios 
i Q and i Q > which yield the same overall speed-ratio / IS , that one is chosen as 
the optimum solution whose annular gears have the smallest outside 
diameters D relative to the diameter d min (the pitch circle diameter of the 
equal-sized smallest gears) of either the sun gears or planet gears. The 
results, which are plotted in fig. 133, show that for a given speed-ratio only 
one of the suitable coupling cases has a smallest relative outside diameter. 
Moreover, each of the coupling cases has its smallest relative outside diame¬ 
ter at a different overall speed-ratio / IS which occurs when both sun gears 
and the planet gears simultaneously assume the smallest diameter tf min . The 
equal diameters of the annular gears then become D = 3 d m{n and the asso¬ 
ciated basic speed-ratios i Q = i Q > - -3 or i Q = i Q > = -1/3. If all the pos¬ 
sible combinations of these two basic speed-ratio values are considered, 
then four transmission variations are obtained for each coupling case. 
Because of the reciprocity of the two basic speed-ratios, however, these var¬ 
iations form one or two identical pairs, depending on the coupling case, so 
that a total of twenty-four transmissions occur which have the same mini¬ 
mum outside diameter but different speed-ratios / IS and / SI . As R 25 ex¬ 
plains, two-thirds of these speed-ratios are positive, one-third are negative. 

The described optimization process, however, yields only an approxima¬ 
tion of the smallest practically possible transmission. Therefore, another 
optimization process which is better suited to the requirements of transmis¬ 
sion engineering is based on the assumption that the smallest gears have an 
equal minimum number of teeth z min , an equal input torque T* and equal 
bending stresses <x b at the roots of the teeth, rather than equal diameters. If, 
as a condition for geometrical similarity, it is further required that the 
product b • 1/m (symbols according to ISO-701) of the face width and the 
diametral pitch (P = 1/module = 1/m) remains constant, then the ratio 
between the diameters of those two gears x and y in each component gear 
train which have the same minimum number of teeth z min and transmit a 




coupling cases as obtained by the purely geometrical optimization procedure described by Poppinga 
[43] and Jensen [49]: d min = pitch circle diameters of the equal-sized smallest gears (sun gear and/or 
planets) of each component gear train: D = pitch circle diameters of the equal-sized annular gears. 
Component gear trains are according to fig. 32. 






35, Constrained Bicoupled Transmission / 225 

tangential force F , can be calculated according to the theory of models ([45, 
46] and sec. 43a) as follows: 


— — d * F * — 

Ty dyFy ftlyZ mm Fy 


r d 

m — ~ — 

z 


- = module. 


Since the bending moment in the root section of a tooth M r ~ Fh u where h t 
is the whole depth of the tooth, ~ m and the section modulus I/c = 
t 2 b/6, where t r is the chordal thickness at the root, t T ~ m and b ~ m, the 
root bending stress becomes: 


Fm F _ F x _ F y 

° b bm 2 m 2 m 2 m 2 




This last equation shows that the ratio between the diameters of the smallest 
gears in each component gear train equals the cube root of the ratio of their 
torques. As a rule, therefore, they cannot have the same size when the trans¬ 
mission has been designed according to the presented considerations. 

Another difference between this and the optimization process described 
by Poppinga results from the fact that all gear diameters are referenced to 
an equal input torque T*. If this input torque T* acts on the annular gear of 
the main gear train, then the pitch diameter d and the torque T of the 
latter’s smallest gear become smaller than when T* acts directly on the sun 
gear. Thus the transmission builds smaller when it is driven through the 
annular gear rather than through the sun gear of the main gear train. In the 
optimization procedure described by Schnetz [37], these conditions are con¬ 
sidered by referencing all outside diameters of the transmission, that is, the 
diameters of the annular gears, to the diameter d* of a fictitious pinion gear 
which has a minimum number of teeth z = z m \ n and transmits the input 
torque T*. 

If, with the help of a digital computer, all of the possible transmission 
modifications are optimized according to this method, it is found that some 
of them have almost identical relative outside diameters. After some pre¬ 
selection only those bicoupled transmission designs have been depicted in 
fig. 134a which combine a minimum outside diameter with a good effi¬ 
ciency and whose carrier speeds are equal or smaller than the input speeds. 
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design of the optimum bicoupted transmissions 
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It is evident from fig. 134a that the complexity of the various coupling cases 
may vary substantially. Therefore, the transmission which has the smallest 
outside diameter does not necessarily constitute the most economical 
solution. 

The ratios of the outside diameters of the transmissions shown in fig. 
134a, with respect to the fictitious diameter d*, that is, relative to an equal 
input torque T { = T*, and their efficiencies, are plotted in fig. 134b as func¬ 
tions of their overall speed-ratios / IS . 

The outside diameters of the same transmissions relative to an equal input 
torque T s = T*, acting on the connected coupling shaft S, and their effi¬ 
ciencies, are plotted in fig. 134c as functions of the speed-ratios / SI . As com¬ 
pared to fig. 134b, where / is the input shaft, the diameter minima of identi¬ 
cal transmissions, in this case, lie at reciprocal abscissa values. 

For comparison, the outside diameters relative to an identical input 
torque T*, and the efficiencies of the simple negative-ratio transmissions 
according to fig. 32, are plotted in fig. 134b for the six possible two-shaft 
speed-ratios. 

To determine the overall efficiencies of the optimum transmissions shown 
in fig. 134, the basic efficiencies of their component gear trains have been 
calculated according to section 6 to account for the influence of the number 
of teeth, assuming ^ = 0.07 and z min = 17. 

Figs. 134d and 134e finally show the basic speed-ratios i 0 > of the auxiliary 
component transmissions of the optimum bicoupled transmissions desig¬ 
nated by circled numbers in figs. 134b and 134c respectively. These must be 
known before the basic speed-ratios of the main gear trains can be deter¬ 
mined from the speed-ratios / IS or / S1 , with the aid of worksheets 1 and 2. 

An optimum bicoupled transmission for a given speed-ratio i can now be 
designed as follows: 

1. From fig. 134b for i = / IS , and an input shaft /, and fig. 134c for / = 
/si, and an input shaft 5, determine all bicoupled and simple epicyclic trans¬ 
missions which cover the given speed-ratio /. Select the transmission which 
is best suited for the intended purpose with regard to the relative outside 
diameter D/d*, the efficiency rj ls or i 7 SI , and the design complexity as evi¬ 
dent from fig. 134a. 

2. For the selected design, determine the basic speed-ratio i Q > of the aux¬ 
iliary gear train from fig. 134d or 134e. 

3. Use i 0 > to find i Q > v = k cf from the proper equation given in worksheet 
1. With k cf and /j S or / SJ known, the basic speed-ratio of the main gear train 
4 can be calculated with the help of worksheet 2. 

4. Proceeding from the monoshaft I, determine the torques as described 
in section 35d. Design the gear train by using the standard methods which 
are described in most books covering machine design, [33], [53]. 

Proof: Before the final lay out, determine the diameter ratio d x /d y = 




II 







35. Constrained Bicoupled Transmission / 229 

IfTjTy of the two component gear trains from the torques of their smallest 
gears x and y. These torques have been determined in step 4. With d x /d y 
determine the diameter ratio of the two annular gears. For the smallest 
transmission diameter, the latter becomes equal to one. If substantial devi¬ 
ations from this value are found, repeat the calculations beginning with step 
3 and a slightly adjusted value / Q . 

If, instead of the monoshaft //, the connected coupling shaft S is fixed, 
then the optimum bicoupled transmission which has been found from fig. 
134b for a given speed-ratio / = / IS , and which transmits the torque T* - 
7j, simultaneously is the optimum series-coupled transmission with respect 
to its outside diameter and efficiency. The latter transmits the torque T* = 
7j and has the speed-ratio / in = 1 - / IS . However, its carrier speeds are dif¬ 
ferent and, if need be, should be checked separately. Therefore, the opti¬ 
mum series-coupled transmission with the speed-ratio / = / HI should also be 
considered as early as step 1 of the described procedure. It can be found in 
fig. 134b at the speed-ratio / IS = 1 - / ni = 1 - The efficiency r? HI of the 
optimum series-coupled transmission can be found from worksheet 5 when 
r/ IS as obtained from fig. 134b, or rj si as obtained from fig. 134c, is substi¬ 
tuted into the appropriate equations listed in boxes 7, 9, or 11. 

k) Design of Precise Speed-Ratios 

A given speed-ratio, which cannot be realized with sufficient accuracy by 
a simple epicyclic transmission, usually can be implemented precisely with a 
bicoupled transmission. Should a bicoupled transmission be unsuitable 
because gears with an excessively large number of teeth would be required, 
then a symmetrical compound transmission normally does satisfy the given 
conditions. Transmissions of this type will be discussed later in section 38. 

To design a bicoupled transmission with a precise speed-ratio / IS , we 
begin with eq. (96) and define all speed-ratios as integer fractions. Accord¬ 
ing to section 9, the numerators and denominators of these fractions repre¬ 
sent the numbers of teeth, or products of numbers of teeth, of the gears of 


Fig. 134b-e, Optimum bicoupled planetary transmissions with minimal outside 
diameters which have the same input torques and the same root stresses at all gears, 
shown as functions of the overall speed-ratios i ls or / SI according to Schnetz [37]. Of 
the 72 possible transmissions (9 coupling cases * 4 variations • 2 positions of the 
input shaft), those with the higher efficiencies and the relative carrier speeds n si 
n s > = n m have been selected. Transmissions nos. 4, 13, 14, and 15 with n s , n s > > n in 
are exceptions. 

< - 

Fig. 1346. The smallest relative outside diameters and the efficiencies for transmis¬ 
sions whose monoshaft I is the input shaft. The encircled numbers refer to the gear 
trains shown in fig. 134a. The broken lines refer to a simple negative-ratio gear train 
according to fig. 32. 
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the transmission. Thus the equation 

hs — 1 = WOfv 1) * 


can be written as 


g - h 
h 



If hs = g/h is given now in form of an integer fraction and if we further 
assume a convenient speed-ratio 4nf = Q/t for the main gear train, then the 
speed-ratio of the auxiliary gear train becomes: 


i±M (99) 

y hq 

When the fixed monoshaft m ' is also the carrier shaft of the auxiliary trans¬ 
mission, then i Vc > = (/ 0 -) i and eq. (99) represents its basic speed-ratio. The 
subscript 1 of the basic speed-ratio merely indicates the consecutive number 
of this solution. 

With if' C > = /jv = 1 - /<,' we find a second version of the auxiliary gear 
train which has the basic speed-ratio 


hq - {g - h)t - hq _ (g - h)t 
hq hq 


( 100 ) 


and with i Vc > = 4'r 



a third version 


(g - h)t + hq - hq = (g - h)t 
(g - h)t + hq (g - /i)t + /r <7 * 


( 101 ) 


According to section 9, the numerators and denominators of the fractions 
in eqs. (99) to (101) represent the number of teeth, or the products of num¬ 
bers of teeth, of the respective basic transmissions. Therefore, their largest 
prime factors must not exceed the maximum allowable number of teeth for 
the largest gears. Before we can search for suitable speed-ratios, we must 
make sure that the given values of h and {g — h) do not contain excessively 


-> 

Fig. 134c. The smallest relative outside diameters and the efficiencies for transmis¬ 
sions whose connected shaft S is the input shaft. The encircled numbers refer to the 
gear trains shown in fig. 134a. 
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large prime factors. If the prime factors of h are too large, auxiliary gear 
trains whose carrier shafts are identical with shafts m' and c' and whose 
speed-ratios are thus given by eq. (99) and (100) respectively, cannot be 
built. Likewise, if the prime factors of the difference (g — h) are to large, 
auxiliary gear trains with speed-ratios according to eqs. (100) and (101) are 
not possible when their carrier shafts are identical with the shafts c' and /' 
respectively. 

With the equations remaining after this test, the basic speed-ratio i Q > can 
be calculated for an assumed q/t or vice versa. Further transmissions can be 
designed which are based on the reciprocal value of the given speed-ratio. In 
this case the values of g and h are exchanged and we must investigate 
whether the new value of h can still be represented by a product of prime 
numbers. 

First example, medium speed-ratio: A coaxial transmission with an 
accurate speed-ratio / = 938/176 is to be designed. Thus, we have either 


x . 938 

o) ,,s “716 


£ 

h 


or 


0) i is — 


716 

938 


£ 
h * 


Only case a) shall, subsequently, be investigated. A check of the values 


(g - h) = 938 - 716 = 222 = 2 • 3 • 37 , and 


h = 716 = 4 • 179 , 

shows that the prime factors of the difference (g - h) are sufficiently small 
while h contains the rather large factor 179 which cannot be further 
reduced. Therefore, the only choice left is an auxiliary gear train according 
to eq. (101) which has a speed-ratio i rc ' = i s * v indicating that the carrier 
shaft is identical with the free coupling shaft /'. However, eq. (101) yields 
suitable auxiliary gear trains only when its denominator does not contain 
excessively large prime numbers, which represent numbers of teeth as 
explained earlier. Therefore, we start by expanding the denominator into its 
prime factors. Its values q and t have been arbitrarily chosen so that prac¬ 
tical numbers of teeth are obtained. 

For g = 938, h = 716, and with q = 2, t - -2, -3, -4, the denomi¬ 
nator of eq. (101) becomes 

a) —2 • 222 + 716 • 2 = 988 = 4 • 13 • 19 , 

b) —3 • 222 + 716 • 2 = 766 = 2 • 383 , 

c) -4 • 222 + 716 • 2 = 544 = 32 • 17 . 

<- 

Fig. 13 4d, Basic speed-ratio i Q > of the optimum transmissions with input at / accord¬ 
ing to fig. 134 b. 
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It is obvious that the choice b) is not practical because of the large prime 
factor 383. Choice a) on the other hand results in a negative-ratio transmis¬ 
sion of the type shown in fig. 34, however, with reversed indices 1 and 2. 
According to eq. (101), its basic speed-ratio is 

(g - h) • t _ -444 2 _ 24 37 

(, °' )a ~ (g - h) • t + h • q ~ 988 * 2 “ -76 * 26 

where the negative sign is affixed to the number of teeth of the annular gear. 
To meet the requirement of equal center distances, it has been tried to 
match, as closely as possible, the sum of the numbers of teeth of the two 
meshing pairs of gears by combining the appropriate prime factors in the 
numerator and denominator and expanding the fraction. A complete 
adjustment, however, must be achieved by choosing appropriate values for 
the diametral pitch, the helix angles and/or addendum modifications. 

Assumption c) leads to a simple negative-ratio transmission of the type 
shown in fig. 32. 

—888 —111 

(i 0 )c = ~544~ = ~5g~ ’ where Zv = 68 and * 2 ' = -HI • 

Depending on the position of the carrier shaft, the three possible main gear 
trains become: 


. _ q 2 

thus 

1 



'mf ~ t -_ Z4 ~ l 0 * 

Oo)ci 2 

» 


4nf hs > 

thus 

0o)c2 ~ 1 

2 

-4 

= x and 
2 




-4 


*mf = 4l > 

thus 

(4)c3 = 1 - 

9 

= 3 . 


To obtain a simple design, we choose the transmission which has the basic 
speed-ratio (/ 0 ) c2 = 3/2 and whose carrier is connected to the free coupling 
shaft. The symbol of this bicoupled transmission is shown in fig. 135/la. 
The positions of all of its shafts are determined by the choice of eq. (101) 

Fig. 134c. Basic speed-ratio i Q > of the optimum transmissions with input at S 
according to fig. 134c. 
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and the main gear train c2. Fig. 135/lb is a true-to-scale schematic of the 
chosen auxiliary gear train which also shows the number of teeth for each 
gear. To obtain a planet p with an integer number of teeth, it is necessary to 
correct the tooth profiles. 

Fig. 135/lc shows a simple positive-ratio transmission of the type 
described in fig. 19 which constitutes a possible main gear configuaration. 
If we choose the same number of teeth for its gears 2 and p 2 as for the gears 
r and p f of the auxiliary gear train, then we obtain the rather simple 
reduced bicoupled transmission of fig. 135/ld. According to our calcula¬ 
tion the basic speed-ratio of the main gear train then becomes: 



/_ *pi \ /_ = Zpi • 68 

V Zi ) v Z pl ) z, . 22 


( 102 ) 



Fig. 135/1. Example for the synthesis of a constrained bicoupled transmission 
which accurately realizes a given speed-ratio % = 938/716: a, symbolic representa¬ 
tion of the bicoupled transmission; b , schematic representation of the chosen auxil¬ 
iary component transmission II; c, schematic representation of the main component 
transmission I which has been chosen so that one of its stages has the same number 
of teeth as the auxiliary component transmission b; d, schematic representation of 
the resulting reduced bicoupled transmission. 


To obtain the required equal center distances in both stages of the basic 
transmission with gears of the same diametral pitch, the sum of the number 
of teeth in stage 1 must equal the sum of the number of teeth in stage 2, so 
that 


Zi + Zpi = 68 4- 22 = 90 . (103) 

Thus we can solve eq. (102) for £ pl , which yields 
= 3 # 22 

Zi 2 * 68 


and then obtain 


that is Zp\ = Z\ 


66 

136 



and 
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90 

1 + 66/136 


60.59 


z p i = 29.41 , fromeq. (103). 


Because these values are not integer numbers as required, we must choose 
slightly different gear sizes. The pair z\ = 68 and z p \ = 33 accurately satis¬ 
fies eq. (102) but not eq. (103). Consequently, the center distances in both 
gear stages can be made equal only when, after all, gears with different 
diametral pitch, helix angle, and addendum modifications are used. 

Second example: If the speed-ratio is given by two prime numbers, for 
example, i = 983/761, then the following two possibilities exist: 

a) hs = 983/761 = g/h , and 
i 3) / IS = 761/983 =g/h. 

Only case a) is subsequently investigated. The expansion into prime factors 
of 


(g - h) = 983 - 761 = 222 = 2 • 3 • 37 


yields a largest value of 37 which represents a sufficiently small number of 
teeth. Since the prime factors g and h themselves are too large, a bicoupled 
transmission with the required speed-ratio can only have an auxiliary gear 
train according to eq. (101), but not according to eqs. (99) or (100). This 
auxiliary gear train has a speed-ratio i Vc * = 4'r and its carrier is mounted 
on the free coupling shaft. 


TABLE 9. Possible Component Gear Trains for Speed-Ratio / is = 983/761 


EXAMPLE 

Q 

t 

*mf 

DENOMINATOR eq. ( 101 ) 

'o' 


a 

6 

-2 

-3 

4122 = 2 • 3 2 • 229 

prime factor too large 

b 

6 

-3 

-2 

3900 = 2 2 • 3 • 5 2 • 13 

111 

37 • 3 

650 

50 • 13 


6 

-10 

- 6/10 

2346 = 2 . 3 • 17 - 23 

370 

10 • 37 

c 

391 

17 . 23 

d 

6 

-16 

- 6/16 

1014 = 2 • 3 • 13 * 

592 

169 

37 ■ 16 

13 * 13 

e 

6 

-21 

- 6/21 

-96 = - 2 5 • 3 

777 

16 

37 • 21 

8 • 2 
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For the main gear train which has the speed-ratio / mf = qlt , we choose 
<7 = 6 because it cancels the factors 2 and 3 in the numerator of eq. (101). 
To prevent i 0 > from becoming too large, negative values are chosen for t as 
can be seen in table 9. Generally, the values of q and t should not be larger 
than the acceptable number of teeth and they should always be chosen so 
that the speed-ratio qlt falls within the possible speed-ratio ranges of the 
simple positive or negative-ratio transmissions. 

Example d in table 9 yields a transmission whose gears have very small 
numbers of teeth and which, consequently, has a small diameter. The fol¬ 
lowing three transmissions are suitable for its main gear train: 


1. 4nf 4 


(4>a = “6/16. 


. . _ . t 6 _ 22 _ 13 22 

2 . W - h s » ('o)b - 1 + 16 ~ i 6 ~ 16 * 13 



16 22 


3* 4nf — 4l> 


If designed according to fig. 32, the first of these options has the advantage 
of the greatest simplicity. As can be seen from fig. 135/2a, the second 
option has the advantage that its carrier and the carrier of the auxiliary gear 
train are mounted on the free coupling shaft. Therefore both carriers can be 
combined into a single unit. If, in addition, its basic speed-ratio is expanded 
by a factor 13 , a positive-ratio transmission as shown in fig. 19 is obtained 
and the central gears z 2 and Zy of the connected coupling shaft, as well as 


P\ Pl'Pv 



Fig. 135/2. Example for the design of a constrained bicoupled transmission with the 
accurate speed-ratio / IS = 983/761. The chosen numbers of teeth are as shown in 
b-d: a , symbolic representation of the chosen transmission; b, schematic representa¬ 
tion of the main component gear train; c, schematic representation of the auxiliary 
component gear train; d f overall transmission designed as a reduced bicoupled gear 
train. 




a 

142 

-20,163 = 

-3 • 

11 

• 13 

• 47 

19,825 = 5 2 

• 13 

• 61 

~~47 

Ol 

33 

b 

157 

-24,648 = 

—2 3 

• 3 

■ 13 

• 79 

15,340 = 2 2 

• 5 • 

13 • 59 

25 
79 ’ 

59 

30 

c 

79 

-6,240 = 

-2 s 

• 3 

• 5 • 

13 

33,748 = 2 2 

• 11 

• 13 • 59 

22 

1£ 

59 

i < 


55 65 
18’ 15 


d 


53 —2,808 = —2 3 • 3 3 • 13 


37,180 = 2 2 • 5 • 11 • 13 2 
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A suitable auxiliary gear train whose basic speed-ratio is determined by 
the first of the two equations given above could not be found despite at¬ 
tempts with about 20 different values of Z\. Together with a number of 
values containing excessively large prime factors, however, the second equa¬ 
tion yielded the suitable, kinematically-equivalent solutions compiled in 
table 10. 

Obviously, transmission d represents the best solution. Its central gear 1 
has the smallest number of teeth Z\ and thus transmission d has the smallest 
main gear train with the highest revolving-carrier efficiency, even though 
the latter is still rather low. The number of teeth of the auxiliary gear train 
leads to a two-stage negative-ratio gear train. Fig. 135/3 shows the resulting 
bicoupled transmission. Since only a large number, but not all possible 
values of Z\ have been checked, it should not be expected that it represents 
the optimum solution. With the assumption that rj Q = rj 0 > = 0.98, the over¬ 
all efficiency of the transmission d becomes t/ is = 0.017. 

/ n 


i 


b 


Fig. 135/3. Constrained bicoupled transmission with the precise speed-ratio / ls = 
39,989 (prime number) representing solution d of table 10 with r) ls = 0.017. 

A higher efficiency can be obtained when a more costly solution is 
chosen, that is, when a main gear train with a standard negative speed-ratio 
of / mf = 1.5 to 10 is combined with an auxiliary gear train which, because of 
the required high speed-ratio, is designed as a multistage conventional 
transmission. 




Section 36. Variable Bicoupled Transmissions 

a) Applications, Nomenclature, Design 

Variable bicoupled transmissions are special types of constrained bi¬ 
coupled transmissions. They are characterized by the fact that over a given 
range, they have an infinitely variable speed-ratio, see section 32f and fig. 
113d. Therefore, they are frequently used between a prime mover which can 
operate only at a constant speed and a machine which requires a variable 
input speed, such as a boiler feed pump, a cooling tower, etc., or where in 
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open or closed loop control systems infinitely variable speed-ratios are 
needed. 

The continuous change of the speed-ratios between the shafts / and S of a 
variable bicoupled transmission is usually effected by an auxiliary com¬ 
ponent transmission which has an infinitely variable speed-ratio / fV , that 
is, by a “variable-speed drive.” Variable-speed drives usually are belt or 
link-belt drives, traction drives, or hydrostatic transmissions which consist 
of a variable displacement hydraulic pump and a hydraulic motor (e.g., 
axial piston type units). Infinitely variable revolving main drive trains are 
rarely used. Subsequently, only the most frequently encountered variable 
bicoupled transmissions will be discussed whose auxiliary component trans¬ 
mission consists of a variable-speed drive. 

Usually these auxiliary component transmissions cannot be integrated 
with the main component transmission into compact units which are com¬ 
parable with the simple bicoupled transmissions. Frequently, even an inter¬ 
mediate drive train is inserted between the main and auxiliary sections of the 
transmission. Nevertheless, by maintaining a given speed-ratio between two 
shafts of the main component transmission, this infinitely variable drive 
train clearly functions as an auxiliary component transmission. If, there¬ 
fore, as shown in fig. 136, a variable-speed drive is connected to the main 
component transmission through one or more intermediate drive trains, 
then this compound speed drive is considered as the auxiliary section of the 
transmission. As will be explained in more detail in section 36d, interme¬ 
diate drive trains are usually needed to match the inherent speed-ratio limits 
of the component transmissions to the desired overall speed-ratio limits. 
Likewise, they must frequently be used where spatial conditions do not 
allow a coaxial arrangement of all component transmissions. 

W I 




Fig. 136. Variable bicoupled transmission [38] with a hydrostatic variable com¬ 
ponent transmission II which consists of the variable displacement pump Ilia , the 
constant displacement motor IHb , and the intermediate gear train IV: a, schematic 
representation of the transmission; b , symbolic representation. 





242 / Compound Epicyclic Transmissions 

The mentioned and most frequently used types of auxiliary component 
transmissions are conventional transmissions. Therefore, we can consider 
them as basic transmissions whose carrier shaft (which corresponds to the 
transmission housing) is the fixed monoshaft //(see fig. 136b), while shaft 
c' corresponds arbitrarily to shaft 2' and shaft/' to shaft or vice versa. 
With these designations, their speeds, torques, and efficiencies can be deter¬ 
mined by the same equations and mathematical methods which have been 
used in section 35 to analyze the constrained bicoupled transmissions, that 
is, the equations for the simple two-shaft transmissions and worksheet 1 can 
be applied when the analogy of section 33 is utilized. 

b) Adjustment Ranges of the Variable Bicoupled Transmission 
and the Auxiliary Component Transmission 

The adjustment range of a variable-speed drive at a constant input speed 
is frequently defined as the ratio or the difference between its maximum and 
minimum output speeds. As a design characteristic, however, the adjust¬ 
ment range of a variable-speed drive is independent of the positions of its 
input and output shafts. Therefore, we shall not specify which of the shafts 
of the variable bicoupled transmission is the input or output shaft, but rather 
shall describe its adjustment range by means of the two possible extreme 
speed-ratio limits as follows. 

All parameters such as speed- or power-ratios which are valid for one of 
the speed-ratio limits are denoted by an asterisk, for example, ife, /fV while 
all values which pertain to the opposite speed-ratio limit are characterized 
by a triangle (e.g., z^s, / f V)* Therefore, all parameters which carry an aster¬ 
isk bear constant relationships with each other as in constrained bicoupled 
transmissions. The same is true for all parameters which are identified by a 
triangle. However, it is immaterial which of the two limits is denoted by the 
asterisk and which by the triangle. 

By comparison with the speed-ratio step <p of a change-gear, we shall call 
the quotient of the speed-ratio limits, the adjustment-ratio of the variable- 
speed drive, specifically 

ip = — = adjustment ratio of a bicoupled transmission and (104) 
*is 

jA , 

<p f = = adjustment ratio of an auxiliary (105) 

/f c ' component transmission. 


Both speed-ratio limits of a bicoupled transmission, as well as of its variable 
component transmission, can be positive, or both can be negative. In either 
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case, <p and y?' are positive. If they have opposite signs, the adjustment- 
ratios ip and <p f become negative which means that one of the two shafts / or 
S, or /', or c', reverses its sense of rotation when the speed-ratio of the 
drive is continually changed from one limit to the other. 

The adjustment-ratio of a bicoupled transmission as a function of the 
adjustment-ratio of its auxiliary component transmission or vice versa can 
be obtained immediately from fig. 131. If the adjustment-ratio of a variable 
bicoupled transmission is specified by its speed-ratio limits 

/‘is = —0.6 and /js = —1.5 , 

and the speed-ratio of the main component transmission is / mf = 2, then the 
appropriate speed-ratio limits of the auxiliary component transmission can 
be read from fig. 131, or they may be calculated with eq. (97) to be: 

4V = 0.2 and / f V = —0.25 . 

Thus, the adjustment-ratios become 

i a -—15 

ip = ~ = —= 2.5 for the bicoupled transmission and 
/is -0.6 


j, f _ 0 25 

<p' = -4^— = = “1-25 for the auxiliary component 

/f ' c ' * transmission. 

In this example both speed-ratio limits of the variable bicoupled transmis¬ 
sion are negative. Its adjustment-ratio, therefore, becomes positive, that is, 
<p > 0, while one of the speed-ratio limits of the auxiliary component trans¬ 
mission and consequently its adjustment-ratio is negative, that is , <p' < 0. 
The sign change at / fV = 0 indicates that for this speed-ratio = 0, so 
that the main component transmission operates as a two-shaft transmission 
and, according to R 18, changes its total-power shaft, a fact that is corrobo¬ 
rated by fig. 131. This leads to the following important guide rule: 

The total-power shaft changes its position when the speed- R 33 
ratio of a variable bicoupled transmission, or its auxiliary 
component transmission, passes through zero or infinity 
within its speed-ratio range, or both speed-ratios do so simul¬ 
taneously within theirs . Consequently, the power-flow in the 
bicoupled transmission changes from one to another of three 
possible modes: power division, positive circulating power, or 
negative circulating power . 
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The relationship between the two adjustment-ratios ip and ip' can be 
found with eq. (96) 


*IS ^ 4nf “b 4nf4'c' 

and with eqs. (104) and (105) 

4s<P = 1 “ 4nf + * 

If according to eq. (97) 

__ 4s ““ 1 + 4nf 

if'c' - 7 -» 


then 


4s ^ — 


1 4nf “1“ ^mfV* 


4s — 1 + 4nf 

• - 

4nf 


(106) 


or 


4nf 


4 s(^ - <p') 

<p ' - 1 


(107) 


In case we do not want to refer the speed-ratio / mf of the main component 
transmission to 4s but rather want to express it as a function of the other 
speed-ratio limit 4s > we can use eq* (104) and thus obtain: 


hs(<P <p') _ . , 4 s 0 “ v^/v 3 ) 

v i) “ v^i 


(108) 


If we then replace 4s * n eq. (106) with eq. (96) we obtain, accordingly, 


l 4V W - <P') ] 

4nf 1 "" 

If next, eq. (98) is applied to both speed-ratio limits, so that 

; _ 4s “ 1 _ 4s — 1 
mf " 'fV - 1 “ ific> ~ 1 ’ 


(109) 


we finally obtain 


(/is ~ ~ 1) , 

/l*s - 1 


( 110 ) 



36. Variable Bicoupled Transmissions / 245 

Three of the five variables in eqs. (107) to (109) can be either known or arbi¬ 
trarily chosen. The fourth and fifth which then become dependent vari¬ 
ables, however, must subsequently be calculated. 

c) Power in Variable-Speed Drives 

The amount of power which can be transmitted by a variable bicoupled 
transmission is limited by the capacity of the variable component transmis¬ 
sion. Modern traction drives are capable of transmitting up to 20 kw, belt 
and link-belt drives up to 75 kw and hydrostatic drives up to 700 kw. If the 
power levels exceed these limits, Ward-Leonard systems are now used exclu¬ 
sively as variable speed drives. Thus, it is obvious that is is desirable to 
transmit only as small a fraction of the external power as possible through the 
variable component transmission. This means that the power-ratio e or e 0 as 
defined in section 35g, should approach zero as closely as possible. 

As in section 35g, we want to limit this consideration to the power-ratios 
€ 0 = —Pf/Pi of transmissions which we assume to be loss-free since such as 
assumption will permit us to obtain quickly, and with an acceptable accu¬ 
racy, a general concept of a variable bicoupled transmission which is inde¬ 
pendent of its eventual design. 

With eq. (93) and worksheet 1 we obtain 


€ o = 1 


*SI 






1 


= 1 - 


*mf 


*IS 


or 


i 4if 

4nf = ( € o — l)/lS + 1 


( 111 ) 


If we refer e 0 to the speed-ratio limit i*s, then we obtain by letting eq. 
(107) equal eq. (Ill) so that: 


i + z fll 

<p' - i 


(6*- D/fs + 1 , 


and 




v> - <p 
•p’ - 1 


+1 = 


1 p - 1 
<p’ - 1 


( 112 ) 


However, if we refer e G to the other speed-ratio limit, i\s = i*s<p , then we 
obtain e 0 A by letting eq. (108) equal eq. (111), that is: 


1 + 


hs(<P ~ v’) 


(€ 0 4 - 1)41 + 1 , 


and 


<P{~ 1 ) 
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Fig. 131 a-b . Power-ratio e 0 (power in the auxiliary component transmission divided 
by the external power, neglecting all losses) at specific speed-ratio limits as a function 
of the speed adjustment ratio of the bicoupled transmission <p - and the speed 
adjustment ratio of the auxiliary transmission <p' ~ /p c /*r c - 



Fig. 137a. e G *at the speed-ratio limits /j| and i f %,. 


<P — <P’ « <P’ <P - 1 

“ 1) <P ~ 1 ’ 


Reduced to the form 



<P 


(113a) 


(113b) 


Eqs. (113a) and (112) clearly illustrate the relationship between the power- 
ratios e Q at the speed-ratio limits and the adjustment-ratios <p and <p f of the 
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Fig. 137ft. e 0 A at the speed-ratio limits t\s and *r C '- 


variable bicoupled and the variable component transmission, respectively. 
Eqs. (112) and (113a) are plotted in figs. 137a and 137b. With the help of 
these diagrams, it is easy to find an adjustment-ratio <p f for an auxiliary 
component transmission which, for a given adjustment-ratio ip of a planned 
variable bicoupled transmission, yields a sufficiently small power-ratio at 
either one of the two speed-ratio limits and can be realized with a standard 
design. 

If a variable bicoupled transmission must transmit full power over its 
entire speed-ratio range, then as a rule both power-ratio values e* and e 0 A 
should lie between 0 and ±1. A comparison between figs. 137a and 137b 
shows that this condition can be met only if the adjustment-ratio falls into 
the small common areas of the two diagrams which are not crosshatched in 
fig. 137c. 







C I both £* andef lie between *1 and -1 

Fig. 137c. Synopsis by superimposition of a and b to aid in the design of variable bi- 
coupled transmissions. 


If one of the adjustment-ratios is negative, then it must be verified, for 
example, with figs. 130 or 131, that for an arbitrary value of / IS within the 
adjustment range, the associated power-ratio e 0 lies between e*and e<f. For a 
negative adjustment-ratio, i IS can pass through zero or infinity while it 
varies continually between the speed-ratio limits and thus the power-ratio e 0 
may lie between e* and e 0 A but also outside of these limits. 

Some transmissions, such as drives for centrifugal pumps, must transmit 
full power only at one end of their speed-adjustment range. Thus it is fre¬ 
quently possible to permit a higher power-ratio e 0 at the other end of their 
speed-adjustment range and thus gain more latitude for their layout and 
design. 

The information contained in figs. 137a to 137c and eq. (113b) is now 
summarized in the following guide rule: 
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The power-ratio e 0 in a variable component transmission R34 
becomes smaller the closer <p approaches a value of 1, that is, 
the less the variable bicoupled transmission needs to be 
adjusted and the more the variable component transmission 
can be adjusted . 


Fig. 137c specifically shows the following relationships which are impor¬ 
tant for the practical design of variable bicoupled transmissions: 

1. If the adjustment-ratio of a variable bicoupled transmission is nega¬ 
tive, then the power transmitted by the variable component transmission is 
larger than the external power in at least a part of the speed-adjustment 
range. 

2. The power transmitted by the auxiliary component transmission can 
be kept smaller than the external power, that is, |e 0 | < 1, over the total 
speed-adjustment range only when the adjustment-ratio <p of the bicoupled 
transmission is positive. 

If in this case, the adjustment ratio p' of the auxiliary transmission is also 
positive, then for a bicoupled transmission with an adjustment ratio of <p > 
2 or 0 < <p < 0.5, the condition |e 0 | < 1 can be met only when the main 
component transmission is adjusted in the same direction as the auxiliary 
component transmission. Then both component transmissions have their 
maximum speed-ratio at the same end of their speed-adjustment ranges. 
Simultaneously the speed-adjustment range of the bicoupled transmission is 
smaller than the speed-adjustment range of the auxiliary component trans¬ 
mission; (p is closer to 1 than ??'. 

3. If the adjustment-ratio (p of a bicoupled transmission is positive, then 
the condition |e 0 | < 1 can be met for a range of <p = 1 / 3 to 3 by an auxiliary 
component transmission with an adjustment-ratio of <p’ = -1, that is, an 
auxiliary component transmission whose adjustment limits have equal mag¬ 
nitudes but opposite signs. Hydrostatic transmissions with axial piston 
pumps and motors are suited for this application. 

The previously mentioned speed-adjustment range of y? = 1/3 to 3 can 
obviously be extended by deviating from <p' = -1 in either direction, that 
is, by making the positive and negative speed-adjustment ranges of the aux¬ 
iliary transmission unequal or, when both are equal, by not fully utilizing 
one of the ranges. 

When we design a power transmission we should investigate (following R 
34) whether the required power rating of the variable bicoupled transmis¬ 
sion can be obtained by increasing the adjustment-ratio of its auxiliary 
transmission by coupling two variable component transmissions in series 
rather than in parallel. 
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d) Intermediate Transmissions as Means of Shifting 
Adjustment Limits 

If only the speed-ratio limits i* s and of a planned variable bicoupled 
transmission are specified, then we can calculate its speed-adjustment ratio 
(p with eq. (104). Following the considerations outlined in section 36c, we 
can then choose a suitable speed-adjustment ratio <p' for the variable com¬ 
ponent transmission from fig. 137 and this choice clearly determines the 
kinematical behavior of the variable bicoupled transmission. The speed- 
ratio / mf of the main component transmission can be calculated with eq. 
(107), and the two speed-ratio limits i*< c > and ifi c * of the auxiliary component 
transmission with eq. (97), when first i* s and then are substituted for / IS . 

Suppose we had chosen an adjustment-ratio <p' = 3/0.4 = 7.5 because 
we had already decided to use a specific auxiliary component transmission 
(for example, a variable V-belt or link-belt drive) with the speed-ratio limits 
i* = 0.4 and / A = 3. Then we can generally find some necessary speed-ratio 
limits /fV and / f V which yield the same adjustment-ratio as the chosen vari¬ 
able-speed drive but are not identical with its speed-ratio limits /* and / A . 

The variable component transmission must then be matched to the main 
component transmission by one or more intermediate transmissions which 
simultaneously enable the variable-speed drive to operate at its optimum 
speed level, where it is capable of transmitting maximum power. 

These intermediate transmissions change the speed-ratio of the auxiliary 
component transmission at both speed-ratio limits by the same factor /. 
Thus, the adjustment -ratio, is not affected by the addition of one or more 
intermediate transmissions with constant speed-ratios. 

Intermediate transmissions can be arranged as follows: 

1. Intermediate transmissions for matching a variable component trans¬ 
mission as shown in figs. 138a to 138c. To obtain the calculated, required 
speed-ratio limits z f V and / f V, even when the available variable component 
transmission has different speed-ratio limits 1* and i A , an intermediate 
transmission IV can be added, as shown in fig. 138a, or in fig. 138b. Alter¬ 
nately, two intermediate transmissions IV and V can be arranged as shown 

5 5 5 





Fig. 138. Possible arrangements of the intermediate transmissions IV and V in the 
auxiliary component transmission II to match the variable speed drive III to the main 
component transmission. 
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in fig. 138c. With the designations given in figs. 138a to 138c, the matching 
conditions and the resulting intermediate speed-ratios are recorded in table 
11 . 


TABLE 11 . Matching Conditions 


FIG. 

MATCHING CONDITIONS 

SPEED-RATIOS OF 

INTERMEDIATE TRANSMISSIONS 

EQ. 

138a 

II II 

U Q 

'f'3 

_ '7c • 

'3c- 

II 

(114) 

138b 

if'c ' *T'4*4c' 

/fV = /fV4c' 

'4c' 

= if'c 
if 'a 

; a 

— hisL 

/ f '4 

(115) 

138c 

ifa‘ = 'W&'5c- 
*fV - if'6*65he' 

^'6'5c 

II 

R* 

(S* |o 

1 

ii 

(116) 


The intermediate speed-ratios of all three designs are equal, that is, 

lf'3 t4c' ff'6*5c' > 

when the other given speed-ratios remain equal. In the case described by eq. 
(116) and fig. 138c, both speed-ratio limits of the intermediate transmis¬ 
sion III are merely multiplied by the product i\\i\. Therefore its factors can 
be freely varied to achieve the optimum speed level of the variable-speed 
drive. 

Of the three possibilities shown in figs. 138a to 138c, that one should be 
chosen which permits the variable-speed drive to operate at its optimum 
speed level, that is, we should choose 138a if is the optimum speed of the 
variable-speed drive, 138b if n r is its optimum speed, and 138c if neither n c > 
nor rtf are optimum speeds of the variable-speed drive. 

2. Intermediate transmissions for adapting to the speed-ratio of a vari¬ 
able bicoupled transmission as shown in fig. 139. If the adjustment-ratio <p 
of the variable bicoupled transmission is given and the adjustment-ratio y>' 
of the variable component transmission is chosen as previously described, 
then, as a third parameter which can be freely chosen, one of the latter’s 
two speed-ratio limits, for example, / f * c -, can be used to determine, with eq. 
(109), a speed-ratio / mf and thus a main component transmission that is 
matched to the variable component transmission without an additional 
intermediate transmission. Then the adjustment-ratio <p of the variable bi¬ 
coupled transmission is indeed acceptable, but the speed-ratio limits i* s and 
/is do not have their desired values /js.req’d. and /is,req’d.- Therefore, an addi¬ 
tional reduction drive is needed to adapt the bicoupled transmission to the 
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required speed-rado limits. This intermediate drive III can be connected, 
either as shown in fig. 139a, where 


'AI 



_ *AS,req’d. 
'lS 


(117) 


or as shown in fig. 139b, where 


4b — 



'iB^eq’d, 

'IS 


(118) 


3. Intermediate transmission as shown in fig. 140 for the simultaneous 
matching of the variable component transmission and the bicoupled trans¬ 
mission. This arrangement combines both of the possibilities described by 
figs. 138c and 139b. It is frequently used when, because of space or design 
reasons, the variable component transmission cannot be directly coupled to 
the main component transmission and intermediate transmissions must be 
used to bridge the gap, or when simpler designs, such as shown in figs. 140a 
and 140b, can be obtained by connecting the input to shaft A instead of 
shaft S. Although in this case the coupling shaft S is not directly connected, 
we are able to analyze this transmission like a constrained bicoupled trans¬ 
mission if we place the external connection A into the power path between 
shaft c f and the variable component transmission, but not between shaft/' 
and the variable component transmission. This fact must be strictly 
observed when the shafts are labeled, see fig. 140b. Kinematically, the 
transmission then behaves as if the coupling shaft S were connected through 
an imaginary duplicate of the intermediate transmission IV matching the 
speed-ratio limits like transmission III in fig. 139b. Consequently, the 
speeds of the connected shafts A and (S) would be equal. This arrangement 
is shown explicitly in fig. 140c. 

If, in addition to the speed-ratio limits /iA,req’d. and 'iA,req’d.> and thus the 
adjustment-ratio 


'lA.req’d. 'is4a 'lS nim 

<P = -— = ~tz ~.— = tt (H9) 

'iA ,req’d. 'IS 4 A 'IS 

of the bicoupled transmission, the speed-ratio limits i* and / A , and the 
adjustment-ratio <p' of its variable component transmission are given, then 
as a third parameter, together with ^ and <p', we can either choose the 
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B 



Fig. 139. Variable bicoupled transmission with a reduction drive at either of the con¬ 
nected shafts, to adapt the bicoupled transmission to the required speed-ratio limits 
4?q’d and 4eq*d • a > reduction drive at the connected monoshaft /; b, reduction drive at 
the connected coupling shaft S. 


speed-ratio / mf which determines the main component transmission and 
calculate first i {| with eq. (107) and then the speed-ratio of the intermediate 
transmission IV from: 


he* ~ 


hs 

4a, req’d. 



( 120 ) 


or we can choose the speed-ratio i 5c > of the intermediate transmission IV 
according to the given design requirements and calculate first 


*IS ~ 4a, req’d7*5c' 

with eq. (120) and then / mf with eq. (107). The other speed-ratio limit can 
be determined with eq. (104). When /js and % are thus known, the speed- 
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m' 



a 



(S) 



Fig. 140. PIV-variable bicoupled transmission, type AG [39], with a link-belt drive 
as the variable component transmission III and the two intermediate gear trains IV 
and V which have negative and positive speed-ratios, respectively: A, input; /, 
output; S is not connected: a , schematic representation of the transmission; b, 
symbolic representation; c, if a hypothetical second gear train IV is connected at S, 
the speeds at A and (5) become equal and the transmission can be treated as a con¬ 
strained bicoupled transmission. 
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ratio limits i f * c > and tf c > of the auxiliary component transmission can be cal¬ 
culated with eq. (97). The speed-ratio, 


4'6 — 




( 121 ) 


of the intermediate transmission V is finally obtained from the matching 
conditions expressed by eq. (116). In general, it cannot be expected that the 
first solution thus obtained represents the best possible transmission. 
Rather, it will be necessary to repeat the calculation with a slightly altered 
assumption for 4if or i 5c > so that the optimum transmission will be the result 
of an iteration process. 


e) Analysis of a Particular Design 

A variable bicoupled transmission of the type shown in fig. 140 is to be 
designed according to the following specifications: 

input speed: n m = 16s 1 " 1 
output speed: n oui = 0 to 15 s' -1 

chosen variable speed drive: belt-drive with i max = 2 and / min = 0.5. 

1. Adjustment-ratio of the variable bicoupled transmission: The speed- 
ratio limits of the bicoupled transmission are n out /n in = 0 and 0.9375. Cir¬ 
cumventing the decision whether the input should be at shaft / or shaft A , 
we shall assume temporarily that shaft (S) rather than shafts is externally 
connected (fig. 140c) but delay consideration of the intermediate transmis¬ 
sion IV until later. Thus we gain the advantage that the transmission can be 
treated like a constrained bicoupled transmission and the appropriate dia¬ 
grams can be used directly. 

Fig. 131 shows that for n s = 0, that is, for / IS = oo, / mf = oo also, and 
thus cannot be realized. For n x - 0, that is, for / IS = 0, however, all speed- 
ratios / mf between + oo and - oo are possible. Thus, n x = 0 is possible, and, 
consequently, the input can only be at S (or A in fig. 140c). 

Consequently, the speed-ratio limits of the bicoupled transmission are 


ii a = 0 and if A = 0.9375 , 

where the symbols * and A have been assigned arbitrarily and the adjust¬ 
ment ratio becomes: 


4s _ 4s * 4a _ _4a_ 
4s 4s • 4 a 4a 


0.9375 


0 


— 00 . 
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2. Adjustment-ratio of the variable component transmission III : The 
given variable component transmission III can have two different adjust¬ 
ment-ratios, 

/ ___ *111, max _ ^ —4 

^ *III,min 0.5 

t *111,min 0*5 r\ 'sc 

or <p 2 = -r- 2 - = -r- = 0.25 . 

*111, max z 

For v? = oo, the point ^>' = 4 lies in the doubly crosshatched area of fig. 
137c, which means that the power-ratio e 0 > 1 at both ends of the speed- 
adjustment range. The point <p' = 0.25 lies in the simply crosshatched area 
and thus e Q < 1 for at least one of the adjustment limits. Therefore we 
choose: 


<p‘ =0.25 = — 
/* 


0.5 
2 ’ 


and the subscription becomes 


** = *65 


* A = *65 = 0.5 . 


The order of the subscripts must be 65 rather than 56 since, according to eq. 
(116), in this form i is one of the factors of i Vc > whose subscription in turn is 
determined by the definition of <p' which is given by eq. (105). 

3. Choice of the third parameter: We can now assume one speed-ratio / mf 
of the main component transmission and determine first $ with eq. (107) 
and then i 5c > with eq. (120) or vice versa. Initially we shall try to work with 
an arbitrarily chosen value i 5c > = -1. 

4. Determination of the other transmission parameters: With eq. (120), 
/*!? = 0 and = 0.9375 (-1) = -0.9375. With eq. (108) 


*mf 1 "h 


—0.9375(1 - 0)' 
0.25 - 1 


2.25 . 


Eq. (107) cannot be used since ife • v? = 0 • oo, and thus is indeterminate. 
With eq. (97) the speed-ratio limits of the auxiliary transmission become: 


4V = —- + 1 = + 1 = 0.555 , 


*mf 


and 


*is ~~ 1 
*mf 


2.25 
-0.9375 - 1 


+ 1 = 0.1389 . 


+ 1 = 


2.25 



Check: 
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z f V _ 0.1389 
i f %. ~ 0.555 


0.25 . 
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Intermediate transmission V: The inherent speed-ratio limits of the variable 
component transmission are adapted to the required values i f * c > and z f V by 
the intermediate transmission V whose constant speed-ratio can be found 
with eq. (121). Thus, 


*f'6 


4V 

4*5 he ' 


0.555 

2MO 


-0.277 , 


and , 


contrary to fig. 140a, f v is negative. 

5. Selection of the main component transmission: Depending on whether 
the carrier is mounted on shaft m, c, or f, three different main component 
transmissions are possible which correspond to the coupling cases mm', 
cm ', or/m' of fig. 124 where the fixed housing of the auxiliary transmis¬ 
sion II is considered as the latter’s fixed carrier s' = m'. With z mf = 2.25, 
the three speed-ratios are obtained as shown in table 12. 


TABLE 12. Basic Speed-Ratios for Different Coupling Cases 



SUBSCRIPT KEY 




COUPLING CASE 

m 

c 

/ 


BASIC SPEED-RATIO 


mm ' 

S 

1 

2 

/q 

*s2 x *mf 2.25 

= 1.80 






is2 - 1 'mf - 1 125 


cm ' 

1 

5 

2 

*o 

= *12 ~ 'mf = 2.25 


fm ' 

1 

2 

s 

*o 

= 1 - '1. * 1 - 'mf = 1 - 2.25 

= -1.25 


We shall choose the negative-ratio transmission which represents the 
coupling case fm' since it leads to the simplest possible design as shown in 
fig. 141. However, its basic speed-ratio is close to -1 and thus requires 
rather small planets. Therefore, starting with step 3, we repeat the calcula¬ 
tion, and choose i 0 = -2 so that for the coupling case fm ', / mf = i ls = 



Fig. 141. Shaft designations for the three variable bicoupled transmissions analyzed 
in the calculations of table 13, where the main component transmission has a nega¬ 
tive basic speed-ratio. 
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1 - / 0 = 3. Other suitable transmissions can often be found when the signs 
of the speed-ratio limits are changed, which usually can be done by assum¬ 
ing an appropriate sense of rotation for the input shaft. Then we repeat the 
calculation steps a third time for a modification of the bicoupled transmis¬ 
sion which has the speed-ratio limits i* A = 0 and if A = -0.9375. For con¬ 
venience the results of the ensuing three calculations are compiled in table 
13. 

TABLE 13. Numerical Evaluation of Three Kinematically-Equivalent 
Variable Bicoupled Transmissions* 


VALUES 


(eqs.), figs, and 

WORKSHEETS USED 

CALCULATION NO. 

1 

2 

3 

Given 

*?A 


0 

0 

0 


'IA 


0.9375 

0.9375 

-0.9375 


V? 

(104) 

00 

00 

— oo 

Chosen 

<p' 

137c 

0.25 

0.25 

0.25 


& 


2 

2 

2 


1 A 

l 65 


0.5 

0.5 

0.5 

Assumed 



2.25 » 

3 

0.5 

Calculated 

hs 

(120) 

0 

0 

0 


(is 

(108) 

-0.9375 

-1.5 

0.375 


he' 

(120) 

-1' 

-1.6 

-0.4 


if’c' 

(97) 

0.555 

0.666 

-1.0 


/fV 

(97) 

0.1389 

0.166 

-0.25 

Check 

<p' 

(105) 

0.25 

0.25 

0.25 


if'6 

(121) 

-0.277 

-0.2083 

1.25 

Possible main Cmt 

o 


( 1.8 

1.5 

-1.0 

component J cn 

<0 

1 

2.25 

3.0 

0.5 

transmissions Lfn 

t ') 


1-1.25 

-2.0 

0.5 

* Another numerical example of the layout of a variable bicoupled transmission is given in 

section 6 of [56]. 






'In calculation 1), 

i Sc > had the chosen value of -1, 

but / mf was calculated. 



f) Efficiency 

If the shafts / and S of a variable bicoupled transmission are connected, 
then its efficiency at a given operating point, for example, at / IS , can be cal¬ 
culated as described in sections 35e and 33e for constrained bicoupled trans¬ 
missions. Of course, this efficiency changes when the speed-ratio is changed, 
and, therefore, it is expedient to calculate the efficiency for both ends of the 
speed-ratio and at least one operating point in between. 

If, instead of shaft 5, a shaft A of the auxiliary component transmission 
is connected, then the efficiency at a given operating point can be calculated 
when the speeds and torques are determined separately as described in sec- 
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tion 35. However, even in this case it is simpler to determine the efficiency 
as if shaft S instead of shaft A in fig. 140 were connected to the outside. The 
error caused by this assumption becomes very small when the intermediate 
transmission IV between S and A has a high efficiency. In an unfavorable 
case, such as € 0 > 1, or e Q < 0, it can be expressed by the deviation from the 
actual friction power-loss AP L = ±faP A , which represents the loss 
incurred in the intermediate transmission IV when the total effective power 
P A is transmitted from shaft c through transmission IV to shaft A rather 
than to shaft S directly. When the shaft A rather than the shaft S is con¬ 
nected, then the error in the determination of the efficiency is only affected 
by the external power but not by the circulating positive or negative futile 
power. If the transmission operates with power division, the error is even 
smaller as can be easily proven by means of the power-flow. The error 
diminishes to zero when e = 0.5. 

For the transmissions which have been obtained in the second and third 
calculation of the previous section 36e, the described approximation yields 
the following overall efficiencies when the efficiencies of the individual 
transmission sections are assumed to be: 



Vo = 0.98 ; 

-3 

II 

© 

SO 

< 

= 0.985 ; 

with 

o 

V 

vo 

II 

.> 

as in calculation 2, 

(Vv)z = 0.985 ; 

with 

O 

A 

VO 

II 

. > 

as in calculation 3, 

(Wv)i = 0-97 . 


(rj y ) 3 is assumed to be lower than (rjv)i since an additional gear stage is 
needed to obtain a positive speed-ratio i f > 6 . 

The notation and the subscript key are the same as in the previous section 
36e and fig. 141. 

Transmission 2 with i Q = -2. With worksheet 1 we obtain: 

(ill = 4nf4n'f' :=:: hsh's' :=: (1 4)) (1 

= (1 + 2) (1 - 0.166) = 3 • 0.831 = 2.5 . 

Since the series speed-ratio / ni > 0 the efficiency can be found with box 12 
of worksheet 5. Thus 


*?si = 


'in ~ 1 

^-i 

*?i!i 


2.5 - 1 


0.962 


0.938 , 


where 


Will Wm'f'Wfm ~ Ws'l'Wsl • 
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According to worksheet 5, boxes 11 and 10 and with i£ = i f V = 0.166 


4 /o' - 1 

Vs'V = 7 


0.166 - 1 


tfijo 4 - - 1 0.166 • 0.985 • 0.9 • 0.985 - 1 


= 0.9753 


>751 


L — 1 -2-1 

0 - -= 0.9866 


* -1 


Vo 


-2 

0^98 


1 


so that 

ij,ii = 0.9753 • 0.9866 = 0.962 . 

With 4 = 0-5 and 4 A - = /fV = -0-25, we obtain for transmission No. 3: 

/ill = /mf/rm' = hs>Vs’ = (1 4) ( 1 — 'o' ) 


= (1 — 0.5) (1 + 0.25) = 0.625 , 

1 - 4/ij 0 1 - 0.5/0.98 


Vmf = Vis = 


1 - 4 


1 - 0.5 


= 0.9796 , 


„ A a. „ A _ 

^f'm' ““ *?1V “ 




1 - 4 A - 


1 + 0.25 • 0.97 • 0.9 • 0.985 
1 + 0.25 


= 0.972 , 


Vni = VisVi’s' = 0.9796 • 0.972 = 0.9522 , 


„ A 

^SI 


/,n - 1 _ 0.625 - 1 

'iWii “ 1 ~ 0.625 • 0.9522 - 1 


0.926 . 


A comparison shows that the theoretical efficiency of transmission 2 is 
slightly higher than that of transmission 3. The design according to calcula¬ 
tion 2, moreover, saves a reversing gear in transmission V which is needed in 
design 3 in order to obtain a positive speed-ratio / v = / r6 > 0. The higher 
efficiency of transmission 2, therefore, is essentially due to the fact that it 
does not incur the losses of an additional reversing gear stage. Since at the 
other end of the speed-ratio range, the output speed and, consequently, 
the output power are zero the associated efficiency r?* = 0. Within the 
speed-adjustment range, the efficiencies lie between the values calculated at 
the speed-ratio limits. 
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Section 37. Reduced Bicoupled Transmissions 

a) Derivation from Simple Bicoupled Transmissions 

Among the possible coupling cases shown in fig. 124, the coupling cases 
cc f and ff may be expected to have an especially simple structure since, as 
shown in fig. 142, in either of these cases the two carriers are directly 
coupled and, therefore, can be combined into a single unit requiring only 
one set of bearings. Consequently, these transmissions have been called 
single-carrier bicoupled transmissions. 



Fig. 142. Single-carrier bicoupled transmission with a common carrier at either the 
connected coupling shaft S or the free coupling shaft F, according to the structural 
coupling cases cc' or ff '. 

A further simplification is possible if, as shown in fig. 143a, the two cen¬ 
tral gears of the connected coupling shaft and, likewise, their meshing 
planets, are designed to have equal sizes. The respectively equal central and 
planet gears then can also be reduced to a single unit each, as shown in fig. 
143b. However, the reduced central gear 1 = 1' cannot constitute the free 
coupling shaft because it would merely idle if it were not externally con¬ 
nected, as can be understood from fig. 143b. Consequently, the bicoupled 
transmission would become a simple planetary transmission of the type 
shown in fig. 34. If, therefore, the design complexity of a single-carrier bi¬ 
coupled transmission is reduced by combining the two identical central 
gears and their identical meshing planets, then their common carrier must 
become the free coupling shaft. Transmissions of this type shall subse¬ 
quently be called “reduced bicoupled transmissions.” 

b) Functionally-Equivalent Bicoupled Transmissions 

The transmissions shown in fig. 143a, and in fig. 143b after the equal 
gears of fig. 143a have been combined, differ only in one important char¬ 
acteristic, namely, that in fig. 143a the shafts of the equal planets p and p v 



262 / Compound Epicyclic Transmissions 

are not coupled together. Thus, they can transmit torques or tangential 
forces, which may have either equal or opposite directions, to the rigidly 
coupled gears 1 and 7'. The sum or difference of these torques is formed 
only at the connected coupling shaft and then transmitted to the outside. In 
the reduced bicoupled transmission of fig. 143b, however, the two planet 
gears p and p ' are rigidly coupled as a consequence of their combination 
into a single unit. If, thus, the torques which are transmitted by the gears 2 
and p v act in the same direction, then their sum is formed already at the 
common planet gear p — p v and is transmitted from there to the common 
gear 1 = Y . If they have opposite directions their difference is formed at p { 
= p v , transmitted to the central gear 1 = 1', and from there to the outside. 

When a sum of two torques is transmitted from p = p v to 1 = 1', then 
the rolling-power between these two gears equals the sum of the two rolling- 
powers, which according to fig. 143a, are transmitted from p to 7 and from 
p v to 1 '. In this case the tooth-friction power-loss of the reduced bicoupled 
transmission equals the sum of the two tooth-friction power-losses incurred 
by the bicoupled transmission of fig. 143a before its reduction. This means 
that the tooth-friction losses and, consequently, the efficiency of the bi¬ 
coupled transmission, do not change when equal gears are combined into 
single units. 

Not considering the two omitted bearings per planet, the spatial arrange¬ 
ment, as well as the function of the other parts of the transmissions shown 
in figs. 143a and 143b, has remained the same. Therefore, a simple bi¬ 
coupled transmission and the reduced bicoupled transmission with equal 
gears derived from it are functionally equivalent if a sum of torques or, 
because the speeds of the coupled shafts are identical, a sum of powers is 
transmitted to or from the coupling shaft. This case occurs according to sec¬ 
tion 35 when the constrained bicoupled transmission operates with power 
division. 


i a 



Fig. 143. Formation of a reduced bicoupled transmission: a , simple bicoupled trans¬ 
mission according to the coupling case ff which has equal-sized coupled central 
gears 1 and I' and equal-sized meshing planets p and p v \b , reduced bicoupled trans¬ 
mission which originated from a by reducing the equal sized central gears and 
planets to one gear each. 
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If, however, the difference between two torques is transmitted from p = 
p v to 1 = 1', then the rolling-power and, consequently, also the rolling- 
power loss between these two gears is only equal to the difference between 
the power-losses which are incurred in the gear meshes p - 1 and p v - 1' 
of the non-reduced bicoupled transmission of fig. 143a. The efficiency of a 
reduced bicoupled transmission is then higher than the efficiency of the cor¬ 
responding, non-reduced, simple bicoupled transmission and, conse¬ 
quently, the two transmissions are not functionally equivalent. According 
to section 35f, the difference between two torques acts on the connected 
coupling shaft of those constrained bicoupled transmissions which transmit 
a positive or negative circulating power. 

The occurrence of a sum or difference of torques at the connected cou¬ 
pling shaft has been noted only in constrained bicoupled transmissions (sec. 
35f). But, this result is also valid when these bicoupled transmissions 
acquire two degrees of mobility by connecting their fixed shafts, because 
they have only one static degree of freedom and, consequently, their 
torques bear a constant ratio relative to each other and are independent of 
the speeds. 

We can conclude that the equations which have been derived for simple 
bicoupled transmissions, and are compiled in worksheets 4 and 5, can be 
used directly to determine the efficiency of a constrained bicoupled trans¬ 
mission or a reduced bicoupled transmission with two degrees of mobility, 
provided they refer to a simple bicoupled transmission which is functionally 
equivalent to the reduced bicoupled transmission. Only those bicoupled 
transmissions which operate without circulating power can be functionally 
equivalent to a reduced bicoupled transmission. To operate without circu¬ 
lating power requires that the power-flows in the coupled shafts c and c' 
must be the same. Their speeds obviously are equal, and their torques also 
must be equal for this to occur. And if equal under one running condition, 
such as in a constrained bicoupled transmission, they are equal under all 
running conditions because of the independence of torques and speeds. 
Therefore, a fundamental requirement for the functionally-equivalent 
transmission is that the torques of the shafts c and c' of the component 
transmissions must have equal signs. This always is realized with dissimilar 
monoshafts, as can be verified with guide rules 4, 8, and 9, That is, one 
must be a difference shaft, and the other the summation shaft of its com¬ 
ponent transmission. Symbolic diagrams c of figs. 114, 115, and 144 show 
this feature and thus serve to positively identify transmissions which are 
functionally equivalent to those shown in schematic diagrams a . 

Conversely, the speed characteristics of a reduced bicoupled transmis¬ 
sion, and its corresponding simple bicoupled transmission, are equal even 
when both are not functionally equivalent as far as their losses are con¬ 
cerned. We can now formulate the following guide rules: 
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A reduced bicoupled transmission and its corresponding R35 
functionally-equivalent simple bicoupled transmission have 
the same operating characteristics , are represented by the 
same transmission symbol , and can be analyzed with the same 
equations. 

The simple bicoupled transmission which is functionally R36 
equivalent to a reduced bicoupled transmission is character¬ 
ized by the fact that its monoshafts are formed by a summa¬ 
tion shaft and a difference shaft from its component trans¬ 
missions. 

c) Analysis of Reduced Bicoupled Transmissions 

With the help of the given worksheets and diagrams, the speeds, torques, 
and efficiencies are determined for the functionally-equivalent constrained 
bicoupled transmission, or for the functionally-equivalent simple bicoupled 
transmission with two degrees of mobility rather than for the reduced bi¬ 
coupled transmission itself (sec. 32d,e). 

Therefore, the only new problem consists in finding this functionally- 
equivalent simple bicoupled transmission when only the reduced bicoupled 
transmission is known. This is indeed a simple task. First, however, we want 
to determine how many kinematically-equivalent bicoupled transmissions 
belong to each reduced bicoupled transmission. 

Each reduced bicoupled transmission such as the transmission shown in 
fig. 144a (described by Wolfrom [2] in 1912), has two degrees of mobility 
and, consequently, three connected shafts A, B, and C, each of which can 
be the connected coupling shaft of the corresponding simple bicoupled 
transmission, and thus can be keyed to the combined central gears. If we 
assume that shaft A is the connected coupling shaft, and draw its central 
gear together with its meshing planet twice, side by side, connecting the two 
equal central gears with a common shaft, then the other gears of the 
reduced bicoupled transmission form two different component transmis¬ 
sions, each of which contains one of the two central gears. These two com¬ 
ponent gear trains are connected through a common carrier and thus consti¬ 
tute the corresponding bicoupled transmission shown in fig. 144b. Both 
have a negative speed-ratio and, therefore, according to worksheet 3, their 
carrier shafts are also their summation shafts. We can now draw the Wolf 
symbol of this bicoupled transmission which is shown above fig. 144b. 
Analogously, we can double the central gears of shafts B and C and obtain 
the two additional kinematically-equivalent bicoupled transmissions which 
are shown in figs. 144c and 144d together with their Wolf symbols. 

A comparison of the three corresponding bicoupled transmissions shows 
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that we have obtained three different simple epicyclic transmissions I, II 
and III , two of which have a negative, one a positive speed-ratio. In other 
cases all three simple transmissions may have a positive speed-ratio. The 
three possible combinations of two each of the three simple transmissions 
constitute the three kinematically-equivalent bicoupled transmissions. Fur¬ 
ther combinations are not possible. 

The monoshafts of only one of the three possible corresponding bi¬ 
coupled transmissions are formed by a summation shaft and a difference 
shaft from each of the component transmissions as required by R 32 and 
R 36. This bicoupled transmission can thus be identified as the functionally- 
equivalent bicoupled transmission. In our example it is the transmission 
which, according to fig. 144c, consists of the two component transmissions 
/ and III. Subsequently, we shall use this transmission as an example for the 
calculation of the speed-ratios, and the efficiencies of the corresponding 
reduced bicoupled transmission. These results can be generalized in the fol¬ 
lowing guide rule: 

Each reduced bicoupled transmission can be expanded into R 37 
three different kinematically-equivalent simple bicoupled 
transmissions, but only one of these is functionally equivalent 
to it. 

The functionally-equivalent simple bicoupled transmission can be found 
quickly if, in succession, each of the three central gears of the reduced bi¬ 
coupled transmissions is assumed to be the connected, reduced coupling 
gear, and the two gear trains originating from it are then traced to the other 
connected central gears. We recognize both of these gear trains as planetary 
transmissions. If their non-reduced central gears are found to be keyed to a 
summation shaft and a difference shaft, than these gear trains constitute the 
component gear trains of the functionally-equivalent bicoupled transmis¬ 
sion. 

If the three possible component gear trains consist of two negative-ratio 
transmissions and one positive-ratio transmission, then that shaft of the 
positive-ratio transmission which attains the highest velocity when the 
carrier becomes locked is always the reduced connected coupling shaft of 
the functionally-equivalent bicoupled transmission. If all three component 
transmissions have a positive speed-ratio, it is the shaft which rotates with 
the median speed. 

If one of the three shafts of the reduced bicoupled transmission is locked, 
we obtain as its corresponding simple bicoupled transmission a series- 
coupled transmission when the locked shaft is assumed to be a coupling 
shaft, and two real constrained bicoupled transmissions when the two 
rotating shafts are successively considered as connected coupling shafts. 
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Fig. 144. Reduced bicoupled transmission and its three corresponding simple bi- 
coupled transmissions (in each case S denotes the connected coupling shaft): a, given 
reduced bicoupled transmission; b-d , corresponding kinematically equivalent simple 
bicoupled transmissions with their proper designations; b , with the component trans¬ 
missions / and II; c, functionally equivalent bicoupled transmission with the com¬ 
ponent transmissions / and III; d, with the component transmissions II and III. 

d) Example of an Analysis 

The transmission shown in fig. 144a is analyzed using the same assump¬ 
tions as Wolfrom [2]. With the designations of fig. 144c, the functionally- 
equivalent bicoupled transmission has the following pitch circle diameters 
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in millimeters: d 2 = d v = 400; d p = d pV = 160; d x = 80; d 2 » = 384.616; 
d p2 " = 144.616. The efficiency of all gear meshes is assumed to be rf t = 
0.975. For the sake of a comparison, we shall analyze the two kinematically- 
equivalent transmissions shown in figs. 144b and 144d, as compared with 
the functionally-equivalent bicoupled transmission of fig. 144c which con¬ 
sists of the component gear trains / and HI. 

All three component gear trains, / with i Q , rf Qf II with i 0 >, rj 0 , and ///with 
i 0 "> Vo"* have two successive gear meshes in the direction of the power-flow 
so that according to the previously made assumptions 


Vo = n 0 . = = 0.975 • 0.975 = 0.950626 . 


(The large number of decimals is carried only for the sake of comparison 
with the results obtained by Wolfrom and other authors.) 

The shafts of the three component gear trains, all of which are repre¬ 
sented in the two kinematically-equivalent bicoupled transmissions, have 
the same designations in both of these transmissions. Thus: 

d 2 -400 

'° “ d[ ~ “80“ ~ 5 ’ 


In' = 


_ ^pr 


dy 


-*p2' 


160 -384.616 

W * 144.616 


= -5.319 



160 

-400 


-384.616 

144.616 


= 1.063827 . 


If we lock the annular gear B in the transmission of fig. 144a, as Wolfrom 
did, then, with the aid of worksheets 1 and 5, we can determine the overall 
speed-ratio and the overall efficiency of the three corresponding con¬ 
strained bicoupled transmissions as follows: 

Transmission according to Fig. 144b with the component gear trains / and II: 


h ii 




-5.319 

-6.319 


1.0101 , 


*sii — 


'in 

'in - 1 


1.0101 

0.0101 


= 100 , 


fen - 1 _ 0-0101 

fen - i?iii ~ 1.0101 - 0.9837 


0.3826 , 
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where 


*7111 — Vl's'Vs2 


4 ' v 0 > 4 ^ 

- • - 

^ 'o l/^o 


-5.319 - 0.9506 


-5 - 1 


-5.319 - 1 -5 - 1/0.9506 


= 0.9837 . 


Transmission according to fig. 144c with the component gear trains / and III: 

L. 1.0638 

'i" " lish ” 2 ' = 0 “ ' o) 17^1 ~ 6 * 00638 “ 100 ’ 


^III - VlsVs’2’ 


‘oVo ^ ‘o’ 1 

- • - 

4 ~ 1 4" - Vo * 


= 0.9588 • 0.5638 = 0.5406 . 


In this functionally-equi valent transmission, the locked shaft, by coinci¬ 
dence, is the connected coupling shaft. Therefore, its series speed-ratio i in 
and its series efficiency ry in are also the speed-ratio i AC and the overall effi¬ 
ciency rj AC of the given Wolfrom transmission. 

With only a small error in his complicated analysis, Wolfrom [2] found a 
value of y) = 6/10.97 = 0.5469 for the overall efficiency, and he added the 
comment: “We desisted from building a model of this planetary transmis¬ 
sion.” If his error is corrected, the efficiency is found to equal the pre¬ 
viously calculated value of rj ul = 0.5406 which is also obtained with the 
equation given by Poppinga [43]. 

Transmission according to fig. 144d with the component gear trains II and 
III : 

- 'tvVr = (I — W) jZ-JT “ 11 + 5 319) 1 -T.0638 = ' 

fjs — 1 — /[j] = 1 + 99 = 100 , 


hnmn ~ 1 = -99 » 0.513 - 1 
/ UI - 1 -100 


0.518 , 


where 


^III — Vl's'Vs’l" — 


- 1 # V ~ 1 

1 i 0 ’/y 0 " ~ 1 


= 0.958 • 0.536 = 0.513 . 


A comparison now shows that the speed-ratios of the three corresponding 
constrained bicoupled transmissions have the same value of i AC = 100, so 
that the three transmissions are kinematically equivalent and, further, that 
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the functionally-equivalent transmission of fig. 144 has the highest effi¬ 
ciency which could be expected according to section 37b. It is also obvious 
that the latter efficiency represents the efficiency of our reduced bicoupled 
transmission. 

©) Possible Design Configurations of 
Reduced Bicoupled Transmissions 

If the advantage of the reduced bicoupled transmissions, namely, their 
reduced number of gears, is to be fully utilized, then their component trans¬ 
missions must contain the smallest possible number of gears. Therefore, it is 
preferable that negative-ratio gear trains of the type shown in figs. 32 and 
34 and positive-ratio gear trains of the type shown in figs. 19, 21 and 22 
should be considered. With these we obtain the following transmission 
types: 

1. Not considering any additional gear trains used for power branching 
the smallest possible number of five gears is obtained only in configurations 
which consist of one negative-ratio gear train of the type shown in fig. 32 
and one negative-ratio gear train of the type shown in fig. 34 or, alternately, 
one positive-ratio gear train according to figs. 19 or 21 and one negative- 
ratio gear train according to fig. 34. The two transmission types shown in 
fig. 145 are practical examples of these combinations. They are drawn to 
scale for their respective speed-ratio limits assuming that in each case three 
planets are arranged around the circumference. The Wolfrom transmission, 
fig. 144, and the Minuteman cover drive [35], fig. 114, which differ only in 
the choice of their fixed shafts, obviously belong in this group. 

2. The next higher number of gears, namely six, results from a combina¬ 
tion of two positive-ratio gear trains of the type shown in figs. 19, 21, and 



Fig. 145. The two types of reduced bicoupled transmissions with the smallest num¬ 
ber of gears. In each case S denotes the reduced connected coupling shaft. For equal 
root stresses in the geometrically similar pinions, the limits of the subsequently given 
series speed-ratios /, n are determined by the size of the largest three planets that can 
be distributed around the circumference of the central gear (sec. 20) and by the value 
oo where S changes its position. A-b , designs with a single annular gear: a, p { > p 2 , 
/ IH = 1.12 ... oo; b, pi < p 2t /hi = 1 ... oo. C-d, designs with two annular gears: c. 
Pi > P 2 > hn = 25.4 ...oo;d f p l < p 2 , /,„ = 2.46 ... oo. 
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22. Fig. 146a shows a transmission which consists of two positive-ratio 
transmissions of the type described by fig. 19. Fig. 146b shows an actual 
design of this type; Fig. 146c shows the symbolic representation which is 
valid for both. 

The transmission shown in fig. 146b has been described by Gaunitz [36], 
who stated that it can be used where a high speed-ratio and a good effi¬ 
ciency are required, but he did not give an actual efficiency value. For the 
gear sizes z x = 18, z pl = 90, z 2 = Z v = 50, z p2 = z pV = 49, z v = 49, z pV = 
48 and under the assumption that the loss factor f = 0.01 in each stage, the 
total speed-ratio and the overall efficiency are obtained as follows: 

According to R 36, the shaft which has already been denoted by S is the re¬ 
duced connected coupling shaft and thus we obtain with worksheets 1 and 5, 


i 

= 

Z 2 

_ 90 • 50 

_ 250 

l Q 

Z\ 

9 Zp 2 

18 • 49 

“ 49 ’ 

i , 

__ Zpl' 

. 

_ 48 • 50 

_ 2400 

l o 

Zv 

2p2' 

~ 49 • 49 

~ 2401 ’ 




(1 - i 0 ) • - 

1 

in 

= h S • 

4 r = 

1-4' 

is 

= 1 - 

4 ii = 

1 + 9849 = 

9850 , 

Vo 

= Vo' 

= 0.99 

• 0.99 = 0. 

98 . 


, 250 \ 1 _ 

"49" / _ 2400 

2401 


With worksheet 5, boxes 9 and 11 we find that 


*?III = VlsVs'V 


ioVo 1 4 ' 1 


= 0.975 • 0.0204 = 0.0199 , 


•II U IIS IS 1 • 1 • 1 -' ~ ~ ~ ~ ~ ~ ^ " 

* ^o'Vo' * 

so that finally with worksheet 5, box 7 the overall efficiency becomes: 


'Ill’llII - 1 -«49 • 0.0199 - 1 „ 

- 1 =- -9849 - 1 - = ° 0200 - 


For a simple positive-ratio transmission (fig. 74) with a similar speed-ratio, 
4i = 9801, the smallest numbers of teeth are z 2 = 100, Z\ = 99, z pl = 98, 
and z p2 =99 (sec. 9 and worksheet 1), and a loss factor of f = 0.01 per 
stage, leads to a revolving-carrier efficiency of 77 sl = 0.0051. With these 
numbers of teeth, and for equal face widths and gear stresses, the diameter 



P\ 



s 



1 



=H 


Fig. 146. Reduced bicoupled transmission with six gears which consists of only 
positive-ratio component gear trains according to fig. 19. S denotes the reduced 
connected coupling shaft: a, schematic representation of the gear train; b , practical 
example according to Gaunitz [36]; c, symbolic representation of the functionally 
equivalent transmission. 





Fig. 147. Reduced bicoupled transmissions with six gears which consist of positive- 
ratio transmissions according to figs. 22 and 19, or 21. S denotes the reduced con¬ 
nected coupling shaft. Symbols in parentheses designate possible alternate shaft 
positions: a , design with a single annular gear, p, > p 2 ; b , design with a single 
annular gear, p, < p 2 ; c, design with two annular gears,/?, > p 2 \ d , design with two 
annular gears, p, < p 2 . 
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Fig. 148. Reduced bicoupled transmissions with six gears which consist of positive- 
ratio transmissions according to fig. 22 and negative-ratio transmissions according to 
fig. 32 or 34. S denotes the reduced connected coupling shaft: a-b, designs with two 
annular gears; c-d , designs with a single annular gear. 


of the simple planetary gear train is about 20% larger than the gear train of 
the reduced bicoupled transmission of fig. 146b, and has a lower efficiency! 

If two simple epicyclic transmissions (figs. 19 and 22) are combined, bi¬ 
coupled transmissions (figs. 147a and 147b) are obtained, while gear trains 
as shown in figs. 21 and 22 combine to form transmissions as shown in figs. 
147c and 147d. These types have larger diameters but a shorter length than 
those shown in fig. 146. 

3. Combinations of positive-ratio gear trains, according to fig. 22, and 
negative-ratio gear trains, according to figs. 32 and 34, also have six gears, 
provided that the planets with double face width are considered as two 
gears. Depending upon whether one or two annular gears are used, designs 
as shown in figs. 148a and 148b, or 148c and 148d, result. Fig. 148c cor¬ 
responds to the Ravigneaux gear train of fig. 115. 


f) Applications 

The application of a reduced bicoupled transmission is recommended 
where a simple planetary transmission could be used, but a reduced bi¬ 
coupled transmission leads to a smaller transmission diameter or a higher 
efficiency. It is true that for extremely high speed-ratios, reduced bicoupled 
transmissions have a higher efficiency than simple positive-ratio transmis¬ 
sions. However, the efficiency is still substantially smaller than for series- 
coupled transmissions with several stages. Thus, a reduced bicoupled trans¬ 
mission offers an advantage only when a small transmission is more impor¬ 
tant than a high efficiency, that is, when the required output power is small. 

Reduced bicoupled transmissions are most frequently used as change 
gears, but, as explained in section 40, they are not always connected as real 
bicoupled transmissions. 
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Section 38. Symmetrical Compound Transmissions for 
Precise Speed-Ratios 

a) Generation of Precise Speed-Ratios 

Using basic transmissions or simple revolving drive trains, the realization 
of a precise speed-ratio requires unnecessarily large dimensions when this 
speed-ratio is expressed as an integer fraction whose numerator and/or 
denominator is either a large prime factor or a product which contains large 
prime factors (= number of teeth). Likewise, if such a speed-ratio cannot 
be realized with a bicoupled transmission as described in section 35k, then, 
according to section 32h, it may be generated with the necessary accuracy by 
a symmetrical compound transmission. With its two constrained compon¬ 
ent gear trains the latter possesses the required adaptability. 

A method for the synthesis of a symmetrical compound transmission 
whose main gear train has a basic speed-ratio of i 0 = -1 was described by 
Willis [1], However, this method is valid only for a special case where the 
denominator of the given speed-ratio can be factored into sufficiently small 
numbers so that only the numerator contains a large prime number. For the 
general case of an arbitrary speed-ratio, we are able to find a solution as 
follows: 

If eq. (25) is written in general form, for example, with the subscript-key 
1 = a, 2 = b, s = c (sec. lid), then with 


M __ 4b ^b n a _ 4b 4>3 ^3 43^3 

— • , • i > 

*ab I *ab 1 

the required speed-ratio / c3 for the transmission shown in fig. 149 becomes: 


; __ n c __ l ab *b3 “ *a3 

*c3 - - 7 -;— • 

^3 *ab 1 


( 122 ) 


If both the required speed-ratio / c3 , as well as the speed-ratio of the main 
gear train / ab , which must be chosen, are expressed as fractions with integer 
denominators and numerators so that 


P a a 

Iq 3 — and *ab r » 

q b 

then eq. (122) becomes: 


. _ P «'b3 - *43 

*c3-----7- 

q a — b 


(123) 
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Fig. 149. Symmetrical compound transmission with the main component transmis¬ 
sion / and the auxiliary component transmissions II and III. 


By trial and error we can now express q = a — b in terms of positive or neg¬ 
ative integers which can be factored into sufficiently small prime numbers 
(= minimum number of teeth) and at the same time yield a feasible speed- 
ratio 4b = <*/b. Thus, we obtain one or more possible main gear trains with 
gear sizes which can be practically realized. 

To determine suitable auxiliary gear trains II and III we resolve the num¬ 
erator p of eq. (123) into the two terms (ai b3 ) and (bi^) t which then can be 
factored into sufficiently small prime numbers. From these terms we find 
the speed-ratios of the two auxiliary gear trains 


43 — 


(043) 

9 

a 



(124) 


Speed-ratios with similar values and equal signs are obtained for the auxil¬ 
iary gear trains when p is decomposed into terms which bear a ratio of 
approximately 

aite ^ a_ 
bi& ~ b 

relative to each other, where the signs of a and b must be observed. The 
simplest auxiliary gear trains are obtained when the term (a/ b3 ) has as many 
prime factors as possible in common with a and the term (bi a3 ) with b , so 
that the above expression can be substantially reduced. 

To enable a reduction of the two terms (a/ b3 ) and ( bi a3 ), it is required 
that a and b can be factored into different prime numbers, since, as addends 
(eq. 123) of a prime number (tf/ b3 ) and (bi a3 ) have no common divisors. 
On the other hand, a and b must also contain identical prime factors when 
the speed-ratio 4b is to he reduced to a fraction with a two-digit numerator 
and denominator which can be realized with a simple transmission. Obvi¬ 
ously, these two requirements cannot be reconciled. It becomes clear that 
speed-ratios which contain large prime numbers necessitate main and auxil¬ 
iary gear trains with several stages. If the speed-ratio is a ratio of two large 
prime numbers, that is, if a and b have no common divisor, then we may 
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obtain simple auxiliary gear trains. The main gear, however, will always 
require several stages. 

If, as a result of a trial and error division of the numerator /?, a term 
(tf/ b3 ) 0 has been obtained which contains a sufficiently large common divi¬ 
sor g with a , so that according to eq. (124), / b3 becomes a fraction whose 
numerator and denominator represent feasible numbers of teeth, and if the 
complementary term (bi a3 ) 0 = ( 043)0 ~ P has been determined also, then 
further pairs of values which contain the same common divisor g of (tf/ b3 ) 
and a can be found. They have the form 

(a/ b3 ) = (a/ b3 ) 0 + gt (125) 

(bi a3 ) = (6/ a3 ) 0 + gt ( 126 ) 

where t is an arbitrary positive or negative integer number. By varying the 
value of t , a term (£>/ a3 ) is now sought which has a sufficiently large com¬ 
mon divisor h with b so that the speed-ratio 4 3 of eq. (124) also becomes a 
reasonably simple fraction whose numerator and denominator represent 
feasible numbers of teeth. The related term (ff/ b3 ) is obtained from eq. 
(125) using the same factor t. 

If we denote the first suitable pair of values which has been found by this 
method with (tf/ b3 )' and (Z?4 3 )', then further sets of values with the com¬ 
mon divisors g and h can be found from 

tf*b3 = (<*43)' + zgh (127) 

and bi a3 = (W a3 )' + zgh , (128) 

where z is an arbitrary positive or negative integer. 

These equations indicate that the integer numerators and denominators 
which represent the speed-ratios of the auxiliary gear trains II and III 
become smaller, and thus, fewer stages and smaller gears are required the 
larger the common divisors g and h become. However, with increasing 
values of g and h, the number of kinematically-equivalent solutions of eqs. 
(127) and (128) decreases. 

If, at the same time, the required accurate speed-ratio is very large, and 
the efficiency is not of primary concern, then we should attempt to obtain a 
positive-ratio gear train with a basic speed-ratio 4b = 4 of approximately 1 
(see sec. 22). This would place the large speed-ratio in the main gear train 
and result in simple auxiliary gear trains. If a good efficiency is important, 
it is expedient to choose a speed-ratio range of ±10 for a main gear train 
according to fig. 32, or ±22 for a main gear train according to fig. 35, and 
accept auxiliary gear trains with large speed-ratios which may necessitate 
several stages. 
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If a suitable solution can be found also with / b3 = 1 or / a3 = 1, then this 
auxiliary gear train can be replaced by a coupling, that is, a simpler con¬ 
strained bicoupled transmission can be used instead of a symmetrical com¬ 
pound transmission. 

b) Power-Flow and Efficiency 

Depending on the position of the total-power shaft in the main gear train, 
power division or circulating power (see sec. 35f) can arise in a symmetrical 
compound transmission as well as in a constrained bicoupled transmission. 
However, because of the symmetry of the connected shaft 3, it makes no 
sense to distinguish between the directions of the circulating power as posi¬ 
tive or negative. A corresponding consideration applies to R 28. 

If, as indicated in fig. 150, the two auxiliary gear trains are considered as 
a single multistage transmission, and if it is further assumed that a shaft S 
rather than shaft 3 is connected at c, then the symmetrical compound trans¬ 
mission is transformed into a constrained bicoupled transmission which has 
the same speed-ratios, the same total-power shaft in the main gear train /, 
and the same power-flow, that is, power division or circulating power. With 
the speed-ratios / IS and i Q > v of this “substitute transmission,” its power- 
ratio e G , and thus the input power of its auxiliary transmission, can be deter¬ 
mined from eq. (94) or fig. 130. This input power also flows through the 
auxiliary gear train ///, which ties into the free coupling shaft, while the 
power flowing through the auxiliary gear train II differs from it by the 
amount P 3 of the external power. However, for all practical purposes we 
can neglect this difference if we only want to know whether or not circulat¬ 
ing power exists and how large it is. 

Using the same substitute transmission and worksheet 5 we can calculate 
the efficiency with close approximation. It is more accurate, but also more 
tedious, to calculate the efficiency from the speed- and torque-ratios as 
described in the second part of section 36f. 


iS) 



Fig. 150. Constrained bicoupled transmission which serves as a “substitute trans¬ 
mission” to simplify the verification of the power-flow of a symmetrical compound 
transmission. Shaft 3 of the substitute transmission is assumed to be idling. 
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c) Design Examples 

First example: Around 1823 Pequeur and Pdrrelet designed a transmis¬ 
sion to represent the cycles of the moon. With a main gear train of / ab = z'i 2 
= -1, this transmission, which has been described by Willis, had an overall 
gear-ratio of 


. _ avg. moon cycle _ 2,551,443" _ 850,481 
,s3 12 hours 43,200" 14,400 ' 

In the historical example shown in fig. 151, b = —a. Thus, eq. (123) 
becomes: 

850,481 _ a • / b3 - b • r a3 _ a • / b3 - b • / a3 
14,400 a - b 7,200 + 7,200 ' 

Factoring yields a = —b = 7,200 = 2 5 • 3 2 • 5 2 . 

The common divisors of the historical example are g = 9 and h = 25 • 32, 
and the numerator is resolved into the following addends: 

p = 850,481 = 50,481 + 800,000 . 

Thus, the auxiliary gear trains have the following gear-ratios and number of 
teeth: 


. _ ai bi _ 50,481 _ 9 • 71 • 79 _ 71 79 
* b3 a 7,200 ~ 9 • 25 • 32 ~ 25 * 32 ’ 

. _ b/ a3 _ -800,000 _ 25 • 32 • 1,000 _ 80 50 
' a3 “ b ~ -7,200 ~ 25 • 32 • 9 6 * 6 ‘ 

Besides the historical solution shown in line 1, table 14 lists other solutions 
which use the same as well as other main gear trains. Because the numerator 
contains a large prime number, at least one of the auxiliary gear trains must 
have two stages. This is true even when the gear-ratio of the main gear train 
already approximates the total required gear-ratio and, consequently, the 
gear-ratio of the auxiliary gear train is close to 1 as shown in line 5 of table 
14. Fig. 152 schematically shows the transmissions specified by lines 3 and 4 
of table 14. 

Second example: Transmission with a speed-ratio / = 7,108/577. The 
denominator is itself a prime number while the numerator contains the 
prime factor 1,777. The difference 7,108 - 577 = 6,531 = 3 *7 *311. 
Therefore, this gear-ratio cannot be realized with a constrained bicoupled 
transmission according to section 35k. A suitable symmetrical compound 
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Fig. 151. Transmission by Pequeur and Perrelet (around 1823) representing the 
cycles of the moon with the precise speed-ratio / s3 = 850,481/14,400 [1]: a , sche¬ 
matic representation of the gear train with the chosen number of teeth; b , symbolic 
representation as a symmetrical compound transmission. 

transmission, however, can be found as follows: If, according to eq. (123), 
the denominator is resolved into two numbers a and b , which can be further 
resolved into as many small prime factors as possible, e.g., 


a = 425 = 5 • 5 • 17 and b = -152 = -2 • 2 • 2 • 19 , 



Fig. 152. These transmissions are kinematically equivalent to the transmission of 
fig. 151 and thus have the same speed-ratio, but their smallest gears have larger num¬ 
bers of teeth: a> with parallel axes and a negative ratio planetary with i Q = -3/2; b t 
with parallel axes and a negative-ratio planetary with / D = -6.5, which has the small¬ 
est maximum number of teeth and the smallest number of gears of all gear trains 
listed in table 14. 
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then we obtain a two-stage main gear train with the gear-ratio 

a 17 25 68 25 

kb ~ T ~ 19 * IT ~ 19 * 32 ' 

Since, as addends of a prime number, the terms a and b cannot be reduced, 
the main gear train must have stepped planets. Eq. (123) then becomes 

7,108 _ ai b3 - bi z3 

577 425 4- 152 ' 

The fastest way to resolve the numerator of this equation into numbers ai b3 
and ba u , which can be substantially reduced by the factors a and 6, consists 
of trying only those numbers which contain some of the prime factors of the 
term a, for example, ai b3 = 17 • 300, 17 • 290, etc. Then we calculate bi a3 
and investigate whether it has any common factors with b . For the given 
example we find a solution with ai b3 = 17 • 170 = 2,890 and bi a3 = 
2,890 - 7,108 = -4,218 = -2 • 3 * 19 • 37. Thus, the auxiliary gear trains 
have the gear-ratios: 

. _ 2,890 _ 34 _ 34 45 

' b3 “ 425 ” T " 15 * 15 ’ 

. _ -4,218 _ 111 _ 74 84 
' a3 152 r “ 16 * 14 ‘ 

This compound transmission is shown schematically in fig. 153. 



Fig. 153. A possible solution for a symmetrical compound transmission with the 
precise speed-ratio i s3 = 7,108/577 where the shafts of the main component trans¬ 
mission a = 1, b = 2, c = s: a, symbolic representation; b , true-to-scale schematic 
representation with number of teeth indicated. 
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Section 39. Four-Shaft Bicoupled Transmissions 

Occasionally, compound epicyclic transmissions with more than three 
connected shafts, and more than one static degree of freedom, are used (see 
sec. 24b). Transmissions of this type have been described in detail by Wolf 
[13]. Except for an additional connected “free” coupling shaft, they have 
the same basic structure as the simple bicoupled transmissions. In the litera¬ 
ture they are sometimes called “four-shaft transmissions” as can be readily 
understood from their symbolic representation which is given in fig. 154. At 
this point, their combination with infinitely-variable drive trains may be 
especially mentioned [50, 51]. 

The speed characteristics of the four-shaft transmissions are completely 
identical with those of the simple bicoupled transmissions. Because of the 
analogy which has been introduced earlier, they can be determined with the 
aid of worksheets 1 and 2, when one of the two, now connected coupling 
shafts, is denoted by (S ), and the speed of the now connected “free” coup¬ 
ling shaft (F) is finally determined as the speed of one of the two com¬ 
ponent gear trains. For details of the latter procedure see section 34b. 

However, the efficiency equations of the simple bicoupled transmissions 
are not valid for the four-shaft transmissions and, therefore, different sym¬ 
bols are used to denote the latter’s shafts. The efficiency of the four-shaft 
transmissions with two static degrees of freedom depends on a speed-ratio 
and on the torque-ratio between two arbitrary, connected shafts. Because of 
this additional parameter, the efficiency equations can no longer be written 
in a concise and generally applicable form. Rather, the efficiency must be 
calculated with eq. (53) after the speeds and torques of all input and output 
shafts have been determined separately. With the symbols used in fig. 154, 
the torques of the coupling shafts are: 

T c = T c + T c , and T D = F f 4- T v . (129) 

C{S) 



Fig. 154. Four-shaft transmission which originated from the additional connection 
of the free coupling shaft of a simple bicoupled transmission. The original designa¬ 
tions of the latter’s connected shafts are shown in parentheses. 
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C 



Fig. 155. Four-shaft transmission illustrating the example of sec. 39. 


The torques and speeds of the component transmission shafts can be deter¬ 
mined as described in sections 11 and 12 and with the help of worksheets 1 
and 2. 

Example: The transmission of fig. 155 has the same component gear 
trains as the transmission shown in fig. 125, where i Q = -2/1 and i 0 > = 
42/11. However, it has an additional connection at shaft D, which in fig. 
125 is the free coupling shaft. The given speeds are the same as in the 
example of section 34b, that is, n A = 25 s~ l and n B = -12s -1 where the 
designations refer to fig. 155. According to section 34b, we find that n c - 
14.29.y- 1 and n D = -5.55 6s~ l . In this case, the external torques of the two 
coupling shafts are output torques which have the known values: T c = 
100 Nm and T D = 150 Nm. T A , T B and the overall efficiency must theabe 
calculated. 

With the torques T c and T D we neither know the torques at shafts c, c',/, 
and/' nor the external power-flow of the component gear trains. However, 
with eq. (44) and the simplifying assumption that rj 0 = = 1, we obtain 


t ,; 

9 

and 

T S ' 

31 

= i ~ 1 

Ti 

and with eq. (129) 


7V = io ' 

~ 1 = IT’ 

T d = T s + Ty = 

150 Nm 

and 

II 

4- T s > = 100 Nm 


From these four equations we find the four torques: 

-t/*~ + Ty = 150 Nm and T, + T v ^ = 100 Nm , 


Tl = -7V^ + 100= (TV - 150)?, 



Thus, 
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_ ( 31 7\ 1M 150 • 7 

(“IT - 9 ) = - 100 -9—- 

„ 900 + 1,050 / 99 \ 

r r =- § - (--j = 60.25 Nm, 


7 ; = 


150 - 60.25 
7 


T i = -89.75 • 


r,. = 60.25 • 


31 

Tl 


= 89.75 Nm , 

= -69.80 Nm , 

= 169.80 Nm . 


If we now use the appropriate speeds n c = n x = rt s - = -14.29s -1 , and n D 
= n s = n v = -5.556s -1 , to calculate the shaft powers, then we recognize 
shafts 1 and s of the component gear train / as the input and output shafts 
respectively. Since shaft 2 is a difference shaft of this negative-ratio gear 
train, its torque has the same negative sign as the torque of the other dif¬ 
ference shaft /, and, because its speed n 2 = n A - 25s -1 is positive, it is an 
output shaft. According to definition, shafts C and D are also output 
shafts. Therefore, shaft B must be the sole input shaft which is verified by 
the fact that T r < 0 (summation shaft) so that with n 2 ‘ = n B < 0, it follows 
that P r > 0. 

With eq. (43), we can now determine the exponent r\ for each component 
gear train. Thus we find that r\ - +landrl' = +1, and, under considera¬ 
tion of the basic efficiencies, we can now accurately determine the torques 
of shafts A and B. With the assumptions used in section 34c, namely that r/ 0 
= 0.982 and ij 0 - = 0.977 and the four equations 


T 2 T ■ 42 

~ = - - • 0.982 - 1 = -1.2806 ; -f- = — • 0.977 - 1 = 2.7304 ; 

Tl 1 Ty 11 

T d = T s + Ty = 150 Nm ; T c = T, + Ty = 100 Nm 
we find first the four torques: 


Ty = 


150 - 100 5 
Ti 


1 - 


TYTy 

T\Ty 


278.06 
1 + 3.4966 


61.84 Nm , 
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T s = 150 - T y = 88.16 Nm , 

T\ = . ~. s ~~ = -68.84 Nm , 

T % . = 100 - T y = 168.84 Nm . 

From the equilibrium conditions for each component gear train we then 
obtain: 

T a = T 2 = -T x - T s = -19.32 Nm 

T n = T 2 . = -Ty - Ty = -230.68 Nm . 

Finally, the overall efficiency can be calculated from: 

Pont _ Pa + Pc + Pd 
V Pin Pb 

-19.32 • 25 - 100 • 14.29 - 150 • 5.556 
230.68 • 12 

= 0.992 . 

Section 40. Planetary Change-Gears with 
Nonchangeable Couplings 


a) Speed Analysis 

The speed characteristics of these transmissions which have been defined 
earlier in section 32k, can be determined by calculation or graphically using 
the Kutzbach method. 

1. Computational speed analysis: To determine the speed characteristics 
by calculation, it is expedient to start from the symbolic representation of 
the transmission. Each speed is then analyzed individually and only those 
component transmissions need be considered which lie in the power-flow 
and thus participate in the power transmission. The calculation proceeds as 
previously described, and it is advantageous to begin at a component trans¬ 
mission which has a locked shaft. 

Example: A transmission as shown in fig. 156g with its appropriate desig¬ 
nations and the basic speed-ratios i G = — 1.72, / 0 ^ = -1.667,/ 0 - = -4.387, 
may be given. If the component gear trains / to III are successively 
assembled into a symbolic representation of the bicoupled transmission, 
then we obtain the Wolf symbol shown in fig. 157. Shafts A and B are 
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rigidly connected to the input and output, and shafts C, D, and E to a set of 
brakes. A direct gear / AB = 1 is not provided. With the aid of worksheets 1 
and 2 we find the following speed-ratios when shaft C, D, or E is locked: 

Shaft D locked: / AB = / ls = 1 — i a = 2.72 . 

Gear trains II and III are idling, since T r = T 2 - = T v - 0; gear train I 
operates as an epicyclic transmission and transmits the total power. 

Shaft E locked: k 2s = ; 1V = 1 — / 0 - = 2.667 

'AB = kls = 1 - 'od “ *2s) 

= 1 + 1.72(1 - 2.667) = -1.867 . 

Gear trains /and II operate as a constrained simple bicoupled transmission; 
gear train III is idling. 


Shaft C locked: 


K’2’ ~ h’2‘ 



-4.387 
-4.387 - 1 


0.814 , 


k s2 k s'v i - i a . + i 0 ’/k S ' 2 1 + 1.667 - 1.667/0.814 1-615 

'ab = Ar ls = 1 - i 0 + i 0 /k %2 = 1 + 1.72 - 1.72/1.615 = 1.655 


The three component gear trains form a higher bicoupled transmission (sec. 
32a). 

2. Graphical speed analysis: Since the couplings between Ihe component 
gear trains remain the same for all possible gear ratios, we can draw the 
speed scales for all shafts of the transmission with the aid of a Kutzbach dia¬ 
gram (see sec. 17). For this purpose, we can start from any arbitrary oper¬ 
ating condition of the transmission. However, it is expedient to choose one 
which is characterized by a locked shaft. As described in section 17, it is 
then possible to find the speed of each shaft, even if it is idling, at the point 
of intersection between the appropriate speed scale and the speed line. 

Example: A 3-speed “Diwabus” automotive transmission [31], with its 
three component gear trains I, II and III, is shown symbolically in fig. 156a, 
and as a true-to-scale schematic in fig. 156b. With the aid of three brakes, it 
is possible to selectively lock one of the shafts C, D, or E . For the purpose 
of constructing a Kutzbach diagram, it may be assumed that shaft C, that 
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C 

'//// 



Fig. 157. Symbolic representation of the gear train shown in fig. 156g. 

is, shaft 2 of the component gear train /, is locked while the input speed has 
the arbitrary value n x = n v = n A . According to fig. 156c, the points repre¬ 
senting the shaft speeds on line g are obtained in the following sequence: 

assume: points, 0, C and A with the vectors CO and A 0; 

construct: p\ 0D with D; p'\ OB with B; p "; 0E with is. 

The speed scales can now be erected as shown in fig. 156d. If n A is a con¬ 
stant input speed and the speeds n c , n D , and rt E are selectively set to zero by 
locking the appropriate brakes, then three speed lines can be drawn through 
the foot points of the associated speed scales and intersect the speed scale B 
of the output shaft at two positive speeds and one negative speed. These 
points of intersection represent the first and second gear of the vehicle, and 
the reverse gear respectively. For a stopped vehicle the output speed n B is 
zero, and we can draw the dashed vector which characterizes the idling drive 
train. Since it intersects the speed scales C, D and E at non-zero speed 
values, the three corresponding shafts rotate. Consequently, their brakes 
must be released. 

A comparative calculation with the basic speed-ratios i 0 = i Q » = -1.667 
and i 0 > = -1.72, yields the following overall speed-ratios: First gear, brake 
D locked; component gear train II operates as a two-shaft transmission with 
the speed-ratio: 


*ab — hv — 1 ~~ 4' — 1 + 1-72 — 2.72 . 


the Diwabus transmission; e, analogous connected linkage representing the Diwabus 
transmission with an individual link for each of the component transmissions /, //, 
and ///;/, linkage system which is kinematically equivalent to e; g, gear train which is 
analogous to the linkage/and kinematically equivalent to the Diwabus transmission; 
h, Kutzbach plan for the gear train g, which likewise determines the speed nomo¬ 
graph d . 
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Second gear, brake C locked; component gear trains / and //operate as a 
constrained bicoupled transmission with the speed-ratios 


and 


*ab ~ ^iv 


hs — ki f 2' — 1 “ 4 — 2.667 

l-/ 0 __ 1 4- 1.72 

1 - i Q >/k vv “ 1 + 1.72/2.667 


1.654 . 


Reverse gear, brake E locked; component gear trains //and III operate as a 
constrained bicoupled transmission with the speed-ratios: 


= *2v = 1 - 4" = 2.667 

and 

*ab = *iv = 1 - 4'd - *2v) = 1 + 1.72(—1.667) = —1.867 . 


As expected, these three speed-ratio values agree with those found by the 
graphical analysis of fig. 156d. However, they are also equal to the three 
speed-ratios of the different transmission configurations shown in figs. 
156g and 157, which we determined in the previous example. This corres¬ 
pondence will be further discussed in the following section. 

b) Synthesis 

The synthesis of a planetary change-gear with rigid couplings, that is, the 
determination of the basic speed-ratios of the component gear trains for a 
given overall speed-ratio, can be made simple and lucid by a procedure 
which has been published by Heifer [31]. According to this procedure, the 
speed vectors along the line g of the Kutzbach diagram can be resolved into 
the speed vectors of the component gear trains, and the coupling between 
two shafts can be represented by a line which connects their speed points. 
Fig. 156e shows a schematic representation of the couplings for the trans¬ 
mission of fig. 156b which have been obtained by this method. The straight 
lines g l9 g n and g m represent the speed lines of the component gear trains /, 
//, and III which are constructed separately by the Kutzbach method by 
omitting the other two gear trains (see figs. 156b and 156c). In this repre¬ 
sentation, those shafts of the overall transmission which are rigidly coupled, 
are linked by vertical lines. According to R 23, the intermediate points on 
lines g u g u , and g m identify the summation shafts of the component gear 
trains. The brakes of the three gear stages are indicated by vertical line seg¬ 
ments which are backed by cross-hatching. 

Heifer considers the lines g u g n , and g nl as links which are connected with 
each other, or with the input and output, by joints located at the speed 
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points A, B, etc. If one of the brakes is locked, then the corresponding 
joint, or the corresponding group of linked joints, becomes fixed. This con¬ 
strains the linkage system, and the ratio of the velocities v of the joints A 
and B, which represent the input and output shafts, becomes equal to the 
speed-ratio / AB = n A /n B = v A /v B . 

The synthesis of compound planetary transmissions can be substantially 
simplified when the steps of this procedure are reversed. Since in this 
approach the speed-ratios are normally known, we can begin by drawing the 
speed lines, and then obtain the speed points where the speed lines intersect 
g as shown in fig. 156d. However, since the design of the desired transmis¬ 
sion is still unspecified, line g can be arbitrarily resolved into three “com¬ 
ponent transmissions,” as shown in fig. 156f, rather than as shown in fig. 
156e. Despite their different designs, however, these two transmissions are 
kinematically equivalent, since both are characterized by the same line g in 
the Kutzbach diagram. Thus their speed-ratios, which have been determined 
in the previous example, must also be equal. 

The theoretically possible number of kinematically-equivalent transmis¬ 
sions is obtained as follows: For t component gear trains, line g has (t + 2) 
speed points, any three of which can determine a component transmission 
type. Without repetition, (t + 2) elements (speed points) can be combined 
in Z groups of three elements, where 


Z = 



(f + 2)(f + 2 - l)(f + 2 - 2) 
1.2*3 


(t + 2)! 

3 ! (t + 2 — 3)! * 


These Z different component transmission types can be arranged in 


K = 



Z! 

t \ (Z — t) \ 


different transmission combinations which contain t component transmis¬ 
sions each. From these we must subtract q useless combinations which do 
not simultaneously contain all of the (t + 2) speed points. 

Depending on the number of speeds, that is, the number t of the com¬ 
ponent gear trains, we obtain the theoretically possible number (K — q) of 
kinematically-equivalent transmission combinations listed in table 15. 

Each of these combinations is characterized solely by its lines g l9 g n , etc., 
and each of these lines can represent three transmission types, namely, a 
negative-ratio transmission whose carrier shaft is represented by the inter¬ 
mediate speed point, or a positive-ratio epicyclic transmission whose carrier 
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shaft corresponds to the left-hand speed point, or a positive-ratio transmis¬ 
sion where it corresponds to the right-hand speed point. Thus, for each of 
the (K — q) transmission combinations we obtain another V - 3 l possible 
variations so that, as evident from table 15, the theoretically possible total 
number 

G — (K — q)V 

of kinematically-equivalent transmission types becomes extremely large, 
considering the fact that each of these can be further varied by changing the 
positions of the component transmissions relative to each other. 


TABLE 15. Theoretically Possible Number of 
Kinematically-Equivalent Transmissions 


t 

2 

3 

4 

5 

z 

4 

10 

20 

35 

K 

6 

120 

4,845 

324,632 

Q 


20 

1,245 

103,236 

K-q 

6 

100 

3,600 

221,396 

V 

9 

27 

81 

243 

G 

54 

2,700 

291,600 

53.8 • 10 6 


A substantial number of these transmissions cannot be realized since 
some of their rotating parts would penetrate each other. From the others, a 
design configuration can be chosen, which combines a simple construction 
with a high efficiency, satisfies all given design conditions and has a small 
overall diameter, so that the carrier and planet speeds remain low. Trans¬ 
missions with a small number of gears are obtained when only simple 
negative-ratio gear trains of the type depicted in fig. 32 are used, or, alter¬ 
nately, two component gear trains are combined to form a reduced bi- 
coupled transmission. To reduce the number of bearings the carriers of all 
component gear trains are coupled together so that they can be constructed 
and supported as a single building block. Such a design, however, is only 
possible when the transmission contains no couplings between an internal 
and an external central gear which would have to penetrate the carrier struc¬ 
ture. Considerations of this type substantially limit the number of combina¬ 
tions which must be investigated. 

The basic speed-ratios of the Z component transmissions can be 
determined with a speed nomograph as shown in fig. 158a when the gear 
ratios i h , / 2# , etc., are known and the rules of similar sections are applied. 
To simp lify matters we may assume that the input speed n A = 1 and the 
distance AB = 1, and can then mark the distances BL = \/i x \B2. = 1 / 4 ., 
etc., which represent the associated output speeds /i L , « 2 , etc., on the speed 
scale B . The lines which pass through their end points and the point n A = 1, 
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Fig. 158. Determination of the basic speed-ratios of the component gear trains from 
the nomograph of a compound revolving drive train: a, with the input at A and the 
output at B , the sections a to d of the line g are determined by the lines passing 
through the input speed n A = 1 and the associated output speeds 2., J., on w B ; b , 
for a negative-ratio component gear train CDA, i Q = n A /n c = - (b + c + d) la; 
c, for a positive-ratio component gear train CDA t i Q = n A /n D = (a + b + c + d) /a. 


divide line g into the sections a, b, c ..., where: 

d n A a + b + c + d__n A _. 

-— - — fa • --- — - — ly J 

c «b 3 . a + b n m . 

b + c + d _ n A 
b m bi. 

With these, and the additional equation c + d = 1, the length of all sections 
which represent the basic speed-ratios of the component gear trains can be 
determined. If, for example, a negative-ratio component gear train with the 
shafts C, D, A is desired, whose shaft D corresponds to the carrier shaft, as 
shown in fig. 158b, the basic speed-ratio i 0 = n A /n c is obtained from 

. _ n A _ _ DA _ b + c + d 
l ° n c DC a 
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If, instead, a positive-ratio gear train is sought whose shaft C corresponds 
to the carrier shaft, then, as shown in fig. 158c, the basic speed-ratio is 
obtained from 


CA _ a + b 4- c + d 

VU a 


By using this method we avoid the less accurate graphical determination of 
the basic speed-ratio by means of a Kutzbach diagram. 

c) Additional Examples Illustrating Transmission Synthesis 

A well-designed planetary change-gear with rigid couplings, and the three 
gear-ratios i u = 2.72; ; 2 . = 1.65; / 3 . = -1.87 is to be created. Since two of 
these gear-ratios are positive and one is negative, the change gear can be 
treated as described in fig. 158a and, consequently, we can find the sections 
of line g from the equations given above: 


k. = - -- = - 1-87 


h. = 


c 

b + 1 


= 2.72 


a + b + 1 a + 1.581 

h. =-—-— = — ._- = 1.65 


a + b 


a + 0.581 


1 


c = 


= 0.348 


2.87 

d = 1 - c = 1 - 0.348 = 0.652 
1 1 


= 0.581 


- 1 1.72 

1.65 • 0.581 - 1.581 
' 1 - 1.65 


= 0.957 . 


To obtain a short transmission we want to limit ourselves to simple 
negative-ratio component transmissions as shown in figs. 32 and 33 whose 
carriers are always represented by the intermediate points on lines g lf g u , 
etc. The resulting Z = 10 possible component gear train combinations are 
listed in table 16. 
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TABLE 16. The Ten Possible Negative-Ratio Component Gear Trains 
for the Synthesis of the Desired Planetary Change-Gear 
with Rigid Couplings 


NO. 

COMBINED 

SHAFTS 



'o 



i //« 

1 

CDB 

a 

~~b 

= 

0.957 

0.581 

= 

-1.647 

-0.607 

2 

CDE 

a 


0.957 


-1.030 

-0.971 

b + c 


0.929 


3 

CDA 

a 


0.957 


-0.605 

-1.652 

b + c + d 


1.581 


4 

CBE 

a + b 

c 

= 

1.538 
” 0.348 

= 

-4.42 

-0.226 

5 

CBA 

a + b 

c + d 

= 

1.538 

1 

= 

-1.538 

-0.650 

6 

CEA 

a + b + c 


1.886 


-2.893 

-0.346 

d 


~ 0.652 


7 

DBE 

b 

c 

= 

0.581 
” 0.348 

= 

-1.67 

-0.599 

8 

DBA 

b 


0.581 


-0.581 

-1.721 

c + d 


1 


9 

DEA 

b + c 

d 

= 

0.929 
“ 0.652 

= 

-1.425 

-0.702 

10 

BEA 

c 

~~~d 

= 

0.348 
~ 0.652 

= 

-0.534 

-1.873 


Of these, the component gear train no. 2 cannot be used since its basic 
speed-ratio lies outside of the speed-ratio limits of the simple negative-ratio 
gear trains according to figs. 32 and 33. If we further eliminate gear train 


no. 9 because of its relatively small planets, then 



= 56 combinations 



Fig. 159. Gear train which is kinematically equivalent to the Diwabus transmission 
as shown in fig. 156 b but which cannot be realized because some of its parts would 
interfere with each other. 
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Fig. 160. Gear train which is kinematically equivalent to the Diwabus transmission 
as shown in fig. 156b but which has a very complicated structure. 

remain. Ten of these can be eliminated since they do not contain all of the 
shafts A through D; for example, a combination of the three component 
gear trains nos. 1, 4, and 7 does not contain the shaft A. Some of the 
remaining forty-six combinations cannot be realized since their rotating 
parts would penetrate each other, as illustrated by the combination shown 
in fig. 159. Several other combinations, for example, the transmission 



Fig. 161. Gear train which is kinematically equivalent to the Diwabus transmission 
as shown in fig. 156b and which has a simple structure: a, kinematically equivalent 
linkage system; b, schematic representation. 
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shown in fig. 160, lead to very complicated designs when the input and out¬ 
put shaft must lie on opposite sides of the housing. Therefore they are like¬ 
wise eliminated. Finally about ten transmissions of simple design remain, 
including the kinematically-equivalent transmissions shown in figs. 156b 
and 156g, and the combination shown in fig. 161. From these, the most 
suitable combination must be chosen after a thorough design analysis has 
been performed. 

Section 41. Planetary Change-Gears with 
Changeable Couplings 

Including its reciprocal speed-ratios, a given simple planetary transmis¬ 
sion can be operated with either of two basic speed-ratios, or any of four 
different revolving-carrier speed-ratios which correspond to the six rows of 
worksheet 1. Based on a simple planetary transmission, therefore, a change- 
gear transmission with up to four positive and two negative speed-ratios 
could be constructed when the appropriate coupling and brake mechanisms 
are provided, see section 29 and R 25. 

Consequently, two planetary gear trains with given basic speed-ratios can 
be connected in 6 x 6 = 36 different ways at two of their external shafts as 
shown in fig. 162. Thus, including their reciprocal speed-ratios, they can 
realize thirty-six different series speed-ratios / in . In turn, each of these 
thirty-six series-coupled transmissions can operate with three different 
speed-ratios when its three shafts /, //, or S are locked, one at a time. Thus, 
including the reciprocal values, a simple bicoupled gear train can realize 


G 2 = 6 • 6 • 3 = 108 


different gear-ratios, where the subscript 2 indicates the number of coupled 
gear trains. 

No new speed-ratios are obtained when shafts F and S are interchanged 
since G 2 already contains the reciprocal values of the speed-ratios. If, how- 



Fig. 162. Bicoupled transmission reduced to two series-connected simple revolving 
drives by locking shaft S. 
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ever, the input and output are connected at S and F, respectively, while 
shaft I or II is locked, each component gear train yields a further Gj = 6 
gear-ratios, since, in this case, only the component gear train with the 
locked shaft operates, while the other merely idles. 

Considering all possible coupling changes, including the exchange of the 
input and output shaft, we thus find that 

G = 2G 1 + G 2 = 12 + 108 = 120 

gear-ratios can be realized with a simple bicoupled transmission. Only two 
of these, however, can be chosen arbitrarily. The other 118 must be calcu¬ 
lated with the aid of worksheets 1 and 2. 

In 36 of these 120 cases the bicoupled transmission operates as a series- 
coupled transmission, in 72 as a constrained bicoupled transmission, while 
in 12 cases, only one of the gear trains transmits power, either in a fixed or 
rotating carrier mode. According to R 25, which is analogously valid for 
constrained bicoupled transmissions, 2/3 or 80 of the possible transmis¬ 
sions have a positive speed-ratio, while 1/3 or 40 have a negative speed- 
ratio. 

Depending on how the basic speed-ratios of the two component gear 
trains are chosen, the gear-ratio steps of the bicoupled transmission will be 
spaced more or less closely and regularly. For a small number of gear- 
ratios, for example, 5 to 10, it is usually possible to come reasonably close 
to some desired values. The necessary expense for clutches and brakes can be 
kept within reasonable limits when the bicoupled transmission is designed 
for only relatively few changeable gear-ratios and the two component trans¬ 
missions are skillfully arranged. The Hydra-Matic transmission shown in 
fig. 163 may serve as a practical example. In this transmission, the gears are 
changed without changing the couplings between the two component gear 
trains, and only the input shaft is alternately coupled to either the outer cen¬ 
tral gear of the first or the inner central gear of the second component gear 
train. 

In the first and second forward gears the power flows through only one of 
the component gear trains, but reverse gear is a constrained bicoupled trans¬ 
mission with both components utilized. In the third forward gear which is 
the direct gear, both clutches are engaged so that—disregarding the slip in 
the hydrodynamic coupling—both component gear trains rotate together as 
a rigid block like a coupling. Since this four-speed transmission has a direct 
gear, and two further gear-ratios can be freely chosen, only one of the four 
gear-ratios must be selected from the many possible combinations so that its 
value represents the desired gear stage with sufficient accuracy. 

Planetary change-gears of this type can become expensive and compli¬ 
cated if they contain more than two component gear trains. Therefore, they 
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Fig. 163. Hydra-Matic automotive transmission [40] with two clutches K x and K 2 
and two brakes B x and B 2 . Depending on the engagement of the clutches, the input 
torque acts on either shaft 1 or V or on both shafts simultaneously: a , symbolic rep¬ 
resentation; by schematic representation of the gear train; c, table showing the active 
(x) clutches and brakes for each gear stage. 


have been rarely used, although they offer a large variety of speed-ratios 
and their many possible modifications have not yet been exhaustively inves¬ 
tigated. Economical transmission designs which consist of as many as three 
or four component gear trains are entirely feasible when only one of their 
couplings is changeable as, for example, in the Hydra-Matic transmission. 
This coupling change, then, has an effect similar to a two-speed auxiliary 
gear train which is connected in series with a change-gear. A cost estimate, 
therefore, should compare the expense of the mechanisms required for a 
coupling change with the cost of an additional auxiliary gear train. 

Section 42. Higher Bicoupled Transmissions 

Higher bicoupled transmissions which can be built with an arbitrary num¬ 
ber of degrees of mobility, are expediently divided, according to the method 
used in their analysis, into transmissions with one or two degrees of mobil¬ 
ity, and transmissions with more than two degrees of mobility (see also 
sec. 321 and figs. 11 In to 11 Iq). As yet, only a few constrained transmis¬ 
sion types have found practical applications, while the operating character¬ 
istics of transmissions with three or more degrees of mobility have rarely 
been investigated. 

a) Constrained Higher Bicoupled Transmissions and 
Higher Bicoupled Transmissions with Two Degrees 
of Mobility 

The analogy which has been described in section 33 for simple bicoupled 
transmissions is likewise valid for these rarely used transmissions which also 
have three rotating shafts and two degrees of freedom. If the connected 
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shafts are denoted by 7, 77, and S, worksheets 1 to 3, as well as worksheets 4 
and 5, are valid without restrictions for the analogous subscripts. Proof of 
this fact can be obtained from the considerations described in sections lid 
and 15g, when it is assumed that the transmission with the unknown inter¬ 
nal structure, which is contained in the housing, is now a higher bicoupled 
transmission with two degrees of mobility, as shown in figs. 164 to 166. 

The determination of / ni , rj lu , and r/ IH which must all be known before 
the mentioned worksheets can be used, causes some additional difficulties 
when higher, rather than simple, bicoupled transmissions must be analyzed. 
However, this determination can be facilitated by an expedient choice of the 



Fig. 164. Constrained higher bicoupled transmission according to fig. Ill n: a, sche¬ 
matic representation of the Type HG heavy-duty transmission of the Desch K. G. 
[42]; by symbolic representation of the gear train which operates as a series-coupled 
transmission when the shaft S is locked. 


shaft designations which consist of labeling one or two of the possibly exist¬ 
ing monoshafts with 7 or 77 respectively and the connected coupling shaft 
with S. If the transmission has more than one connected coupling shaft, 
then that one which generates the simplest and clearest power-flow when 
locked, is denoted by S. The determination of / HI , r) Ul and r] lu will then be 
simplified as much as possible. 

In figs. 164 to 166, the higher bicoupled transmissions with two degrees 
of mobility (figs. 11 In, 11 lo, 11 lq) are shown together with these suggested 
designations. To determine z IU , the connected coupling shaft S must be 
fixed. To illustrate how this lowers the degree of complexity of a higher bi¬ 
coupled transmission and simplifies the determination of z ln , figs. 165 and 
166 show the coupling shaft S disconnected and its two component trans¬ 
mission shafts individually locked. The described procedure will now be 
illustrated by three practical examples. 

First example: In fig. 164, the speed-ratio z ni can be found as the series 
speed-ratio of a three stage series-coupled transmission. This procedure is 
analogous to the one described for simple bicoupled transmissions. If we 
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assume that the basic speed-ratios and the basic efficiencies of the three 
component transmissions are i 0 = i 0 > - i 0 " = ~3 and rj 0 = rj 0 ' = Vo* = 
0.985, then we obtain, with worksheets 1 and 5, 

4II “ h2h'2’h”2* — 4 3 2 = j ^ = » 

- (-3 - 3 1 7o I 985 )’ " 09887 ■ 


The gear-ratio and the efficiency of the constrained version of the transmis¬ 
sion with a locked shaft //(fig. 164) become, according to worksheets 1 and 
5: 


and 


ki — 


1 

1 - h ii 


1 

1 - 0.422 


1.73 , 


'in ~ \ 
'in’ll ii ~ 1 


0.422 - 1 
0.422 • 0.9887 - 1 


0.9918 . 


To realize the same gear-ratio with a simple planetary transmission whose 
carrier is connected at the output, its basic speed-ratio would have to be: 


/ 0 = l - i u = l - 1.73 = -0.73 

as can be verified with box 3 of worksheet 1. The form of this equation and 
the negative fractional basic speed-ratio indicate that the input gear 1 is the 
annular gear of a gear train as shown in fig. 32, while the inner central gear 
2 is locked. According to worksheet 5, box 7, the efficiency of such a trans¬ 
mission which is kinematically equivalent to the higher bicoupled transmis¬ 
sion of fig. 164 becomes: 


Vis = 


''oVo ^ 

To - 1 


-0.73 • 0.985 - 1 
—0.73 - 1 


0.9937 . 


A comparison of the loss factors 


fsi = 1 - 0.9918 = 0.0082 , 


and 


f ls = 1 - 0.9937 = 0.0063 , 
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of the two kinematically-equivalent transmissions, shows that the tooth- 
friction losses in the higher bicoupled transmission are approximately 30% 
higher than the friction losses in the corresponding simple planetary trans¬ 
mission. Nevertheless, the higher bicoupled transmission merits considera¬ 
tion when large powers must be transmitted since the heat which is gener¬ 
ated by friction is distributed over several component transmissions and, 
consequently, is easier to remove. Component gear train / in fig. 164a must 
be designed to carry the full output torque while the component gear trains 
II and III can be built progressively lighter because the torques decrease 
with increasing speed. 

Second example: If the connected coupling shaft is locked, the higher bi¬ 
coupled transmission of fig. lllo is transformed into a simple two-shaft 
transmission and a constrained bicoupled transmission connected in series. 
This simplification can be clearly recognized in fig. 165 where, instead of 
the locked coupling shaft S, the two locked components of this coupling 
shaft are depicted to facilitate the following description. If the basic speed- 
ratios and the basic efficiencies of the three component gear trains are 
known, then the speed-ratio 


k II - *IA*AII 


is found as the product of the speed-ratios of the component gear train I, 
and the constrained bicoupled transmission which consists of component 
gear trains II and III. The speed-ratio of gear train / can be obtained with 
the aid of worksheet 1, and the speed-ratio of the constrained bicoupled 
transmission by reference to section 35c. 

With a locked coupling shaft S the series efficiency, 



Fig. 165. Higher bicoupled transmission with two degrees of mobility according to 
fig. lllo; the connected coupling shaft is resolved into its components, which are 
shown individually locked. 
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- ViaVah > or - VuaVai > 

can likewise be found as the product of the efficiencies of gear train / and 
the constrained bicoupled transmission (II + III). See section 35e and 
worksheet 5. 



s 


Fig. 166. Higher bicoupled transmission with two degrees of mobility according to 
fig. 11 Ip; the connected coupling shaft S is resolved into its components, which are 
shown individually locked. 


With these initial values, all gear-ratios and efficiencies for two-shaft 
operation can be calculated without restriction using worksheets 1 and 5, 
and all speed-ratios and efficiencies for three-shaft operation using work¬ 
sheets 2 and 4, provided the previously given subscript key / = 1, II = 2 
and S = s is observed. When thus the speeds of all external shafts have been 
found, the speeds of the free coupling shafts can be readily determined from 
the speeds of shafts S and I of component gear train I and worksheet 2. 

Third example: If the connected coupling shaft S of the higher bicoupled 
transmission of fig. 1 lip is locked and disconnected, the simpler transmis¬ 
sion shown in fig. 166 is obtained. To find i UI when the basic speed-ratios 
and the positions of the coupled shafts of all component gear trains are 
known, we determine in succession with the aid of worksheets 1 or 2 for: 

gear train//: / AII = / hir , 
gear train IV: i ¥A = i fg > , 
gear train III : k dc from k de = / fg , 
gear train /: k lF from k ab = k dc . 

The series speed-ratio then becomes: 


h II — ^if^fa^aii • 
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With this speed-ratio / ln , all the external gear-ratios and speed character¬ 
istics can be readily determined when worksheets 1 and 2 are used with the 
analogous subscripts. 

However, in this case the efficiencies r/ HI and 77 ln can be determined only 
with the aid of an accurate calculation of the torque-ratio T x /T xx and the 
previously obtained series speed-ratio. Then: 


Viu = —fin 


II 

T lx 


and 


liu = “ 


1 

'iii 


Tu 

T\ 


A first approximation, which neglects all friction losses, yields the signs of 
all shaft torques when the power, torque and speed of shaft / are arbitrarily 
defined as 


P\ = 1 , T y = 1 , rii = 1 respectively . 
Consequently, 

P [ = T x rii = —P\\ = —T u n n . 

With eqs. (42), (44) and (45) and rj 0 = 1 we obtain in succession for 

gear train I: T a and T b , 
gear train III : T A and T e from T c = — T b , 
gear train IV: T g from 7} = -T a - T d , 

gear train II: T u from T h = —T t - T % . 


Check: T n = -“71/ ni . 

With the known torques and the previously determined speed-ratios we 
can now determine the exponent r 1 for each component gear train from eq. 
(43). It holds true under the condition that P Y - +1, that is, when shaft / is 
the input shaft. 

We then repeat the torque calculation for this power-flow / — II with the 
correct basic efficiency and the just determined exponent r\ for each com¬ 
ponent gear train. Thus, we obtain the accurate value of T u and conse¬ 
quently are able to calculate the efficiency rj lu from the appropriate equa¬ 
tion given earlier in this example. 

For the reverse power-flow // — / we repeat the torque calculation a 
second time. However, in this calculation the exponent r\ for each com¬ 
ponent gear train assumes the opposite sign. Thus we obtain a higher torque 
T u than before which is then used to calculate the efficiency ry IH as previ¬ 
ously described. 

With the two efficiencies rj ul and rj ul9 we can readily determine the effi- 
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ciency of the bicoupled transmission for any operating condition from 
worksheets 4 or 5. 

b) Higher Bicoupled Transmissions with More Than 
Two Degrees of Mobility 

If, as shown in figs. 11 In to 11 lp, two shafts of one component gear train 
are coupled with two shafts of a second and third component gear train, 
higher bicoupled transmissions with, at most, two degrees of mobility, are 
generated. However, if these two shafts of a component gear train are 
coupled with one shaft each of a second and third component gear train, 
higher bicoupled transmissions with a cyclical arrangement (fig. lllq) arise 
which can have any number of degrees of mobility larger than 2. However, 
their number of degrees of mobility equals, at most, their number of com¬ 
ponent gear trains. Since transmissions of this type are not practically used, 
they will not be further investigated. 
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IV. DESIGN HINTS 




Section 43. Geometric Conditions for Assembly of 
Planetary Transmissions 


The design of a new transmission usually begins with the determination 
of the basic speed-ratio and the selection of the most suitable gear train as 
explained in earlier sections. The calculation of the gear parameters and the 
arrangement of the gears relative to each other can then proceed according 
to the well-known methods established for conventional gear trains. To 
determine the number of teeth for the gear train with the minimum overall 
diameter, before the gearing is actually designed for the given torques and 
the available materials, the following procedure can be employed. 

a) Correlation between Number of Teeth and Gear Diameter 

In reverted planetary transmissions, the center distance between the 
meshing gears must be selected in such a way that the two central gears can 
be arranged coaxially. 

In this respect, transmission designs with meshing planets (figs. 22, 23, 
36, and 37) cause the least problems. Their center distances initially need 
only be approximated and the gear sets can then be designed to meet cost 
and manufacturing requirements. Finally, the center distances can be 
adjusted to the correct values by “jackknifing” the drive train to a greater 
or lesser degree. 

However, in transmissions with simple stepped planets of the types 
shown, (figs. 19, 21, 24, 34, and 39), the two series-coupled gear stages 
must, from the very beginning, be designed to have the same center dis¬ 
tances. In general, the overall basic speed-ratio is given and must be split 
between the two stages: 

4-W*-(-*■)(-£)• <»» 

In standard involute gear trains without addendum modification which 
have the diametral pitches P { + P 2 the center distances are 

Ci p> = 5’]5r ( V +z,) > and C 2p2 = l --±.(z 2 + z p2 ) , 
where the subscripts of the gears indicate the respective stages. 


307 
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The two stages attain identical center distances when the ratio of their 
diametral pitches, that is, 

P 2 m \ *2 + Zp2 rnn 

P\ m 2 z x + z pl ‘ } 

As discussed in section 9, the number of teeth of an annular gear must 
always be preceded by a negative sign. Therefore, external gear stages are 
characterized by a sum, annular gear stages by a difference, of numbers of 
teeth. 

Different partitions of the basic speed-ratio as defined by eq. (130) result 
in different transmission diameters. Thus, gear trains, according to figs. 19 
and 35, assume a minimum diameter when the pinions of both stages simul¬ 
taneously have the smallest admissible number of teeth z min , and both gear 
meshes are subject to the same root-bending stresses a b . As a rule, this opti¬ 
mum partition of the basic speed-ratio can be realized only with fractional 
numbers of teeth. If, however, a small deviation from the desired basic 
speed-ratio is tolerable, then the smallest transmission can be found by 
searching for the theoretical optimum partition of i Q with the aid of a fast 
converging iteration. During this calculation the gears are permitted to 
assume fractional numbers of teeth. The final partition of / 0 , however, is 
obtained by rounding off all numbers of teeth to their nearest integer num¬ 
bers. If the resulting deviation from the desired basic speed-ratio is too 
large, a closer approximation can usually be obtained by slightly adjusting 
the numbers of teeth of some or all of the gears, which does not substan¬ 
tially increase the size of the gear train. 

The root-bending stresses of the two stages can be approximately equal¬ 
ized as follows: It is assumed that the chordal thickness t cb of the teeth is 
proportional only to the module m and that, likewise, the face width b of 
the teeth bears a constant ratio to the module, that is, 

— = P • t cb = const. , and — = Pb = const. 
m m 

Then the root-bending stress o b caused by the bending moment M b 


becomes 


M b = M b 
I/c bth /6 


Since also the dedendum of standard gears bears a constant ratio to the 
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module, the root-bending moment can be expressed in terms of the tan¬ 
gential force F acting at the pitch point of the gear train. 

Thus: 


and consequently 


M b ~ Fm 


F 




m z 


or with 


T = F* d/2 , that is, 


F ~ 


T 

~d' 


a b ~ 


T 
dm 2 


where 


T is the torque transmitted by the gears. Thus, in gear systems, the module 
m is a suitable characteristic length. Since, according to the Theory of 
Models (Similitude Analysis) [45, 46], similar external forces produce simi¬ 
lar stresses in similar cross-sections of similar rigid bodies, the following 
relationship exists between the root stresses of two similar spur gears a and b : 

a a __ / Mb \ 

C7 b “ F b \m a / 

or expressed in terms of the torques acting at the pitch circles 

°a _ ^a^b / M b \ 

^b ~~ T b d & \mj 

Since P = z/d , that is, m = d/z , d = mz and thus, 

_ -^a M b^»b 

^b ^b^a^a 


If this equation is applied to a stepped planet whose root stresses are 
assumed to be equal so that o b { a bp2 = 1, and whose gears transmit torques 
of equal magnitude, then we obtain with eq. (131) 

%L = ! = V = 

a bp2 ^pl \ w pl / 


£p2 

(Z 1 + Zpl \ 

Zp\ 

U 2 + Z p2 ) 


(132) 


where, according to section 9, the number of teeth of an annular gear must 
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be preceded by a negative sign. If we now introduce the condition Z\ = z p 2 
= z min , for which transmissions according to figs. 19 and 35 assume a mini¬ 
mum diameter, this becomes 


^min "b £pl 1-^2 “h £m 


| 3 Z P ] 
\ ^p2 


or, after division by z min , 


^pi 

^min 


*2 


^min 


+ 1 



- 1 . 


With Zpi/z m in = Z and ^ 2/^2 = UZ [eq. (130)] this equation can be re¬ 
written in the form Z = /(Z), that is, 


Z = 



yfZ — 1 . 


(133) 


Since Z = /(Z) represents a real number, and eq. (133) maps real num¬ 
bers back into real numbers, it can be solved by the iterative method of suc¬ 
cessive approximations [54, Art. 70], that is, we may let Z assume an arbi¬ 
trary value Z 0 and then use it to calculate a new value Z \, that is, 


Z\ = 



Tz 0 -\. 


The initially assumed value Z 0 can be adjusted after each step until the error 
becomes sufficiently small, for example, 



In this case the calculation converges rapidly when the mean value of Z G and 
Zj is chosen as the initial value of the next step of the iteration, that is, gen¬ 
erally when 



With the best approximation Z, we can then calculate the numbers of 
teeth 
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Z\ ^min > ^p2 ^min » 


Zp\ — Z • Z m in i 


Z2 


^oZm'm 


of the smallest gear train whose planets have a stress ratio °b p / a b p2 * 1- If 
z p i and z 2 are fractional numbers, they must be rounded off to their nearest 
integer numbers. Inserted into eq. (130) the chosen integers are then used to 
check the resulting basic speed-ratio / 0 . If found necessary, the deviation 
from the desired basic speed-ratio can be minimized by changing some or all 
the numbers of teeth. In cases where the given basic speed-ratio must be 
accurately realized, the numerators and denominators of eq. (130) can be 
rounded off to only those integer numbers which contain the same prime 
factors as the given / 0 , plus whatever arbitrary prime factors are needed to 
expand the fractions. The gear train can then be designed following the 
well-known conventional methods where the center distances of the two 
stages are equalized by addendum modifications, or possibly by using heli¬ 
cal gearing. 

Finally it must be checked whether the obtained center distance is suffi¬ 
ciently large to accommodate the required bearings. If not, that is, if the 
center distance and, consequently, the gear diameters and the overall trans¬ 
mission diameter, must be enlarged, it is usually better to choose a different 
partition of the basic speed-ratio / 0 . For this purpose we shift the speed- 
ratio of the stage which requires the larger bearings and thus the larger cen¬ 
ter distance, closer to 1. This tends to equalize the required minimum center 
distances of the bearings. 

Example: Determination of the numbers of teeth of a negative-ratio 
transmission of the type shown in fig. 167. The desired basic speed-ratio is 


In = 


190 

IF 


2 • 5 • 19 
13 


-14.615 


and the minimum number of teeth £ min = 20. 

The previously described procedure yields the following results: 

a) Theoretical numbers of teeth as obtained by a series of successive 
approximations , 


with Z = 3.639 
Z\ = 20 , z p2 = 20 
Z p \ = 72.780 , z 2 = —80.324 , 


and with eq. (130) 
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I U 



Fig. 167. Example for the determination of the number of teeth leading to a revolv¬ 
ing drive train with a minimum outside diameter. 


72.780 -80.324 

20 # 20 


-14.615 . 


0) Approximated integer numbers of teeth which lead to a minimum 
transmission diameter but result in a slightly smaller basic speed-ratio i 0J 


Z\ = 20 , Zp2 = 20 
z p i = 73 , z 2 = -80 


73 # -80 
20 # ~ 20 ~ 


-14.600 . 


The deviation between the possible speed-ratio and the required speed-ratio 
is 


4 _ 14.600 

4req’d. 14.615 


= 0.999 . 


7 ) Number of teeth required to realize the exact speed-ratio. For this 
case we obtain eight different combinations of numbers of teeth which are 
close to the optimum solution found in section a. They are compiled in 
table 17. Because i Q contains the prime factor 13, one of the pinions must 
have 2 • 13 = 26 teeth; z min = 20 is chosen for the other. Because of the 
prime factor 19, the number of teeth of one of the gears must become 4*19 
= 76 or 5 • 19 = 95. All other gear sizes are manipulated by expansion until 
they approach the optimum solution of section a as closely as possible. 

6 ) Comparison of the overall diameters of the considered transmissions . 
The overall transmission diameters are expressed in terms of the outside 
diameters Di and Du of the two component gear trains of fig. 167. and 
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D n are referred to the module m 0 of a pinion with twenty teeth whose root¬ 
bending stress as caused by the torque T x of shaft 7, is equal to that of gear 7 
itself. If the gear 7 has just twenty spur teeth as assumed in sections a and 0, 
then m 0 = m x . Otherwise, for T 0 /T x = 1, and a b0 /a bl = 1, eq. (132) yields 

^ 3 f20 

m 0 yj Z\ 


This somewhat cumbersome reference to m 0 enables us to compare the sizes 
of several transmissions whose stages / operate with the same bending 
stresses when the applied torques are equal, or, in other words, when the 
operating conditions are the same. 

When the stress ratio of a considered transmission is <x bpl /(x bp2 = 1, both 
of its stages / and II operate at their design stress level, ^bp/^ > * 
indicates that stage II is overdesigned and 0b p / a b p2 < 1 that it is under¬ 
designed and thus overstressed. To reduce the stress level in the latter case to 
the design value, its module, according to eq. (132), must be increased by a 
factor of Va bp2 7a bpl . According to eq. (131), and for a constant number of 
teeth, this then increases the module of stage / and all the gear sizes of both 
stages so that necessarily now stage / becomes over-dimensioned. If the size 
of this transmission is subsequently compared to the size of other con¬ 
sidered transmissions, then this comparison must be on the basis of its cor¬ 
rected larger stage diameter. 

A review of the results listed in table 17 shows that the smallest practical 
transmission, whose speed-ratio deviates by only about 0.1% from the 
required speed-ratio, has nearly the same diameter as the theoretically 
smallest transmission whose gear sizes are shown in row 1. Row 8 represents 
the smallest possible transmission which accurately realizes the given speed- 
ratio. However, all of the listed gear train modifications can only be 
realized with two opposing planets rather than three planets which are uni¬ 
formly spaced around the circumference of the carrier. This fact will be fur¬ 
ther discussed in the following section 43 b. 

The free choice of the numbers of teeth is most severely restricted in the 
most frequently used design which has only simple planets and is shown in 
fig. 32. For standard gearing where the pitch circles and the rolling circles 
coincide we have 

\d 2 \ = d x + 2</ p or m\z 2 \ = mz x 4- 2 mz p , 


so that 


N - Zx = 2z p . 
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Since Zp can only be an integer number, the difference (|z 2 | — Z\ ) must be an 
even number and, consequently, both gears simultaneously must either have 
an even or odd number of teeth. However, a transmission of this type can 
also be built for an odd difference term when the center distances between 
the planets and the central gears are equalized by using gears with adden¬ 
dum modification. 

The number of teeth of the planet gear is obtained by rounding off the 
value, 

„ _ M - z\ 

Zp~ 2 

to the next lower integer number. To eliminate backlash between the gears, 
the teeth of the inner central gear and the planets must have positive adden¬ 
dum modifications, that is, the planets must have long addendum teeth, and 
the annular gear short addendum teeth. It is also possible to round up to 
the next higher integer number, but then the addendum modifications must 
be reversed. However, for the same torques, this results in a somewhat 
smaller diametral pitch and, consequently, a somewhat larger transmission 
diameter. 

These considerations show that a planetary transmission may have any 
basic speed-ratio which can be expressed as an integer fraction—a result 
which is fully valid also for planetary transmissions with bevel gears. 


b) Distribution of Several Planets 

around a Central Gear Circumference 


A planetary transmission which contains only one simple or stepped 
planet, or only one pair of meshing planets, can always be assembled with¬ 
out further conditions. However, with the installation of the first planet, 
the angles between the two central gears and the axis of the planet on the 
arm are determined. A second planet can only be installed in certain loca¬ 
tions between the two central gears. The possible index angles 6 S between the 
first and all further planet axes depend on the number of teeth of the gears 
as has been described by F. Hill [44] and other authors. However, if the 
smallest index angle 5 smin between two possible assembly locations of the 
planet axes is known then we can mark any integer multiple of 5 smin> on the 
carrier as a further possible index angle. 

The minimum index angle 6 smin can be found by reasoning as follows: A 
planetary transmission with only a single planet may occupy an arbitrary 
initial position. If we now lock gear l and turn gear 2 by one tooth, the car¬ 
rier moves through an angle, 


( ) 1 fixed ^2 


Jh 

n 2 


360 . 360 / 0 

— • i s2 =-• --- , 

z 2 z 2 i Q - 1 


(134) 
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into a new location which, likewise, is a possible assembly position. Since 
we have turned gear 2 by exactly one tooth while gear 1 is still in its initial 
position, we could theoretically install a new planet at the initial location of 
the first planet. Therefore, (6 s ) lfixed represents a possible assembly angle 
and, consequently, all integer multiples g • (<$ s ) lfixed , where g may be any 
positive integer number, represent other possible index angles. 

The same reasoning can be repeated with a locked gear 2 where gear 1 is 
moved ahead by one tooth. The carrier consequently turns by an angle 


(^s ) 2 fixed “ 


*1 


360 

Zi 



1 

i - 4 


whose multiples g(6 s ) 2 fixed are again possible index angles. 


(135) 


a ) Minimum spacing angle in gear trains with simple planets . According 
to section 9, the basic speed-ratio of the transmission types shown in figs. 
22, 32, 36, 38, 40, and 41, which either have a single, or a single pair, of 
simple meshing planets, is determined by 


4 



for positive-ratio transmissions, and 


*2 

Z\ 


for negative-ratio transmissions. 


If we substitute these values into eqs. (134) and (135), we obtain for 
negative-ratio transmissions: 


_ 360(-|z 2 /z,|) _ 360 

(Oshfixed- £ 2 ( —\z 2 / Z,[ — 1) ~N+N’ 


(^s) 2 fixed 


360 

Zi(1 + \z 2 /Zi\) 


360 

M + kil' 


Since the index angle <5 S is identical for both cases, it represents the minimum 
index angle 5 smin for transmissions with simple planets. For positive-ratio 
gear trains of the above mentioned types we find analogously 


C ) 1 fixed ( ) 2 fixed min 


360 

N - M * 


The number of possible assembly positions for the planets of these trans- 
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mission types are thus given by the sum of the number of teeth (|z 2 | 4- \zi\) 
when the gear train has a negative speed-ratio and by the difference of the 
numbers of teeth (|z 2 | - |zj|) when the gear train has a positive speed-ratio. 

0) Minimum spacing angle in transmissions with stepped planets. Ac¬ 
cording to section 9, the basic speed-ratio of transmissions with a single 
stepped planet as shown, in figs. 19, 21, 26, 27, 34, 35, 37, and 42 is deter¬ 
mined by 


^pi 

Z\ 


Z2 

Zp2 


for positive-ratio gear trains, and 


Zp i ^ Z 2 
Z\ Zp2 


for negative-ratio gear trains. 


If we substitute these numbers of teeth into eqs. (134) and (135) then we 
obtain for negative-ratio gear trains 
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and for positive-ratio gear trains 

360 


( ) 1 Fixed ~ 


Zp1 ^ Z 2 
Z\ Zp2 
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(136) 


(137) 


(138) 


(139) 


This shows that for gear trains with stepped planets the two index angles 
(4) 1 fixed an d ( 4 ) 2 fixed are not equal. If we develop the resulting carrier 
spacings and place them side by side as shown in fig. 168, then we observe 
that 6 smin becomes even smaller than the smaller of the two calculated spac- 
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Fig. 168. Development of the circumference of the carrier showing the possible 
index angles. 

ings. In the example of fig. 168, we can generate 6 smin if we turn gear 2 by 
two teeth relative to the fixed gear 1 so that the arm turns by 2 (S s ) lfixed , 
and then lock gear 2 and turn gear 1 back by three teeth, which causes the 
arm to move back by 3 (5 s ) 2 fi X ed* Thus, we obtain 

^smin := 2(6 s )jfj xec f 3(5 s )2fixed * 

The teeth of the stepped planet which are brought into mesh by these two 
motions do not have the same angular position relative to each other as the 
teeth which were in mesh before these two motions took place. 

Since, during this procedure, both central gears have been turned by an 
integer number of teeth, a new planet could be installed at the initial loca¬ 
tion of the first planet, provided its two stepped gears have precisely the 
same position relative to each other as those of the first planet. 

According to eqs. (136) and (137), or (138) and (139), the reduced ratio of 
the index angles 5 S for a given gear train becomes 

() 1 fixed _ %pl __ tipi = Jpl (140) 

(^s) 2 fixed %p2 tJp2 Jp2 

where t is the largest common divisor of the two numbers of teeth of the 
stepped planets and y pl and j p2 are simply the integer residues of the numera¬ 
tor and denominator. As fig. 168 and eq. (140) show, the index angles 


Jp2 ( ) 1 fixed —' Jpl ( ) 2 fixed > 

are equal, and determine the angle at which a stepped planet can be inserted 
between the central gears, with the same teeth as were at the initial position 
fitting the meshes at the new position. 

For negative-ratio transmissions, the smallest index angle 6 smin as shown 
in fig. 168, is obtained from eqs. (136) and (137). Thus, 
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min = -^ ( ) 1 fixed T ( ) 2 fixed 

provided x and y are chosen in such a way that the expression in parentheses 
has a minimum value. Since the latter contains only integer numbers, its 
smallest nontrivial value is 1. For this minimum value and, thus, without 
prior determination of x and y, we obtain 




360/ 


\z pi Z 2 \ + \z,Zp 2 \ 


(141) 


for negative-ratio trains, and analogously with eqs. (138) and (139) 


36 °/ 

\Zp\Zl\ j -2p21 


(142) 


for positive-ratio gear trains. 

7 ) Even spacing of planets around a central gear circumference . Usu¬ 
ally, an even spacing of the planets around the circumference of the carrier 
is desired since the gear train is then automatically balanced and the radial 
forces which act on the central gears cancel each other, provided, of course, 
the planets are manufactured with sufficient accuracy. However, an even 
spacing of q planets around the circumference of the carrier is possible only 
when 


360 

min# 


(143) 


where g is an integer number. This condition is valid for all types of plane¬ 
tary gear trains but requires that two gears of each simple stepped planet of 
a particular gear train have precisely the same position relative to each other. 

However, disregarding the condition expressed by eq. (143), stepped 
planets can be equally spaced when we drop the condition that the relative 
positions of the two gears of each planet must be exactly the same, and 
instead are willing to bear the extra cost of either cutting each individual 
stepped planet to fit a specific location, or of making the two gears of each 
stepped planet adjustable. In the latter case, the required angular displace¬ 
ment between the two gears relative to a reference planet at the zero loca¬ 
tion can be easily found when each of the planet assemblies is rolled on its 
associated central gears from the zero position to its final assembly loca¬ 
tion. There they must be locked together in the exact angular position which 
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each gear reached at this location. That is, relative to the reference planet, 
both gears must be turned against each other by the difference between their 
rolling angles. Each further planet will normally have a different angular 
displacement between its two gears after it has been rolled from the zero 
position to its intended assembly location. 

It is expedient to mark the gearing of transmissions with stepped planets 
during fabrication so that the planets can later be assembled in their correct 
angular positions without further trials. 

Table 18 lists the equations for 5 smin and the conditions under which an 
equal spacing of the planets is obtained. Transmissions with two or more 
meshing stepped planets as shown in fig. 23 are not considered in this table 
because they are of no practical importance. The table is valid, indepen¬ 
dently of possible dedendum modifications or helix angles, since the index 
angle 5 S is only a function of the number of teeth. 


TABLE 18. Synopsis of Equations Describing Planet Spacing 
on the Carrier* 


TRANSMISSION TYPE 


POSITIVE-RATIO 

TRANSMISSION 

NEGATIVE-RATIO 

TRANSMISSION 

With simple planets 
or meshing planet 
pairs 


according to 
fig. 22 

according to figs, 
32, 33, 36, 38, 40, 41 

Ssmin 

360 

360 


\z 2 \ - \Z\\ 

\z 2 1 + 1^1 


even spacing when 

\z 2 \ - \Z\\ 

\z 2 \ 4- l*,l 


- g 

- g 

Q 

With one stepped 
planet or with 
additional simple 
meshing planets, 


according to figs. 

19, 20, 21, 26, 27 

according to figs. 

34, 35, 37, 42 

8smi„ n 

360/ 

360/ 

per planetary gear 
set 

l2p|Z 2 l - IZlZpzl 

lz p iZ 2 l + IZ|Zp 2 l 

even spacing when 

\z Di z 2 \-\ztZ o2 \ 

Qt 

\Z B iZ 2 \-\ZiZ B2 \ 

at 

*5 S , smallest possible index angle relative to the carrier; g, arbitrary integer number; /, 
largest common divisor of z pl and z p2 of the stepped planets; q , number of planets or meshing 
planet pairs spaced around tne circumference of the carrier. 


d) Uneven spacing of planets around a central gear circumference . If 
the numbers of teeth are such that eq. (143) or table 18 do not indicate an 
even spacing of the planets on the carrier, then we can choose other index 
angles which must be integer multiples of <5 smin , but need not be equal to 
each other. 
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If eq. (143) indicates that two planets can be spaced 180° apart, but an 
equal spacing is not possible for a larger even number of planets, then it is 
always possible to arrange these planets in pairs which can be placed oppo¬ 
site to each other. In this special case the transmission has a symmetrical 
carrier which is balanced so that all radial forces acting on the central gears 
cancel out, although the planet spacing is not equal. 

e) Hints for compound planetary transmissions . If, in a compound 
planetary transmission, the carriers of two adjacent component gear trains 
are rigidly coupled and thus can be combined to form a common structure, 
this common carrier will assume the simplest form when both component 
gear trains have the same number q of planets and the same planet spacing 
S s . If the transmission cannot be designed with gear sizes which, according 
to table 18, allow the same equal planet spacing in both component gear 
trains, then a skillfully chosen unequal spacing, as described in the previous 
section, may yet make it possible to achieve a suitable distribution of the 
two planet sets in a common carrier. 

In reduced bicoupled transmissions the combined planets of the two com¬ 
ponent gear trains must definitely have the same spacing. To investigate the 
planet distribution in these transmissions it is sufficient to look at two of the 
three possible component gear trains or the component gear trains of any 
one of the three kinematically-equivalent bicoupled transmissions, described 
in section 37 and illustrated in fig. 144 for the Wolfrom transmission. If it is 
not possible to achieve the same even spacing for both component gear 
trains through an appropriate choice of the numbers of teeth, then the fol¬ 
lowing alternative possibilities can be examined: 

1. If the reduced bicoupled transmission contains a component gear train 
with simple planets which can be equally spaced according to table 18, then 
the identical spacing can be realized for the other component gear train with 
stepped planets by individually adjusting the gears of the stepped planets as 
described in section 43b, y. 

2. The same procedure can be followed when all component gear trains 
contain stepped planets. In the worst case, each of the three-stage planets 
requires a different adjustment between any two of its three gears. 

3. If, in a component gear train with simple planets, only an unequal spac¬ 
ing, as described in section 43b, 5, can be achieved, then the stepped planets 
of the other component gear train can be arranged with the same unequal 
spacing when the gears of the planets are again individually adjusted. 

Section 44. Centering the Shafts 

of a Planetary Transmission 

Planetary transmissions offer the possibility of power-branching by split¬ 
ting the torque of a central gear between the gear meshes of several planets 



322 / Design Hints 

spaced around the circumference of the carrier. Therefore the gearing need 
be designed for only that fraction of the total torque which is transmitted by 
a single planet. This fact explains why planetary and star transmissions 
build smaller than other types of transmissions which carry the same load. 
An even distribution of the load between all planets, however, requires a 
high precision during fabrication and assembly and/or a sufficient elasticity 
of all power transmitting components. 

a) Self-Centering of Central Gears 

If three planets are arranged around the circumference of the carrier, one 
of the central gears can be installed without radial bearings since under load 
its support at the three pitch points is statically determinate. From a statics 
point of view, dimensional deviations in the gears and the carrier merely 
displace the radially unsupported central gear from its central position, but 
essentially do not affect the symmetry of the load distribution. 

This statically determinate support exists whenever one of the two central 
gears, or the carrier, is free to move radially while the other two members 
are supported in bearings. If two of the three members, for example, both 
central gears, remain free to move radially, then the gear train obtains two 
excess degrees of freedom, as an investigation by Bastert [48] has shown. In 
this case, it becomes possible to freely move the outer central gear in both 
the vertical and horizontal direction as far as the backlash between the teeth 
allows. If the gear train is distorted by external torques, then any arbitrary 
motion of this type positively displaces the inner central gear. 

The following considerations will make it clear why, in actual designs, it 
is expedient to leave the lightest gear unsupported. During operation, when 
continually varying teeth with different profile deviations mesh, and the 
planet axes change their positions relative to the central gear because of 
deviations in the planet spacing on the carrier, the free gear must continu¬ 
ally adjust to these deviations by varying radial displacements. Obviously 
the required acceleration of the free gear increases directly as the square of 
its displacement velocity while the necessary displacement force F a is 
directly proportional to its mass and its acceleration. 

If we assume that all shafts are rigidly supported, and the gears mesh 
without backlash, then the gear train forms a statically indeterminate sys¬ 
tem. In this case dimensional deviations cause elastic deformations in the 
gear train which give rise to elastic reaction forces F d and additional 
stresses. If now suddenly one of the three shafts is released, the system 
becomes statically determinate and the elastic force F el accelerates the freed 
member in the direction of its static equilibrium position. If the elastic reac¬ 
tion forces F el which then represent the largest available acceleration forces, 
are compared with the acceleration forces F a which are required during nor- 
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mal operation to move the free gear between its continually changing static 
equilibrium positions, then we make the following observations: 

When the free gear has a small mass and rotates with a sufficiently low 
speed, then F a < F el . Therefore, the free gear can continually move between 
its changing equilibrium positions, and no appreciable reaction forces F el , 
that is, deformations and additional dynamic stresses, arise. 

However, when the free gear has a large mass and rotates with a suffi¬ 
ciently high speed, so that, F a > F el , the elastic reaction forces are not 
nearly large enough to effect the theoretically desired displacement of the 
free gear. In the limiting case, its inertia causes the axis of the free gear to 
remain in a median position as if it were rigidly supported. All dynamic 
deformations, stresses, and forces caused by dimensional deviations then 
have the same value as if the free gear were supported without backlash in 
this median position. 

This consideration not only shows that the lightest gear, usually the sun 
gear, should be freed from axial constraints and lightened as far as possible, 
for example, by perforating the gear blank, but also shows that those pro¬ 
posed balancing devices which incorporate large rotating masses, must 
become ineffective at higher speeds. 

b) Displacement of a Central Gear Caused by 
Dimensional Deviations 

In an analytical investigation of the displacement of the central gears as 
caused by deviations in the tooth profiles and the planet spacing on the car¬ 
rier, Bastert [48] showed that the involutes can be replaced by their tangents 
at the momentary contact points since the normal backlash between the 
meshing teeth allows only small displacements. With this simplification the 
displacements of the gears can be clearly illustrated by graphical methods. 

First we will consider a perfectly accurate negative-ratio transmission as 
shown in fig. 169 which has the three planets 3, 4, and 5. Its carrier and 
annular gear 2 are locked and the sun gear 1 is—radially—supported only at 
its momentary contact points with the planets. The torques T u T 2 , and T s 
shall act on the gears in the directions indicated by the arrows and thus 
determine the working flanks of the teeth. 

If now dimensional deviations are introduced which shift the working 
tooth flank of only the planet 3 in the direction E n , then the sun gear moves 
away from its previous position by sliding along the flanks of the stationary 
planets 4 and 5 in a direction perpendicular to the momentary lines of action 
E l4 and E l5 . This causes the sun gear to turn about its instantaneous center 
of rotation, the velocity pole P 1/45 , which is identical with the point of inter¬ 
section between the two lines of action F 14 and F ]5 . Consequently, its center 
0 , and the foot A, of the perpendicular to the line of action En also turn 
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Fig. 169. Displacement x Q of the center of the sun gear / resulting from a shift x& (of 
this gear) along its line of action E n as caused by dimensional deviations in the 
meshing teeth: x Q /x A = 2/3. 

about the velocity pole P W 4 5 . Since it is the perpendicular median of an 
equilateral triangle, this normal line simultaneously represents the radius 
vector through the center 0, whose displacement we set out to investigate, 
and the radius vector through the point A . Its angular displacement equals 
the dimensional deviation in the direction of the line of action as caused by 
a deviation from the theoretical circular pitch, as long as the involutes can 
be represented by their tangents through the pitch point. Thus we can 
conclude: 

1 . The center of the sun gear is displaced parallel to that line of action to 
which the dimensional deviation is referenced, and in the same direction as 
the contact point. 

2. The ratio between the displacements of the points 0 and A equals the 
constant ratio between their distances from their common velocity pole P 
which can be found from the geometry of the equilateral triangle as: 

*0 _ _ 2 

x A PA 3 

3. This ratio is independent of the pressure angle $ and any possible gear 
modifications because it has been derived solely from the geometry of the 
equilateral triangle. 

4. These arguments are valid only for planetary transmissions with three 
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Fig. 170. Total center displacement jc 0>t0t as obtained by vectorial addition of the 
center displacements jc 0 13 and jc 0 14 . 


simple planets which are equally spaced around the circumference of the 
central gears. 

If several dimensional deviations occur which cause the point A to shift 
along the same line of action, then the individual displacements can be 
added algebraically. However, if some or all of the planets have dimen¬ 
sional deviations, then the displacements along each of the lines of action 
Zs 13 , Ei 4 , Ei 5 must be determined individually as previously described, dis¬ 
regarding momentarily all other deviations. The total displacement of the 
center of the sun gear is then obtained by vectorially adding the individual 
displacements x 13 , x 14 , and x 15 as shown in fig. 170. As illustrated in the geo¬ 
metrically similar fig. 171, the displacement of the center of a free annular 
gear due to dimensional deviations can be determined analogously and con¬ 
tingent on the same limitations. However, when the planets are fixed, the 
momentary centers of rotation A/45 and ^2/45 of the sun gear, or the annu¬ 
lar gear, are offset against each other by an angle 2 4> to as shown in fig. 172. 

c) Effect of Some Dimensional Deviations on Displacement 
of a Central Gear 

To find the displacement x A of the point A along the line of action of one 
particular planet mesh, and the resulting displacement component x 0 of the 
center of the free central gear, we shall subsequently assume that the trans¬ 
mission is dimensionally perfect, except for the one specific deviation whose 
influence we want to investigate. 
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Fig. 171. Displacement x a of the center of the annular gear 2 resulting from a shift x A 
along the line of action *23 when the inner central gear 1 is rigidly supported. 


a) An “effective” normal pitch error e P >eff in each of the four tooth 
flanks which participate in the transmission of a force from one central gear 
to the other through a single planet, causes a displacement of the point A. 
The individual displacements, however, are identical in sign and value. The 
“effective” normal pitch error e P>eff is composed of the actual normal pitch 
error e P , the profile form error e F , the base circle error e h , the pressure angle 
error e$, and the deviation in tooth thickness e t . Longitudinal (refers to the 
“length” of the teeth, that is, the face width) form errors such as longitudi¬ 
nal form waviness, also influence the value of e P>eff . In terms of the effec¬ 
tive normal pitch error, the displacement of the axis of the free central gear 
can then be expressed by: 


*0 = 


2 _ 2 
2 X A — g£p,eff • 


f3 ) Radial run-out of the supported central gear . If, as shown in fig. 172, 
the center of the annular gear 2 is radially displaced from the center of the 
pitch circle (radial run-out) by a distance x Ti and if we further assume that 
this displacement is caused by a rotation around the velocity pole ^2/45» then 
the planets 4 and 5 remain at rest. The point A 23 moves parallel to this dis¬ 
placement along the line of action, by a distance x A2 i = 3/2;^. This causes 
the planet 3 to rotate clockwise so that the point A l3 also moves by a dis¬ 
tance jc a13 = 3/2^ along the line of action E, 3. Consequently the center of 
the free central gear 7 is displaced by a distance x Qt 13 = 2/3jk a13 = x T paral- 



44. Centering the Shafts of a Planetary Transmission / 327 



Fig. 172. Displacement a : 0 I3 of the free central gear 1 as caused by the radial run-out 
x r of the radially supported central gear 2. 


lei to the line of action E x 3 . Since the planets 4 and 5 remain at rest during 
this displacement, the central gear 1 must turn about its velocity pole ^1/45- 
Thus the displacements of both central gears have the same magnitude. 
However, their directions are turned by an angle (180 - 2$ to )° relative to 
each other because the radius vectors in the direction of the two correspond¬ 
ing poles -P 1/45 and 1*2/45 include the angle 2$ to . This consideration shows 
that a radial run-out of the supported central gear causes a displacement of 
the free central gear which is equal in magnitude but is offset by an angle of 
(180 ± 2$ to )°. The sign of the term 23> t0 depends on which pair of tooth 
flanks transmits the tangential force, that is, on the direction of the external 
torques. 

7) Spacing error on the carrier . The affected planet is displaced by a dis¬ 
tance x sd along the circumference: 

2 2 „ * 4 
Xo = = 3 * 2x s4 cos 4 > to = -x S iCos# to . 

6) Radial deviation on the carrier causing the center of the affected 
planet to be radially displaced by a distance .x^* If this radial displacement is 
considered as a pivoting about the velocity pole P 3/12 as shown in fig. 173, 
then small angular displacements of the planet do not displace the free cen¬ 
tral gear, since the two contact points between the planet and the central 
gears move along the tangents to the involutes at the contact points and, 
therefore, vertically to the lines of action E u and E 2 3. Thus, 
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Fig. 173. A radial shift of a planet on the carrier which results from an angular 
motion around the momentary pole P vn does not cause a displacement of the axis of 
the free central gear. 



During its radial displacements the planet turns about its own axis by an 
angle which is equal to the pivot angle about the velocity pole ^3/12- 


d) Displacement Limits 

If the sun gear is supported only by three planets, it is free to move radi¬ 
ally in all directions until the distance travelled equals the backlash and it 



Fig. 174. Displacement limits of the free central gears 1 and 2 when the carrier is 
rigidly supported. The arbitrarily assumed distances Ar between the sides of the 
triangles A1 and A2 and the origin of the carrier represent the respective free motions 
of the inner and outer central gears before meshing play-free with a planet gear. 
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hits the tooth flanks of a planet gear. The limits of the field where this free 
motion is possible are circular arcs whose centers are identical with the cen¬ 
ters of the planets. Because the backlash between the gears is small, these 
circular arcs can be replaced by their tangents. With this assumption it is 
then possible to represent the field of free motion of the sun gear 7 by an 
equilateral triangle, for example A7 in fig. 174. The center of gravity of this 
triangle coincides with the center of the carrier only in the hypothetical case 
that all gears and the carrier are free of dimensional errors and the backlash 
is the same in all gear meshes. If the annular gear 2 instead of the sun gear 7 
is free to move radially its field of free motion is represented by the triangle 
A2 which is rotated relative to the field A7 of the sun gear by an angle of 
180 °, as can be verified from fig. 174. 

If the carrier of such a planetary gear train is supported without radial 
play, but both central gears 7 and 2 are free gears, then we can determine a 
secondary field of motion of the sun gear 7 which arises when the annular 
gear 2 moves within its field of motion A2, as explained in section 44c, 0. 
Consequently, this secondary field of motion is obtained as the triangle A 2' 
when the field A 2 is rotated about the center 0 of the carrier by an angle 
(180 ± 24> t0 )°. The remaining play of the sun gear is then determined by the 
limits of whichever triangle A7 or A2' is reached first. The resulting hexago¬ 
nal field is emphasized by cross-hatching in fig. 174. An irregular hexagon 
of equal size which is, however, rotated backwards by (180 ± 4> t0 )° about 
the center 0 of the carrier, represents the remaining field of free motion of 
the annular gear 2. 

During operation the two hexagons rotate together with the carrier and 
represent the somewhat bumpy support of the free central gears in transmis¬ 
sions where only the carrier is rigidly supported. 
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WORKSHEETS 


The following worksheets are directly applicable to all simple epicyclic 
drive trains. With the analogous subscripts 1 = I, 2 = II, s = S, so that i Q 
= /ni = hnfif'm'f they are also valid without restriction for simple and 
higher bicoupled drive trains. Worksheets 1, 3, and 5 apply to transmissions 
with one degree of mobility, and 2 and 4 to those with two degrees of 
mobility. 

Worksheet 1. Relationship between the possible two-shaft speed-ratios i of the epi¬ 
cyclic drive trains. Those shafts not represented in the subscripts are fixed. 
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Worksheet 2. Relationship between the three-shaft speed-ratios k of the epicyclic 
drive trains. 
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Worksheet 3. Relationship of the range of the basic speed-ratio i Q (for simple re¬ 
volving drives) or the series speed-ratio / ni (for bicoupled drives) to the ranges of two 
other two-shaft speed-ratios (/, s and i 2s or / IS and / I1S ), the position of the summation 
shaft and the transmission type, for non-self-locking epicyclic drive trains. 
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Worksheet 4. The efficiency r? of revolving drive trains with three rotating shafts as a 
function of the basic speed-ratio i Q (or series ratio / IH ) the three-shaft speed-ratio k n 
(or k lu ) and the direction of power-flow. If, instead of k l2 (or Ar UI ) another three- 
shaft speed-ratio is known for the same operating condition, then it can be used to 
determine k n (or Ar ni ) from worksheet 2. The associated exponent rl (or rl) which is 
already considered in these equations and the associated total-power shaft (TPS) are 
also shown. Caution: ij 2 \ = Vn = r ?o» but *?iii ^ The latter can be obtained as 
follows: TJ in = and YJ m = Vm'f'Vfm- 
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TPS = Total Power Shaft Pfl = Power-flow (for transmissions 

incapable of self-locking) 
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Worksheet 5. The efficiency 17 of the two-shaft revolving drive trains as a function 
of the basic speed-ratio i 0 (or series speed-ratio / ni ) and the direction of the power- 
flow. The first subscript r\ represents the input shaft; the second subscript the output 
shaft; the third shaft is fixed. The exponent rl (or rl) which is already considered in 
these equations, is also listed. Caution: y 2l = rf n = *? 0 » but 77 ,,, * 77 UI . The latter can 
be obtained as follows: i 7 HI = and y ul = y m > r y {m . 
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Worksheet 6. Torque Relationships 

T 2 /T t = -i 0 v T o' TJT, = i oV r 0 ' ~ 1 T t /T 2 = (\/i 0 Vo) - 1 

r\ (or rl) can be obtained directly from worksheet 4 for drive trains with three rotat¬ 
ing shafts and from worksheet 5 for drive trains with two rotating shafts, or cal¬ 
culated from eqs. (43) or (83). By definition, 17+ 1 = rj 12 = rj lu and = \/r\ 2X = 
1/ijnj. Only for the basic gear trains of simple planetary drives are the efficiencies 
for reversed power-flows approximately equal, that is, rj i2 « rj 2l . 
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APPENDIX 


Generalization of Worksheets 1 and 2 


Close scrutiny of worksheet 1 reveals that three general relationships 
between the /-ratios occur in each row, namely, / ab = / a5 , / ab = l// ba and / ab 
= 1 —4c. We define these as identical, reciprocal, and complemental rela¬ 
tionships, respectively. Worksheet 1 may be constructed from scratch in 
specific or general form, starting with a knowledge of only these three rela¬ 
tionships. An abbreviated one-line general format may be set up to provide 
for the reproduction of the specific content (but not the same order of 
entries) of the worksheet as follows: 


/ /(4b) /(4a) /(4c) /(4a) /(4c) /(4b) 

4b 4b 1 / 4a ) 4c 1 1 / 4a 1/(1 4c) 4b ^ (4b 1) 

Example of conversion to a specific /, with a = S, b = I, c = II: 


4i 4i 


1 

4s 


1 — 4 ii 




4ii(4n - U • 


Six conversion codes are required to reproduce worksheet 1 as a complete 
table, with either uppercase or lowercase specific subscripts. 

Worksheet 2 describes the mutual dependence between any two speed- 
ratios k of a three-shaft transmission and its basic speed-ratio which 
appears as a design constant in all expressions except where an identical or 
reciprocal relationship exists. It can be generalized by replacing the specific 
subscripts by a , b, c in that order or any other. Thus a generalized work¬ 
sheet 2 has thirty-six entries. Using all possible conversion codes, six differ¬ 
ent specific worksheets result from this, one for each of the six f s which are 
design constants of the drive train. A given derivative worksheet 2 can be 
reduced to the specific one published in this book by using the appropriate 
conversion formula expressed in worksheet 1 by columns 1 and 2. 

While unnecessary for epicyclic drive train analysis, generalized work¬ 
sheets 1 and 2 do facilitate synthesis. For synthesis of bicoupled transmis¬ 
sions of the types described in sections 34 to 37, for example, they can be 


341 
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written specifically with the general subscripts m, f, c or m \ /', c' used 
there, in place of a, b, c. If, furthermore, these generalized equations are 
stored in a computer the synthesis is easily programmable. For instance, 
only after deciding whether the carrier of the main component transmission 
should be at m t f, or c would a conversion to 1 , 2, s in a particular order be 
made and the actual calculations performed. 
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